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TO 


GENERAL ROBERT E. LEE. 

In submitting to the public a translation of Lefibure de 
Fourcy's admirable treatise on Trigonometry, I have 
thought it not inappropriate to associate your name with 
this effort to promote the interests of education. 

You have given your influence, by precept and example, 
to this important cause, and in dedicating this work to 
you, I only give expression to the general sentiment of 
those who, appreciate the weight of this great influence. 

The personal and official relations which it has been my 
privilege to sustain towards you, during a period of more 
than thirty years, add a peculiar gratification to me in 
rendering this tribute of affectionate regard and esteem. 

FRANCIS H. SMITH. 

Virginia Military Institute, 

Lexington* Fa., September 19, 1867. 
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PREEACE 


The elementary treatise on Trigonometry by LefSiure 
de Fourcy has been justly regarded as one of the best ever 
published; and by its translation, the American student 
will have access to a work which will prove a valuable 
auxiliary to the prosecution of the course of the Higher 
Mathematics. 

This work constitutes one of the Mathematical Series 
of the Virginia Military Institute. The following works 
now comprise the series as published: 

Smith 9 8 Elementary Arithmetic , for Beginners . 

Smith 9 8 Arithmetic , for High Schools and Academies • 

Smith 9 8 Algebra . 

Smith 9 8 Biot 9 s Analytical Geometry . 

Smith 9 8 Legendre 9 s Geometry . 

Smith 9 s JLefebure de Fourcy 9 8 Trigonometry with Tables • 

A Descriptive Geometry will immediately follow. 

Virginia Military Institute, 

Lexington, Fa., September 19, 1867. 
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TRIGONOMETRY. 


INTRODUCTION. 

LOGARITHMS. TABLE OF LOGARITHMS OF NUMBERS. — USE 
OF TABLE. 

1. In the indeterminate equation a 9 = y, every value, posi- 
tive and negative, given to x , will lead to a corresponding 
value of y; and, conversely, for every numerical value assigned 
to y there will be a corresponding value of x. If, therefore, 
the quantity a be arbitrarily assumed, and be supposed to 
have a constant value, a fixed relation will exist between the 
numbers represented by x and y , and this relation is ex- 
pressed by calling x the logarithm of y. The constant num- 
ber a is called the base of the system of logarithms. 

2. All positive numbers may be produced by the powers 
of any proposed positive number greater than unity. For, 
if, in the equation a 9 =y, a being positive and > 1, x assume 
successively and continuously all possible values from 0 to oo, 
it is clear that y will receive all values from 1 to oo. Also, if x 

become negative and equal — x, then we have or 9 =y, or 

and now, if x assume all possible values from 0 to oo, y will 
receive all values from 1 to 0. Hence, as x changes continu- 
ously from — oo to + oo, a 9 changes continuously from 0 to 
+ oo, or produces all positive numbers. 

If a <1, writing the equation a x = y under the form 

(a) = it appears from what has been proved, since ~ >1, 

that by varying x , y and therefore y will assume all positive 

values. 

3. We cannot take unity nor a negative quantity for the 
base : for all the powers of unity are unity ; and the powers 

( 1 ) 
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of a negative quantity may be positive, negative, or imagi- 
nary, and hence are not subject to the law of continuity and 
do not reproduce all numbers. 

The logarithm of a number to a given base is the exponent of 
the power to which the base must be raised to become equal to the 
given number. 

4. Since a 1 =a, < 2 ° = 1, and a~°° =0, or a* 06 =0, according 
as a 1 or 1 , we deduce from the definition of logarithms, 
lsZ, that the logarithm of the base itself is unity; 2d, that the 
logarithm of unity is 0 ; and 3 d, that the logarithm of 0 is negative 
infinity or positive infinity according as the base is > 1 or 1. 

5. When the base is >1, the equation a* = y shows, that as 
the number y increases, its logarithm x increases, and that 
the logarithms of all numbers greater than 1 are positive, 
and the logarithms of all numbers less than 1 are negative : 
when the base is < 1, the contrary takes place, that is, the 
logarithms of numbers greater than 1 are negative, and those 
of numbers less than 1 are positive. 

We shall at present assume that, a being any positive 
quantity, if in the equation a x =y, the value of y be given, 
the corresponding arithmetical value of x can be found to 
any degree of approximation we please. (See Smith's Algebra , 
Chap. XII.) If y be assumed to be the exact power of the 
base a, the corresponding logarithms will be whole numbers, 
1, 2, 3, 4, &c. Thus, 

a 1 = y, a 2 *= y\ a* = y\ a 4 = &c. 

But if y be not equal to an exact power of the base, its loga- 
rithm must involve a decimal part. 

6. If now y assume successive integral values beginning with 
1, a remaining the same, and the corresponding values of x be 
computed from the equation a x =y, and registered in a Table , 
in order, we shall obtain a system of logarithms to the base 
a. Since a may be any positive quantity, except 1, there may 
be an infinite number of systems of logarithms. If, however, 
the logarithms of all numbers in any one system be known, 
those corresponding to any other given base may be deduced 
by multiplying the former by a constant factor. 

7. Although there is no limit to the number of systems of 
logarithms which may be formed, there are only two systems 
which are used, viz-, the Napierian system , and the Common 
system. 
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The Napierian logarithms, which are always employed in 
analytical investigations, have for a base the incommensurable 
number e = 2.7182818 . . . 

The Common logarithms, which are no less constantly em- 
ployed in numerical calculations, have for the base the number 
10 ; and since the number is the base of the common scale 
of notation in numbers, this system has the advantage that 
its tables are far more comprehensive than tables of the 
same size in any other system. 

8. If x represents the common logarithm of any number y, 
a being the base, and of the Napierian logarithm of the same 
number y, e being the base, and if we designate Napierian 
logarithms always by the dash (*) ; we shall have the relations 


hence 

Therefore 

And we have 
and 


e*' = y, and a* = y, 

a* = a* and a* = a. 

^1= nap. log a = log'a. 
x 

x = x f x log'a 

i 

xf = x-r- log'a. 


That is, knowing the Napierian logarithm of of any number y, we 
may obtain the common logarithm x of the same number y, by 

i 

multiplying the Napierian logarithm xf by the multiplier log'a ; 
or, knowing the common logarithm x of any number y, we may 
obtain the Napierian logarithm xf by dividing the common loga- 
rithm x by the same quantity log'a. 

i 

The common factor log'a is called the modulus of the system 
whose base is a, relative to the system whose base is e . 
Therefore, the modulus of the common system of logarithms is 
equal to unity divided by the Napierian logarithm of the common 
base . 

i i 

When a = e, the factor log'a = log'a = 1. 


Hence, the modulus of the Napierian system of logarithms is 
unity . 

9. Let y, y", &c. represent any numbers whatever, and 
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x , of, x ", &c. their corresponding logarithms, taken in a 
system of which a is the base. We shall have 

a* = y, a? = y", a*" = y", &c. (1) 

If we multiply these equations together, member by member, 
we have 

a* +I ' + *" 4 c- = y + y'+y", &c. 

But, a; + a/ + tf', &c. = log (y +y' + y", &c.) 
and x = log y, as' = log y', xf = log y", &c. 

hence log y + log y 1 + log y", &c. = log (y -f- y' + y", &c.) (2) 

Therefore, the logarithm of the product of two or more numbers 
is equal to the sum of the logarithms of the numbers forming the 
product. 

10. If we divide two of the equations (1), member by 
member, we have 

= ^ : hence x — xf = log 
or, log y — log ^ = log 

That is, the logarithm of a quotient is obtained by subtracting 
the logarithm of the divisor from that of the dividend. 

11. If all the numbers y, y', y", &c. be equal in equation 
(2), and there be m of them, this equation becomes 

m log y = log (y*) 

which shows, that the logarithm of the m* power of a number 
is equal to m times the logarithm of this number. 

12. If we extract the m tk root of both members of the 
equation 

G* = y, 

we shall have a* — v V* 

But, ^ = log ty yTand x = log y. 

Hence = log 5/ yT 

That is, the logarithm of the m* root of a number is equal to the 
logarithm of the number divided by the index of the root. 

13. Hence, if we have to multiply two numbers together, 
or to divide one by the other, we may, by taking their loga- 
rithms out of the tables and adding or subtracting them, 
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and then finding in the tables the number whose logarithm 
is equal to the sum or difference, determine the product or 
quotient of the numbers, as the case may be. 

14. Or, if we have to find any power or root of a number, 
we may, by taking its logarithm out of the tables and mul- 
tiplying or dividing it by the index of the power or root, 
and then finding in the tables the number whose logarithm 
is equal to the product or quotient, determine the power or 
root of the proposed number. 

15. We thus see, that by the aid of a Table of Logarithms , 
the arithmetical operations of multiplication and division of 
all numbers within the limits of the tables, may be replaced 
by the addition and subtraction of their logarithms; and 
those involving the powers and roots of numbers, by the 
single operation of multiplying or dividing their logarithms 
by the index of the root or power, as the case may be. 

16. These advantages of logarithms in effecting numerical 
calculations, are especially seen in the case of large numbers; 
and they bring within the range of computation many arith- 
metical operations which, on account of their intricacy and 
the labor they involve, would be otherwise impracticable. 

Properties of Logarithms to the Base 10, or Common System . 

17. If we make successively x a 1, 2, 3, 4, &c., in the equa- 
tion a*= y, when a = 10, we shall have for the corresponding 
values of y, 

10 l =10, (10)*=100, (10) 8 =1000, (10) 4 =10000, (10) 5 =100000, Ac. 
And for negative values of x , — 1, — 2, — 3, — 4, — 5, &c., we have 
(10)- , =T , 5= -1. (10)-’= ih- -01, (10)-*= W™— 001, (10)- 
= TuiffTf 88 • 0001, Ac. 

Hence, in the common system of logarithms, 

log 10 =1 and log 0.1 a — 1 

log 100 =2 “ log 0.01 a— 2 

log 1000 a 3 “ log 0.001 =— 3 

log 10000 a 4 “ log 0.0001 = — 4 

Ac. &c. 

From which we see, that those numbers only which cor- 
respond to the exact powers of 10 have entire numbers for 
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their logarithms ; that the logarithm of any number between 
1 and 10 is some number between 0 and l,that is a fraction; 
the logarithm of any number between 10 and 100 is some 
number between 1 and 2, or 1 plus a fraction ; the logarithm 
of any number between 100 and 1000 is some number be- 
tween 2 and 3, or 2 plus a fraction : and so on. 

Again, for numbers less than 1, we see that the logarithm 
of any number between 1 and .1 is some number between 0 
and — 1 ; the logarithm of any number between .1 and .01 is 
some number between — 1 and — 2; the logarithm of any 
number between .01 and .001 is some number between — 2 
and — 3; and so on: which show that if the number be less 
than 1, its logarithm, both decimal part and integral part, 
will be negative . 

18. The entire part of a logarithm is called the characteristic 
of the logarithm. 

19. Hence, from the above table we see, that the character- 
istic of the logarithm of a number > 1, which is expressed 
by a single figure, is 0 ; if the number be expressed by 2 
figures, the characteristic is 1 ; if it be expressed by 3 figures, 
the characteristic is 2; and in general, if it be expressed by 
m figures, the characteristic is m — 1 ; that is, the characteris- 
tic of the logarithmic of a number > 1 is one less than the number 
of significant figures in the number . 

20. The characteristic of the logarithm of a number < 1 
is always negative. If the fraction be expressed decimally, 
the characteristic of its logarithm will be always 1 added to the 
number of ciphers following the decimal point. Thus, .00462 
lies between .001 and .01 ; its logarithm must be some number 
between — 3 and — 2, and is therefore — 3 plus a fraction. 
The characteristic is — 3, the number 3 being composed of 
1+2, or 1 plus the number of ciphers after the decimal point. 

21. A Logarithm will therefore usually consist of a whole 
number, followed by a decimal part less than 1 ; and if the 
number to which it corresponds be less than 1, its entire 
value, both decimal' and integral part, will be negative . In 
the Tables , however, it is usual to print positive decimals only. 
We proceed now to show how, nevertheless, the logarithms 
of all numbers whatever, both the logarithms of numbers less 
than 1, and whose values are consequently negative, and the 
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logarithms of numbers greater than 10 and whose values 
consequently have an integral as well as a decimal part, can be 
included in a table where only positive decimals are printed. 

22. A negative logarithm may be expressed so that its character - " 
istic only shall be negative . 

Let — ( n+.d ) be such a logarithm , n being its characteristic, 
and d its decimal part : thus, 

— ( n + d) = — (n + 1) + 1 — d = — (n+ 1) + d' 
where the new decimal part d ' is positive. Hence we see, 
that the transformation of a logarithm entirely negative, into 
one whose characteristic only is negative, is effected by 
increasing the characteristic by 1, and substituting for the 
decimal part, unity minus the decimal part. This difference 
may be readily formed by subtracting the last digit on the 
right of the decimal part from 10, and the rest from 9. 
And conversely, a logarithm whose characteristic only is 
negative may be made entirely negative by performing on 
the decimal part the operation just described, and diminish- 
ing the characteristic by 1. Thus, 

—(2.2346899) = — 3 + (1—0.2346899) = — 3 + .7653101. 

= ^.7653101. 

where we place the sign — above and not before the charac- 
teristic, to show that the sign affects only the characteristic : 
and the whole is used as an abbreviated mode of writing 
— 3 + 0.7653101. If, again, we wish to convert this into an 
expression entirely negative, we have, 

“3.7653101 = — 3 + .7653101 = —2 —(1 —.7653101) = 
—(2.2346899). 

23. In practice, a negative logarithm is always expressed 
so that its characteristic only is negative: when negative 
logarithms are expressed in this manner, there are certain 
peculiarities in multiplying or dividing them by any quan- 
tity, which must be attended to, and will be understood by 
the following illustration. 

24. If a logarithm whose characteristic only is negative, 

. is to be divided by any number, we must make the charac- 
teristic divisible by the number, and correct the expression 
by a corresponding addition. Thus, if 
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7.3295642 is to be divided by 3, we have 
7.3295642 » — 9 + 2.3295642, 
and the quotient by 3, is 3.7765214. 

25. In the common system, the same decimal part serves 
for the logarithms of all numbers which differ from one 
another only in the position of the place of units relative to 
significant digits. 

Let N be any whole number, having n for the character- 
istic and d for the decimal part of the logarithm, so that 

log N = n + d. 

First, let N x (10)“ be a whole number having the same 
significant digits as N, but having its place of units removed 
m places to the right: then, 

log (N x (10)“) = log (10)“ + log N, = (m + n) + d, 

which has m + n for its characteristic, and the same decimal 
part as log N. 

Next, let N -h (10)“ be a decimal having the same signifi- 
cant digits as N, but having its units' place removed m places 
to the left ; then 

log (N -f- (10)“) = log (10)”“ + log N a* — m + n + d; 

now, if the proposed decimal be greater than 1, or N > (10)“, 
and therefore log N > m, or n not less than m, 

log (N -7- 10)“) = (n — rri) + d; 

which has a positive characteristic n — m, and the same deci- 
mal part as log N : but if the proposed decimal be less than 
1, or N < (10)“, and therefore log N < m, or n less than m, then 

log (N -T- (10)“) = — (m — n) + d, 

so that in this case also, provided the logarithm be expressed 
so that the characteristic only is negative, the decimal part 
is the same as that of log N. 

26. From the preceding observations we collect the 
principal advantages of Tables of Logarithms calculated to a 
base the same as the base of the system of notation in 
numbers, 10, to be; that since the characteristics of all 
numbers whole or fractional are known by inspection, they 


\ 
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need not be recorded in the Tables ; and the characteristic 
being omitted, the same record in the Tables will serve for 
all numbers which have the same succession of significant 
digits, and differ only in the position of the place of units 
relative to these digits : Thus, the record .5386617, which in 
reality expresses the logarithm of 3.4567, can be made to 
express the logarithms of 

345670, 34567, 3456.7, 345.67, 34.567, 3.4567, .34567, .034567, 
or any number formed by adding ciphers to the end of the 
former, or to beginning of the latter immediately after the 
decimal point; so that every logarithm taken out of the 
Tables for a particular number, becomes, by simply altering 
its characteristic, the logarithm of an infinite variety of 
other numbers, that is, of all that are expressed by the same 
succession of significant digits. 

Mode of using Tables of Logarithms for Numbers . 

27. Tables of Logarithms contain all whole numbers, 
from 1 up to a certain limit, with their logarithms, in which 
the characteristic is usually suppressed. 

The tables in common use contain the logarithms of all 
numbers from 1 to 10,000. 

In making use of tables of logarithms to effect numerical 
calculations, the two main problems which arise are 

1st. Any number being given , to find , by means of the Tables , its 
logarithm . 

2d. A logarithm being given , to find , by means of the Tables , 
the corresponding number . 

28. 1st. Any number N being given , to find by the Tables its loga- 
rithm. 

The characteristic , whether N be a whole number or a deci- 
mal, is known by inspection. 

When N, leaving the decimal point out of consideration, 
exceeds the limits of the Tables, we must transpose the deci- 
mal point, so that the integral part may be contained in the 
Tables, and may be the greatest possible. Let n be this 
integral part, and d the remaining decimal part of the pro- 
posed number ; l the decimal part of the logarithm of n, and 
6 the difference between the logarithms of the numbers » 
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and n + 1, (this difference is always set down in the Tables,) 
we have 

log (ft + 1) — logn==log(!^) = log(l + ^) = 0, when n = oo 

Hence, the difference of the logarithms of two consecutive num- 
bers is less in proportion as the numbers themselves are greater . 
We may therefore assume that the difference of the loga- 
rithms will always be proportioned to the differences of the 
numbers ; or that 

hence x = d x 8, 

the value of x, = d x $, is what must be added to l to get the 
decimal part of the logarithm of n + ^, which is also the 
decimal part of the logarithm of the proposed number. 

29. This property, that the increment of the logarithm 
may be assumed to be proportional to the increment of the 
number, is extremely important; and the application of it 
deserves the closest attention, as it furnishes a ready means 
of greatly extending the range of the Tables. We see also 
that the number n should be as great as possible, for the 
error in the above proportion is diminished as n increases, 
and disappears when n = 00 . 

30. We give specimens of the usual logarithmic Tables for 
numbers. 

Table A has the natural numbers arranged in order in the 
column marked N, and is limited to numbers embracing not 
more than three digits. If the logarithm of a number is 
required which contains not more than three digits, it will 
be found in the first column. To save the needless repetition 
of figures, the two first decimals of the logarithm are only 
written at the head of each break, and must be regarded as 
belonging equally to all logarithms which succeed up to the 
next break. 

If the number contain four digits, seek the number in 
column N corresponding to the first three digits, and then 
look along the top of the pages among the numbers 0, 1, 2, 
3, 4, &c., for the number that corresponds to the fourth 
digit, the logarithm of the given number will be found at the 
intersection of the horizontal lines passing through the 
numbers in the column H, and the vertical line in which the 
fourth digit is found. 
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The differences of the logarithms are placed in column D. 

If the number contain more than 4 digits, place a decimal 
point after the fourth figure from the left hand, thus convert- 
ing the given number into a whole number and decimal. 
Find the logarithm of the entire part as just explained, and 
then take the corresponding difference in the column D, and 
multiply it by the decimal part; add the product thus found 
to the logarithm, and the sum will be the whole logarithm 
sought. 

The characteristic is determined by known rules, in each 
case. 

A. 

A TABLE OF LOGARITHMS FROM 1 TO 10,000. 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

280 

447158 

7313 

7468 

7623 

7778 

7933 

8088 

8242 

8397 

8552 

155 

281 

8706 

8861 

9015 

9170 

9324 

9478 

9633 

9787 

9941 

00 95 

154 

282 

450249 

0403 

0557 

0711 

0865 

1018 

1172 

1326 

1479 

1633 

154 

283 

1786 

1940 

2093 

2247 

2400 

2553 

2706 

2859 

3012 

3165 

153 

284 

3318 

3471 

3624 

3777 

3930 

4082 

4235 

4387 

4540 

4692 

153 

285 

4845 

4997 

5150 

5302 

5454 

5606 

6758 

5910 

6062 

6214 

152 

286 

6366 

6518 

6670 

6821 

6973 

7125 

7276 

7428 

7579 

7731 

152 

287 

7882 

8033 

8184 

8336 

8487 

8638 

8789 

8940 

9091 

9242 

151 

288 

9392 

9543 

9694 

9845 

9995 

°146 

°296 

°447 

°597 

°748 

151 

289 

460898 

1048 

1198 

1348 

1499 

1649 

1799 

1948 

2098 

2248 

150 

290 

462398 

2548 

2697 

2847 

2997 

3146 

3296 

3445 

3594 

3744 

150 

291 

3893 

4042 

4191 

4340 

4490 

4639 

4788 

4936 

5085 

5234 

149 

292 

5383 

5532 

5680 

5829 

5977 

6126 

6274 

6423 

6571 

6719 

149 

293 

6868 

7016 

7164 

7312 

7460 

7608 

7756 

7904 

8052 

8200 

148 

294 

8347 

8495 

8643 

8790 

8938 

9085 

9233 

9380 

9527 

9675 

148 

295 

9822 

9969 

°116 

°263 

°410 

°557 

°704 

°851 

°998 

1145 

147 

296 

471292 

1438 

1585 

1732 

1878 

2025 

2171 

2318 

2464 

2610 

146 

297 

2756 

2903 

3049 

3195 

3341 

3487 

3633 

3779 

3925 

4071 

146 

298 

4216 

4362 

4508 

4653 

4799 

4944 

5090 

5235 

5381 

5526 

146 

299 

5671 

5816 

5962 1 

6107 

6252 

6397 

6542 

6687 

6832 

6976 

145 


31. In Table B, the column N has four digits in it, and 
hence this table may be used to find directly and without 
the use of the column of differences, the logarithms of all 
numbers as high as those which contain five digits, the fifth 
digit of the given number being found as before in the topline 
above the logarithms. When the first three figures of the 
decimal part of the logarithm are common, they are omitted 
2* B 
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in the tables except in the first logarithm of each break, but 
are always to be regarded as constituting the first figures of 
the logarithms immediately following in the same break. 

B. 

OF LUMBERS. 



Example 1. — Seek the logarithm of 2967. 

In table A, find in column N, 296, then run along the top 
line of the table until you come to the number 7, the loga- 
rithm 472318 is the decimal part of the logarithm of the 
given number, and prefixing the characteristic, the loga- 
rithm is 2.472318. 

Example 2. — Find the logarithm of 296789. 

Regard all the figures on the right of the fourth figure as 
decimal part. Find the logarithm of the entire part 2967, 
as before. We have 

log 2967, (omitting characteristic) =* 472318. 
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The column D gives 146 for the difference. Multiplying 
this by .89, the decimal part of the given number, we have 
146 x .89 = 146.85, or neglecting the decimal, and since it 
exceeds .5, let 1 be added to the entire part, and we have 
147, to be added to the logarithm as before found. Thus, 

log .2967 = 472318 
“ .89 147 

“ 296789 472465 

Now, introducing the characteristic, the whole logarithm 
becomes 5.472465. 

32. The trouble of multiplying the difference by the 
decimal part may be avoided in table B, by the column of 
proportional parts, which contains the product of the tabular 
difference by j 1 ^, T ^j, &c., or of one-tenth of this tabular 
difference by 1, 2, 3, 4 .... 9. 

Thus, find the logarithm of 2568946. 

log 25689 = 4097472 

log .4 (16.9 x 4) = 68 

log .06 (1.69 x 6) = 10 

log 2568946 = 6.4097550 

33. 2d. A logarithm being given , to find , by means of the Table , 
the corresponding number. 

When the decimal part l of the logarithm L is positive, 
and found exactly in the tables, we have only to take out 
the corresponding number; and the given characteristic will 
determine the position of the units’ place. 

When the decimal part l of the given logarithm is not 
found exactly in the tables, let n be the integer whose loga- 
rithm has a decimal part V immediately inferior to l , d } the 
difference between the decimal part V and that which imme- 
diately follows it in the tables corresponding to n -f 1, and d' 
the difference l — V ; making the proportion. 

d 1 
d' ** x 

we find the fourth term x = ^ which we must reduce to a 
decimal and add it to the number n : we thus find a number 
whose logarithm has for a decimal part l , and from which 
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we can deduce the required number, having regard to. the 
characteristic, as in the preceding case. 

When the given logarithm is entirely negative, we must 
transform it so as to have the decimal part positive, as has 
been explained, and then proceed as above. 

Ex. 1 — Let the given logarithm be 5.5386617. 

In the column marked 0, we seek the logarithm which is 
next less than the decimal part L, which we find to be 
5385737, opposite to the number 3456 in the column marked 
N : then advancing in the horizontal line lo the column 
marked 7, we find the four last decimals 6617 of L. Hence, 
affixing the digit 7 to 3456, we have 34567, and since the 
given characteristic is 5, the required number is 345670. 


Ex. 2. — Let the given logarithm be 2.5386729. 

In seeking for the decimal part in the tables as above, we 
find that it lies between .5386617 and .5386743 : if it were 
exactly equal to the former, the corresponding number 
would be 34567, but as it surpasses .5386617 by 112, there 
will be an increase in 34567 ; and as the difference of the 
logarithms corresponding to an increase of unity in 34567 
is 126, the required increment x , admitting the common 
principle of proportional parts, will be found by the pro- 
portion 


iff =■?•••*= Hi = 0-89. 


Therefore, the required number, neglecting the decimal 
point, is 3456789, and since the given characteristic is 2, 
the required number is 345.6789. 

By means of the table of proportional parts of the tabular 
differences, we may avoid the trouble of dividing 112 by 126. 
In the table of proportional parts of the difference 126, the 
part next less than 112 is 101, which corresponds to .8 and 
there remains 11. If we put zero to the right of 11, we 
have 110, which differs very little from the part 113, which 
has 9 opposite to it : we conclude therefore, that 110 corre- 
sponds to .9, and 11 to .09; consequently the required num- 
ber is composed of the digits 3456789 ; and taking account 
of the characteristic, the number is 345.6789, as before. 

34. In actual calculations it is often necessary to add 
several logarithms together, and from this sum to subtract 
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other logarithms. In such cases it is convenient to reduce all 
the operations to a single addition by the use of the arithmeti- 
cal complement of the logarithms to be subtracted. 

35. The arithmetical complement of a logarithm is the number 
which remains after subtracting the logarithm from 10. 

If c be the arithmetical complement of b , we shall have 
c = 10 — b. Now, if we propose to subtract the logarithm b 
from the logarithm a, we have, evidently, since — b = c — 10, 
a — b = a + c — 10, 

which shows that the difference between two logarithms may 
be found, by adding to the first logarithm the arithmetical 
complement of the logarithm to be subtracted, and then 
diminishing this sum by 10. 

The arithmetical complements of logarithms may be all 
formed by subtracting the last digit of each from 10, and all 
the other digits from 9. 
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CHAPTER I. 

Theory of Trigonometrical Lines. 

Object of Trigonometry . The Method of Representing the Sides and 
Angles of Triangles by Numbers. 

1. In every triangle, plane and spherical, there are six 
parts : three angles and three sides. To determine all the 
parts of a triangle, it is generally sufficient that three of 
these be known ; but it is further necessary, when the triangle 
is rectilinear or plane, that at least one of these parts shall 
be a side. For, with three given angles an infinite number 
of triangles can be formed, which will be similar to each 
other, but not equal. It is always understood that the sum 
of the three angles is equal to two right angles. 

2. Geometry furnishes very simple constructions for deter- 
mining a triangle, by means of some of its parts, as known ; 
but these constructions, like all graphic processes, are attended 
by the inconvenience of giving an inexact and therefore 
insufficient approximation, on account of the imperfections 
of the most accurate instruments. 

These constructions have been replaced by numerical 
calculations, which admit of any degree of precision that 
may be required. 

3. The special object of Trigonometry is to give the methods of 
calculating all the parts of a triangle y when a sufficient number of 
parts is given. This is called the resolution of the triangle. 

Plane Trigonometry gives the various methods of solving 
plane triangles , and Spherical Trigonometry treats of the resolu- 
tion of spherical triangles. 

4. To express the dimensions of right lines by numbers , 

( 16 ) 
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they are referred to a common unit of measure , as a foot, a yard , 
&c. : and thus, the sides of a plane triangle are represented 
by a certain number of feet or yards , &c. 

5. Angles are designated by the arcs which measure them. 
For this purpose, the circumference, whatever be the radius, 
is divided into a certain number of equal parts, called degrees , 
and then an angle or an arc is expressed by a number of 
degrees. 

6. Formerly, geometricians agreed to divide the circum- 
ference into 360 degrees , the degree into 60 minutes , the min- 
ute into 60 seconds , &c. By this division, the fourth part of 
the circumference, or quadrant , which is the measure of a 
right angle , contains 90 degrees. To avoid the embarrassment 
from complex numbers, it has been proposed to subject 
angles to the decimal division, thus dividing the quadrant 
into 100 degrees , the degree into 100 minutes , the minute 
into 100 seconds , &c. 

7. Degrees , minutes , and seconds , are denoted by the symbols 
°, ', ". Thus, to represent 44 degrees, 9 minutes, 37 seconds, 
we write 44° 9' 37". In the decimal division, if we wish to 
refer this arc to the quadrant, taken as the unit of measure , 
it would be expressed thus, 0.440937 : for, in this division, 
degrees are hundredths of the quadrant, minutes are ten thou- 
sandths , and seconds are millionths . 

8. The old division is adopted in this treatise, the circum- 
ference being divided into 360 degrees. In the formula 
which are given, the letter * is often used to represent the 
semi-circumference 180°. 

Definitions of Trigonometrical Lines. The Manner of using the 
Signs + and — to indicate the Positions of Lines when their 
Direction is opposed. 

9. Geometricians were for a long time embarrassed by the 
difficulty of establishing the relations which exist between 
the angles and the sides of triangles ; and yet this is essen- 
tial to the resolution of the triangles. For, the sides being 
given in terms of a linear unit, and the angles in terms of 
the arc of a circumference, all the parts of a triangle would 
not be expressed in homogenous terms, and could not there- 
fore be combined in the calculations. The use of Trigonomet - 


Digitized by 


Google 



18 


TRIGONOMETRY. 


rical Lines , which are linear functions of the angles or arcs 
considered, enables us to substitute right lines for the angles 
or arcs, and thus to establish the homogeneity between all the 
parts of a triangle, which is indispensable to its resolution. 
We will now proceed to define these trigonometrical lines.* 

10. The sine of the arc A M, is 
the perpendicular MP, let fall 
from one extremity of the arc, 
upon the diameter which passes 
through the other extremity. 

The Tangent of the arc A M, is 
the distance AT, intercepted on 
the tangent drawn at one ex- 
tremity of the arc, between that 
extremity and the prolongation of 
the radius O M, which passes 
through the other extremity. 

The Secant of an arc A M, is the part O T, of the radius pro- 
duced, comprised between the centre and the tangent: 

Representing the arc AM by x, the sine, tangent, and 
secant, are designated as follows, — 

M P = sin x, A T = tang x, O T = sec x. 

11. If MP be produced until it meets the circumference 
at N, the chord M IN’ will be double of M P, and the arc MAN 
double of A M, hence, the sine of an arc is half the chord which 
subtends double the arc . 

12. If we designate by r the radius of the circle, the side 
of the inscribed square will be r V 2 : the subtended arc to 
the side of the square is 90°, hence, sin 45°= V 2. 



* The principle of homogeneity between the parts of a triangle, to which 
reference is made in the text, is an important one, and will be fre- 
quently referred to in this treatise. It is a general principle, not re- 
stricted to trigonometry, but necessarily applied in every branch of 
analytical mathematics. It is founded upon the essential relations which 
must exist between the two members of every Algebraic equation, to make it 
the consistent expression of equality between equal magnitudes; and 
serves also to point out the modifications which any equation not homo- 
geneous in form , must have, that the relations expressed by the equations 
may be consistent with established facts or truths. 
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13. In like manner, the side of the inscribed hexagon being 
equal to the radius, and the subtended arc being 60°, wo 
shall have sin 30°= } r. 

14. The complement of an arc or angle is the difference 
between that arc or angle and 90°. When the arc is greater 
than 90°, its complement is negative ; thus, the complement 
of 127° is — 37°. The two acute angles of a right-angled 
triangle are complements of each other. 

15. We designate by the terms cosine , cotangent , and cosecant 
of an arc, the sine, the tangent, and the secant of the comple- 
ment of that arc : and to express these new lines, we employ 
the abbreviations cos, cof, cosec ; thus, by the definitions, we 
have cos x = sin (90° — x ), cot x = tang (90° — x\ cosec x = 
sec (90° — x). 

17. If we draw the radius OB 
perpendicular to O A, and also 
M Q, and B S, perpendicular to 
OB, the arc BM will have MQ 
for its sine , B S for its tangent , O S 
for its secant : but the arc BM is 
the complement of AM; hence, 
designating always A M by x , we 
have 

MQ = cos x, B S = cot x, O S = 
cosec x . 

We notice that MQ=OP; which shows, that the cosine 
of an arc is equal to the part of the radius comprised between the 
centre and the foot of the sine. 

18. The distance A P, comprised between the origin of the 
arc and the foot of the sine, is called the verse-sine ; and the 
distance B Q, the co-verse-sine. 

19. In giving to the point M every possible position on 
the circumference, the trigonometrical lines take situations 
altogether different from those which they have, when the 
arc A M is less than 90°. For example, if we have the arc 
A M', whose complement is B M', and negative , its cosine 
Q M' or O P', is found situated on the left of the point O, 
whilst before, it was on the right ; such changes in the posi- 
tions of the lines introduce into the calculations difficulties, 
which the following proposition will explain. 

3 
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Let AB X be any line whatever, on 
which there are two points A and B, 
separated a distance AB = a. As- 
sume, as known, the distance x of 
the point B from any point, as M, of 
the line A B X, and let it be required 
to find the distance from the point 
A to the point M. Representing this 
distance by z y it is evident we shall 
have 

+ x, or, £ = a — x , 


according as the point M is between B and X, or between B 
and A : so that two different formulae are required for these 
two positions of the point M. But this inconvenience- is 
avoided, and a single formula made to suffice, by giving 
different Algebraic signs to distances which have contrary 
positions with respect to the point B. Thus, if, in tke first 
formula z=a + x, we make successively x= -fBM, and 
x= — BM, we have, under the first supposition, 2 = a + B M, 
and under the second, 2 = a — BM, as should be. We thus 
see, that the first formula 2 = a -fee, will correspond to all 
positions of the point M, and the second is unnecessary. 

We might also take x positive between B and A, and negative 
between B and X: in this case, the second formula z— a — x , 
would be used. It would be easy to multiply illustrations, 
but what precedes is sufficient to make apparent the impor- 
tance of the following rule of Descartes. 

20. If we consider on any line whatever , straight or curved , 
different distances , measured from a common origin , fixed on that 
line , we may introduce into the calculation distances which have 
opposite positions with respect to this origin , by giving those lying in 
one direction the sign -f , and those lying in the opposite direction , 
the sign — . 

21. The rule by which positive distances are estimated is 
altogether arbitrary, but once fixed, negative distances must 
be reckoned in an opposite direction. With trigonometrical 
lines, the usage is, to consider them as positive in the posi- 
tions they occupy when the arc is less than 90°. 

22. We shall soon have occasion to make numerous applica- 
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tions of this rule ; but before proceeding further, the student 
must be guarded against a very common error, which con- 
sists, in assimilating the principle in question to a theorem 
susceptible of an & priori demonstration. It is far otherwise, 
and whatever considerations may have been adduced in its 
support, it is to be regarded as a simple agreement which 
must not be violated, and the utility of which is made ap- 
parent by its applications. 

Progressive Changes in Trigonometrical Lines . The Method of 
reducing them to the First Quadrant 

23. When the radius OM coin- f 
cides with O A, the arc AM is o, 
the sine is o, the tangent is o, and 
the secant is equal to O A: at the 
same time, the cotangent and 
cosecant are infinite, since the lines A 
B S and O S increase more and 
more as O M approaches O A, and 
become infinite, when they coin- 
cide. Thus, denoting the radius 
by r, w r e have 

sin o=o, tang o = o, sec o = r 
cos o = r, cot o = oo, cosec o = oo. 

24. If the radius O M approaches the position OB, it is 
easy to see that the sine, tangent, and secant increase, while 
the cosine, cotangent, and cosecant diminish. When the 
point M is at the middle point of AB, the arc AM is 45°, 
the triangle OPM is isosceles, and the sine is equal to the 
cosine. Now this triangle gives 2 MP a = r 2 , hence, MP= } 
rV 2, and therefore 

sin 45°= cos 45°= b r 2. 

25. The triangles OAT, OBS, being also isosceles and 
equal to each other, the tangent and cotangent are equal to 
the radius, hence 

tang 45°= cot 45°= r. 

26. Finally, the secant and cosecant are also equal, and 
the triangle OAT giving 0T 2 = 2 r a , we have 0T=rV2, 
and hence 
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sec 45°= cosec 45°= r \/ 2. 

27. When the point M reaches B, the sine is equal to B O, 
the tangent and secant are infinite, the cosine MQ is o, the 
cotangent B S is also o, and the cosecant becomes equal to 
OB. We have then, 

sin 90°= r, tang 90°= oo, sec 90°= oo 
cos 90°= o, cot 90°= o, cosec 90°=* r. 

These values are indeed consequences from those which 
were found when the arc was o; for, the arcs o and 90° 
being complements of each other, we ought to have sin 
90°= cos o, tang 90°= cot o, sec 90°= cosec o, cos 90°= sin 
o, cot 90° = tang o, cosec 90° = sec o. 

28. Continuing the rotation of the radius O M, let us sup. 
pose that it has reached the point M' : the arc is then AM', 
and its sine M' P. Draw M' M parallel to A'A, and construct 
all the trigonometrical lines of the arc AM as indicated in 
the figure, we see at once that the sines M P and M'P' will 
be equal, and therefore sin AM'= sin AM. 

29. To get the tangent, produce the radius OM' below the 
diameter A A', we see that the tangent, which is here AT', 
is found in a position opposite to that which it had at first : 
consequently, it is negative . But the triangles OAT, OAT' 
being equal, give AT'= AT, hence tang A M'= — tang A m! 

30. Prom the definition, the se- 
cant of the arc A M' is O T'. This 
line is no longer laid off on the ra- 
dius O M' on the same side of the 
centre with the point M', but it 

^ lies in the opposite direction, and is, 
consequently, negative ; and since 
O T'= O T, it follows that sec A M' 
= — sec A M. 

31. The cosine, cotangent, and 
cosecant present remarkable anal- 
ogies. Since the arc AM' exceeds 90°, its complement is 
negative; and, further, as the cosine QM'or OP' is situ- 
ated on the left of the point O, we also consider this cosine as 
negative. The same reasoning applies to the cotangent 
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B S'. As to the cosecant O S', its sign is still positive, since 
it is on O M', on the same side of the centre as the point M'. 
The triangle OQM and O Q M' being equal, as well as the 
triangles OBS, OB S', we have QM'mQM, BS'=BS; 
hence, cos AM' = — cos AM; cot AM' = — cot AM; cosec 
AM' = cosec AM. 

32. The supplement of an arc or angle is the difference 
between that arc or angle and 180° : thus, A' M', or its equal 
A M, is the supplement of A M', and we may enunciate the 
properties found above by saying, that two supplementary arcs 
have their trigonometrical lines equal and with contrary signs , with 
the exception of the sine and cosecant, which are also equal , but 
have the same algebraic signs. 

33. To express these properties by equations, designate 
A M' by x, we shall have A M = A' M' = 180 ° — x , and we may 
write 

sin # = sin (180° — x), cos x= — cos (180° — x), ^ 
tang x= —tang (180° — x), cot — coj (180° — x ), 1(1) 

secx = — sec (180° — x ), cosec x = cosec (180° — x), ) 

34. It is also evident, that from 90° to 180°, the sine, tan- 
gent, and secant decrease; whilst, on the contrary, the cosine, 
cotangent, and cosecant increase. If O M coincides with 
O A', we have, for an arc of 180°, 

sin 180° = o, tang 180° = o, sec 180° = — r, 
cos 180° = — r, cot 180° = — oo, cosec 180°= oo. 

All these* values may be deduced from the relations (1), 
by making x = 180°. Thus, cos x = — cos (180° — x), becomes 
cos 180° = — cos o; but cos o = r ; therefore, cos 180° =* — r. 

35. The applications of analysis to geometry frequently 
involve the consideration of arcs which contain many semi- 
circumferences. It is necessary then to give formulae for 
reducing all such arcs to the first quadrant. To abridge, we 
will consider specially the sine and cosine, which are the 
trigonometrical lines most used; and since every arc greater 
than a semi-circumference is composed of an arc less than 
180°, increased by an arc containing 180° one or more times, 
we will, in the first place, determine the sine and cosine for 
the arc 180° + x, x being < 180°. 

Let A M be the arc designated by x, which may be taken, 
3* 
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at pleasure, between o and 180 d ; 
adding to AM the semi-circumfer- 
ence MA'N', the new arc AM A T N' 
will be equal to 180° + x. The 
two arcs have equal sines, viz., 
M P and N' P', or, what is the same 
thing, OQ and OQ'; but since 
these lines have opposite positions, 
we should, in accordance with the 
agreement established (Art. 20), 
give to them contrary algebraic 
signs. The cosines O P and O P' are also equal, and must, 
in like manner, have different algebraic signs : hence 



sin (180° + x) = — sin x , cos (180° + x) = — cos x . (2) 

36. In the next place, add 360° to AM, it is evident we 
will return to the same point M of the circumference, and 
that consequently all the trigonometrical lines become the 
same. Hence we have, 


sin (360° + x) = sin x , cos (360 -f x) = cos x . (3) 

37. In general, whatever value we attribute to the arc x , 
if we add to x, 180°, or an odd number of semi-circumferences, 
its extremity will be moved from the vertex of one diameter 
to the opposite vertex ; and hence, it is evident, that the 
algebraic signs of the sine and cosine are changed. But, 
if we add to x , 360°, or an even number of semi-circumferences, 
since we return to the same point of the circumference, no 
trigonometrical line should change its sign. 

38. It remains now that we consider negative arcs, that is, 
arcs which are described when the radius, which at first 
coincided with O A, moves in the direction AB'A', contrary 
to that which it before followed. 

Let A M and A N be two equal and opposite arcs, desig- 
nated by x , and — x . It is evident that their sines MP and 
N P are also equal and inversely disposed. To obtain the 
cosines, we observe, that the complements of these arcs, 
90° — x , and 90° + x , are represented by the arcs B M and 
BMN, of which the sines M Q and N Q' are equal and simi- 
larly situated : hence we have 

sin ( — x') = — sin x , cos ( — x) = cos x. (4) 
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39. Although in the figure the arcs A M and A N are less 
than 90°, these formulae are nevertheless general. For, it is 
evident that by augmenting the two arcs at will, provided 
they continue equal, the sines MP and N P do not cease to 
be equal and opposite, we shall therefore always have sin 
( — x) ss — sin x . With regard to the cosine, substitute in the 
second formula (4) arcs greater than 90°, ABM' and A B' N', 
for example ; and make x = A B M', and — x = — A B' N'. 
The complement 90° — x of the 
first arc is negative, and is repre- 
sented in the figure by the arc 
BM', situated on the left of the 
point B, whilst the complement 
90° -f x of the other arc is equal 
to B A Wj and always on the right 
of the point B. But the sines M' Q 
and N' Q' of these complementary 
arcs are equal, and are similarly 
disposed with respect to the di- 
ameter B B' j hence, we have always cos ( — x ) = cos x. For- 
mulae (4) are therefore general. 

40. It is well to note that the cosine of any arc whatever , posi- 
tive or negative , is always represented in magnitude and position , 
by the distance from the centre to the foot of the sine . 

41. Formulae (1), (2), (3), (4), may be applied to all possible 
arcs, positive and negative. For brevity, let us consider only 
the sine and cosine. 

1st. Resuming the two formulae sin x = sin (180° — x ), 
cos x = — cos (180° — x ) (Art. 33), which were demon- 
strated for positive arcs comprised between o and 180°, 
they become, when x is changed into 180° + x , 

sin (180° +x)= sin ( — x ), cos (180° + x) = — cos ( — x) y 
which results are evident by virtue of the relations (2) and 
(4). We may increase the arc by additions of 180°, to in- 
finity, and the formulae will remain unchanged. If we sub- 
stitute — x for + #, we see, in like manner, that the two 
formulae are still true. They therefore suit all possible arcs. 

2d. Formulae (2) which have been demonstrated for all 
positive arcs, are equally applicable to negative arcs. For, 
changing x into — x , they become 
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sin (180° — x) = — sin ( — x ,) = sin x 
cos (180° — x) = — cos ( — #,) = — cos x. 
thus reproducing formulae (1). 

3d. Since the addition of 180° to any arc whatever + xov 

— x , only changes the algebraic sign of the sine or cosine, it 
follows, that the addition of 360° should produce no change: 
hence, formulae (3) apply also to negative arcs. 

4th. Formulae (4) require no special demonstration, since 
it is evident that in them x may be replaced by — x. 

42. Nothing is now easier than to reduce to the first quad- 
rant the trigonometrical lines of any arc whatever. Suppose 
x = 1029°, to be an arc whose sine is required. Take 360° 
from this arc as many times as possible, and there remains 
309°. Then by formula (3), sin x = sin 309°. Now take 
180° from 309°: by formula (2), we have sin (180° + x) 
= — sin x, hence, sin x = — sin 129°. Finally, sin x = — 
sin 51°, since 51°, is the supplement of 129°. We might 
carry the reduction farther, by observing sin 57°, = cos (90° 

— 51°), and hence sin x = — sin 51° = — cos 39°. 

43. If the given arc had been x = — 1029°, the algebraic 
sign of the sine would have been contrary to the preceding, 
and we should have sin x = cos 39°. 

Of Arcs which correspond to a given Sine , Cosine , dec. 

44. The preceding discussion has shown, that there exists 
an infinite number of arcs which have the same trigonomet- 
rical lines. Let us now suppose one of these lines given, 
and let it be required to determine the arcs which corre- 

Assume sin x = a. On the ra- 
dius O B, perpendicular to O A, lay 
off O Q = < 2 , and through the point 
Q draw M M' parallel to O A. It 
is evident that we must take for 
values of x all arcs which terminate 
at the points M and M'. Designate 
the arc AM by o, and 180° by rt ; 
AM' will be equal to ft — a, and 
the positive arcs terminating in M 
and M', will be comprised in the 
two series. 
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•, 2k + a, 4 K + a, 6k + ») &C. 

K — •, 3k — a, bit — a, 7 k — a, &C. 

We have AB'A'M=2 k — a, and AB'A'M'-k+®. If 
we add to these arcs any number of circumferences, and take 
the resulting arcs negatively, we shall have all the negative 
arcs which correspond to the given sine, viz., 

— 2k -f*» — 4 k *f a t — 6k + ®, &c. 

— K — a, — 3k — a, — 5k — a, &C. 

The arcs of these four series may be embraced in two very 
simple formula. For, we observe, that in two of these series 
the arc a is added to all the even multiples of k, negative as 
well as positive ; and that in the other two, it is subtracted 
from the odd multiples of k ; if, therefore, we designate by 
*, any whole number, positive or negative, and which may 
also be zero, then, all the required arcs may be expressed by 
the formulse 

x = 2*k + a, # = (2* + 1)k — a. (5) 

45. We have supposed a positive : if sin x = — a, wo must 

lay off a on O B', by making Then the arcs which 

are terminated in N and N 7 , are the values of x. Make 
A B N' = ®, it is easy to see that we shall have A B N =» 3 k 
— a, A B' N' = 2 k — a, and AN = ® — k. Hence, the values 
of x, positive and negative, which correspond to the sine 
OQ', are 

a, 2 K+a, 4 k+®, &C.; 3k — a, 5k — a, 7k— a, &C.; 

“~2K”^ci, ■ 4K-f-Qr, 6 k+o, &C.J it ■ a», — ~K ‘ 1 tt) 3 ft — a, &C. j 

and it is evident that they are still comprised in formuliB (5). 

46. In all the cases, if a exceeds the radius of the circle, 
r, the arc x will be imaginary, for the greatest positive sine 
is -f r, and the greatest negative sine is — r. 

47. Assume cos x=a. If a is positive, take on OA,OP=a, 
and at the point P erect the perpendicular MN ; the values 
of x are the various arcs, positive and negative, terminating 
in M and H. Making A M == o, it is easy to see, that all 
these arcs will be embraced in the four series 

a, 2k + a, 4it+a, &C.J 2k — a, 4k — a, 6k — a, &C.; 
— — 2k— -a, - 4k— a, &c. j — 2 k-^o», — “4k-|-®, — 6k-}-®, &c.j 

C 
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and designating by k any whole number whatever, positive 
or negative, all these arcs may be comprised in the two 
formulae 

# = 2xrt + a, X=s2 Xft — a. (6) 


48. If cos x= — a, lay off a on O A', then designatingbya 
the arc A M M', no change is necessary in what precedes. If 
a is greater than r, the arc x becomes imaginary. 

49. Assume now tang x=a, and let a be positive. Take 

the tangent A T=a, above O A, and 
draw the right line TMN', passing 
through the centre, and meeting 
the circumference in M and N'. 
The values of x are the positive or 
negative arcs which terminate in 
M and N'. Make the arc AM = a, 
we shall have AMF = ^ + a, 
AN'M = 2 * — a, ANF=rt — a; 

and the required arcs will be that 
of the series 



a, 2* -f a, 4rt-f-a, &C., 

rt -|-a, 3rt-f-a, 5*<-}-a, &C., 

2rt-j-a, — 4rt-\-a, — 6rt-j-a, &C., 

— rt+a, — 3rt + a, — 5rt+a, &C. 

In these four series the arc a is found added to all the mul- 
tiples of rt, positive and negative ; hence the general formula 
for the required arcs is 

x = kit <*• (7) 

50. When the given tangent is negative, we lay it off on 
AT' below OA; a represents, in this case, an arc comprised 
between 90° and 180°, such as A B M'. It is also evident 
that the tangent may have any magnitude we please. 

51. We will not examine the cases in which the arc is 
made known by the other trigonometrical lines. But we 
readily see that arcs which have the same sine, the same 
cosine, or the same tangent, have also the same cosecant, or 
the same secant, or the same cotangent ; and this will be made 
more apparent when we have established the relations 
between the trigonometrical lines themselves. 
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52. We must not forget that, in these formulae, a always 
represents the smallest arc between o and 180°, correspond- 
ing to the given trigonometrical line, rt the semi-circumfer- 
ence, and k any whole number whatever, positive or nega- 
tive, and which may also be zero. 

How the Sines , Cosines , dec. may be reduced to Simple Ratios . 

53. In trigonometry, an arc being only employed as the 
measure of an angle, it is not its absolute magnitude which 
is considered, but its ratio to the circumference of which it 
forms a part. Now, it is precisely this ratio which is indi- 
cated by the number of degrees in the arc; and it is evident 
that this suffices to determine an angle; for, all the arcs com- 
prised in the same angle, and described from its vertex as a 
centre, contain an equal number of degrees, whatever be the 
radii of these arcs. 

54. The ratios which exist between the trigonometrical 
lines of these arcs, and the radii of the circles to which they 
belong, depend, in like manner, upon 
the number of degrees in the arcs; 
thus, MP, M'P', M"P", &c. being 
the sines of similar arcs, we have 

MP M'P' M"P" 

OM“OM'— OM" ,&C ‘ 

Hence, when an angle is given, the 
sine itself is not determined, but the 
ratio of the sine to the radius, as is 
expressed in the above ratios. 

55. The same remark applies to cosines, tangents, &c. 
Hence, in all trigonometrical calculations, it is not the abso- 
lute lengths of the trigonometrical lines, but their ratios to 
the radius of the circle to which they belong, that must be 
considered; and these ratios only are introduced into the 
operations. For this purpose the method is simple. It is 
only necessary to take as unity the radius of the circle in 
which the trigonometrical lines are considered ; then the 
numerical values of these lines will not differ from the ratios 
themselves. We sometimes give to these ratios the designa- 
tion of natural sines , natural cosines , &c. 
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56. The simple form of the ratios which the trigonometri- 
cal lines assume when the radius is 1, tends to simplify very 
much the trigonometrical calculations. In the fundamental 
formula no hypothesis will be made upon the value of the 
radius, but it will be always designated in these formula by r. 

57. When results are obtained in which the radius is taken 
as 1, we may readily modify them for any value of the radius. 
For, from what has been said, it is evident that ratios of the 
sines, cosines, &c., to a radius r, must be equal to the sines, 
cosines, &c., when the radius is unity; hence, in these results, 

it is only necessary to change sin a, tang b &c., into 
Ae. 

r ’ 

For example, suppose that we have found between the 
arcs a and b, the relation 


tang b 


1 — cos a 
1 + sin a * 


making the substitutions, we have 


tang b 
r 


1 - 


14 


cos a 
r 

sin a 
r 


and reducing, we shall have, without making any hypothesis 
upon the value of the radius r, 


tang b 


r(r — cos a) 
r 4 sin a 


58. We must be careful not to suppose that there is a de- 
terminate length which corresponds to the radius 1, and 
another corresponding to the radius r, just as there are dis- 
tances ^qual to 1 yard, 2 yards, &c. In fact, each trigonomet- 
rical line of a given angle is expressed by different numbers, 
according to the hypothesis made upon the radius, but these 
numbers have always a constant ratio to that which repre- 
sents the radius, and it is the ratio which alone enters into 
the calculations. 
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Relations of the Trigonometrical Lines to each other. 

59. The triangles of the figure 
make known the relations of the 
six trigonometrical lines to each 
other. 

1st. In the first place, the right- 
angled triangle OMP gives 

MP 2 + OP’=OM 2 - 
And if we make the arc AM — a, 
the radius O M = r, and substitute 
for the several lines their trigono- 
metrical designations, viz., MP= sin a, OP=cos a , 4c., we 
have for the first relation 

sin *a -f cos *a = r*. (8) 

2d. The similar triangles OMP, O T A, give the proportions 

AT _ OA t OT OA_. 

MP" OP' OM"OP ; 

and the similar triangles O M Q, O S B, give the proportions 
BS _ OB OS OB 

MQ OQ ; OM“ OQ* 

Making the necessary substitutions, we have the following 
relations, 


tang a 
sin a 

r . r sin a 

= , or, tang a = 

cos a ° cos a 

( 9 ) 

sec a _ 

r 

or 

r* 

oa/) n 


r "" 

cos a 

cos a 


cot a 

r 

nr 

r cos a 
cot a = . 

(ii) 

cos a 

• v* ) 

sin a , 

sin a 

cosec a 

r 

r* 

or oohap n — 

(12) 

r 

sin a, ’ 

Bin a 


60. Formula (8) serves to determine the sine in terms of 
the cosine, and reciprocally. If we assume the sin a as 
known, we shall have 

cos fla± — sin *a 

4 
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We obtain two equal values for the cosine, with contrary 
signs, because for the same sine, O Q, for example, there are 
two cosines O P and O P', which are equal and opposite to 
each other. 

61. Formulae (9), (10), (11), (12), make known the values of 
the tangent, secant, cotangent, and cosecant, when we know 
the sine and cosine. 

62. To make an application of these formulae, let us take 
the value of sin 30°= ir, which has been found (Art. 13). 
With this value, and by the aid of the above formulae, we 
may readily calculate. the cos 30°, and then, the tangent 30°, 
the sec 30°, &c. Observing that the complement of 30° is 
60°, we form the following table : 

r r /q- 

sin 30°= cos 60°= . cos 30° = sin 60°= — — . 

tang 30°=s cot 60°= cot 30°== tang 60°= r^/lT. 

sec 30°= cosec 60=^—?, cosec 30°= sec 60°= 2r. 

63. Although deduced from a figure in which the arc a is 
< 90°, the formulae of (Art. 59) are not the less general. 
This will be evident, if we only consider the absolute values 
of the trigonometrical lines ; for, these lines always form right- 
angled similar triangles, from which we may deduce results 
corresponding with those found in the article cited. With 
respect to the algebraic signs of the lines, it is manifest, that 
formula (8) still holds good, since it contains squares only; it 
remains then to examine whether the other formulas always 
give for the tangent, secant, &c., the algebraic signs which 
correspond to their positions. 

64. In the first quadrant, that is, from 0 to 90°, the sine 
and the cosine being positive, the four formulae give positive 
values, as they should do. In the second quadrant, the sine 
is positive, and the cosine negative, and therefore the values 
of the tangent, secant, and cotangent are negative, while that 
of the cosecant remains positive ; and the figure shows that 
these are the signs which these lines should have. In the 
third quadrant, the sine and cosine are negative ; hence, the 
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values of the tangent and cotangent are positive, whilst the 
values of the secant and cosecant are negative, and these 
signs correspond with the positions which the four lines 
take. In the fourth quadrant, the sine is negative, and the 
cosine positive ; the values of the tangent, cotangent, and 
cosecant are negative, and that of the secant is positive, still 
corresponding with the indications from the figure. 

Beyond 360°, the values of the sine and cosine correspond 
in magnitude and in sign, for any arc 360° + a, with those of 
the arc a ; and these results are confirmed by the four formu- 
1®. And, it will also follow, that the tangent, secant, &c., 
must have the same values for an arc of 360° + a, as for an 
arc a. 

65. Let us now suppose the arcs negative. Since sin 
( — a) = — sin a, and cos ( — a) = cos a, (Art 38) ; it follows, 
that in changing the sign of the arc, the values given by the 
formula, for the tangent, cotangent, and cosecant, take con- 
trary signs, without changing their magnitude, while the 
secant remains the same. These results also correspond with 
the indications of the figure. 

66. Finally, it might be apprehended that the formula 
would fail for the arc 0, 90°, 180°, &c., because, in these cases, 
the triangles cease to exist. But it is easy to see that they 
still give results which correspond to these values of the arcs. 
For example, if we make a = 90°, we shall have sin 90° = r, 
cos 90° = 0; hence, tang 90° = <x> , sec 90° = oo, cot 90° *0, 
cosec 90° = r : values which we ought to have. It is proper 
to observe, that the value tang 90° = oo, should be taken 
with the doubtful sign d=; for, it is, at the same time, the 
limit of positive tangents, which we obtain by increasing the 
arc from 0 to 90°, and the limit of the negative tangents, 
which we obtain, by decreasing the arc from 180° to 90°. 
The same remark applies to other trigonometrical lines 
capable of becoming infinite. 

67. We conclude therefore that the five formula we have 
been discussing are general, and are not limited by any 
exceptions. 

68. Having demonstrated the generality of formula (9) and 
(10), we might have concluded from them that of (11) and 
(12), without further proof; for the latter can be deducod 
from the former by substituting 90° — a , for a. 
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69. In general, whenever a relation between trigonometri- 
cal lines has been demonstrated for all possible values of arcs, 
we may substitute for these arcs, their complements, which 
only requires that we should change the sines, tangents, and 
secants, into cosines, cotangents, and cosecants, and recipro- 
cally. 

70. The five relations first discussed may be used to find 
others. We proceed to exhibit the most remarkable. 

1st. Multiplying together formulae (9) and (11), we have 


tang a x cot a = r* (13) 


which shows, that the radius is a mean proportional between the 
tangent and cotangent This could be at once deduced from 
the similar triangles OTA, O S B. 

2d. Formula (9), gives 


, , , , . , r* sin* a r* (sin* a + cos* a) 

r»+tang >a=r>+— ^ L___ > 

: — , hence 
cos* a’ 


cos* a 

But sin* a -f cos* a = r*, and sec* a = 


r* -f tang 51 a = sec 2 a, (14) 

a result which is evident from the right-angled triangle 
OTA. 

We deduce, by an analogous process, the other formula 
r* + cot* a = cosec* a, (15) 

which may also be obtained from formula (14), by substitut- 
ing for a , 90° — a . 

3d. Formulae (10) and (12) give 

1 cos a 1 sin a 
sec a r* ’ cosec cT* r* 


Squaring these equations and adding the results, member by 
member, and observing that sin* a -f- cos* a= r*, we have 

1 1 == J L 

sec* a"* cosec* a r* 


71. In general, one of the six trigonometrical lines being 
given, the relations (8), (9), (10), (11), (12), will make known 
the five others ; and the operation becomes a simple resolu- 
tion of equations. 
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For example, if we wish to find the sine and cosine by 

means of the tangent, we make use of equations (8) and (9) 

. , , , A r sin a 

sm ! a 4- cos* a = r. tang a = 

& cos a 

and deduce from them the values of sin a and cos d. The 
second gives r* sin* a = tang* a cos* a; then, by means of the 
first, we readily obtain 


sin a 


_ d = r tang a . 


j COS Ct ' 


d= r* 


V r* + tang* a \Sr* + tang* a 


( 17 ) 


The double sign =fc indicates that there are two sines and 
two cosines, equal and oppositely situated, which correspond 
to the same tangent ; as is also shown by the figure. Care 
must be taken that the superior signs are taken together, 
and the inferior signs together, otherwise we should not 
have 


r sin a 
cos a 


tang a. 


Formula to find the sin (a + b) and cos (a + b), also sin (a — b) 
and cos (a — h). 

72. Knowing the sines and cosines of two 
arcs a and b, it is required to find the sine 
and cosine of the sum of these arcs and of the 
difference of these arcs. 

Let AB=a, and B C = B D=6, be the 
two given arcs. Draw the chord CD, 
and the radius O B perpendicular to the 
chord at the middle point Q ; draw also 
the radius OA, and the perpendiculars 
BP, C B, D S. We shall have 

B P =b sin a, O P = cos a, C Q = sin 6, O Q =s= cos 6, 

A C = a + b, C R = sin (a + b), O R = cos (a + &)> 
AD=a — b, D S = sin (a — 6), O S = cos (a — b). 

Now, draw QE perpendicular to OA, and QF, and DG, 
parallel to OA. The triangles CQF, QDG, will be equal, 
having the angles equal, and the side Q C = D Q : hence, 
D G = Q F, and G Q = C F, and we have 
4* 
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sin (<x+ b) = C It = F R + CF — QE + CF, 
cos (a -f b) = OR=OE — E B = O E Q F, 
sin (a-b) =DS = QE-QG = QE — CF, 
cos (a — b) = OS = OE + DG = OE + QF. 

The triangles OBP, and 0 QE, are similar, since BP and 
Q E are parallel ; and O B P is also similar to C Q F, because 
of the perpendicularity of their sides : hence we have 

QE OQ OE_OQ 

Bl? “’OB’ OP OB’ 

OF CQ QF CQ 

OT"OB’ BP~OB 

From these equalities, we deduce 

sin a cos b „ „ cos a cos b 
QE= ; . OE > 


CF: 


cos a sin b 


QF 


sin a sin b 


r ' - r 

Substituting these values in sin ( a + b), cos (a + 6), &c., we 
get 


sin (a + b) = 
cos (a + 6) = 


sin a cos b + cos a sin b 


cos a cos b — sin a sin b 


sin (a — b) = 
cos (a — b) = 


sin a cos b — — cos a sin b 


cos a cos b + sin a sin b 


(18) 

(19) 

( 20 ) 
( 21 ) 


73 The figure employed seems to attach certain restric- 
tions upon these formal®, since it is assumed that a and b 
are positive arcs, and a + 6 <90°, and that «>& in the ex- 
pressions for sin (a-b) and cos (a-b). We may readily 
modify the constructions to correspond with these various 
cases, but as these cases are numerous, the following process 

will be found preferable. , „ ,, „ 

1st The restriction a > b may be removed from the for- 
mula (20) and (21). For when a < 6, we know (Art. 38), 
that we have 

Bin (a b) = — sin (b — a), and cos (a — 6) = cos (6 — a). 
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But, b being greater than a , we may obtain sin ( b — a) and 
cos ( b — a) from the formulae (20) and (21), by changing a 
into 6, and b into a : but this substitution will only cause the 
sign of the first to be changed, while the second will remain 
the same: we shall, therefore, have, for sin ( a — b ) and cos 
(a — 6), the same formulae as in the case of a^>b. Hence, 
these formulae apply to all cases in which a and b are posi- 
tive, and a + b<^ 90°, and we may therefore give to a and b 
any values we please between 0 and 45°. 

2d. Since the formulae which embrace (a — b) may be de- 
duced from those which express sin (a + 6), and cos (a + b ), 
by changing b into — b , it follows, that formulae (18) and (19) 
are true for all values of a between 0 and 45°, and for all 
values of b between — 45° and +45°. Further, these for- 
mulae also suit negative values of a , taken from 0 to — 45°. 
For, representing by a an arc <45°, and making a = — a, 
we shall have 

sin (a + b) = sin ( — a + b) = — sin (a — 6), 

cos (a + 6) = cos ( — a + 6)= cos (a — b). 

The arcs o and — b are within the limits for which the for- 
mulae (18) and (19) have been demonstrated : therefore, 


sin (a + b) = — sin (a — b) 
cos (a + b) = cos (a — b) 


— sin a cos b 4- cos a sin b 


cos a cos b + sin a sin b 


Since a = — a, we have (Art. 38) sin a = — sin a, cos a 
= cos a, and, hence, these formulae reduce to (18) and (19). 

3d. We will now prove that in formulae (18) and (19), we 
may extend indefinitely the positive and negative limits of 
a and b. Make a = 90° + a, a being any arc whatever 
between —45° and + 45° : we shall have, on taking the com- 
plements, 

sin (a + b) = sin (90° + a + b) = cos ( — a — b) = 

r , v cos a cos b — sin a sin b 
COS (a + b) , 

cos (a + 6) = cos (90° + a + 6) = sin ( — a — h) « 

. , — sin a cos b — cos o sin b 

— sin (a +6) 
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But since a = 90° + a, we have, by known reductions, 

sin a = sin (90° + a) = cos ( — a) = cos a, 
cos a = cos (90° + a) = sin ( — a) = — sin a. 

Therefore, we may substitute for cos a, the sin a, and for 
sin a, cos a, which again reduces to the formulae (18) and 
(19). Now, taking a between — 45° and + 45°, the arc 90° 
+ <*, or a, passes through all magnitudes from 45° to 135°, 
and the positive limit of a is extended to 135°. Repeating 
the same reasoning, it is evident that this limit may be again 
extended from 90° to infinity. 

74. The demonstration given (2d), to show that if the for- 
mulae (18) and (19) are true for positive values of a <[45°, 
they are also true for the same values taken negatively, may 
be applied to the case in which the positive limit of a is 
greater than 45°. Therefore, since we have seen that they 
are true for all positive values of a, they are also for all neg- 
ative values. 

75. As to the arc 6, it is evident it is subject to the same 
reasoning that has been applied to a, and we may also extend 
to infinity each of its limits. Therefore, formulae (18) and 
(19), as well as formulae (20) and (21), are proved for all 
values of the arcs a and b. 

Formula for the Multiplication and Division of Arcs. 

76. Hereafter, the radius will always be considered as unity, 
so that we shall have r=l, and under this hypothesis for- 
mulae (8), (9), (10), (11), (12), (18), (19), (20), (21) become 

lx sin Oi cos a* . 

sm 2 a 4- cos 2 a = 1, tang a — , cot a = — , sec a =— 

^ 7 & cos a! sm a! cos a, 

cosec a = — , sin (a ± 6) = sin a cos b dt cos a sin b , 
cos a K J 7 

cos (a dt 6) = cos a cos b zp sin a sin b. 

77. If now we make b = a in the expressions for sin (a + b ) 
and cos (a + 6), we have 

sin 2 a = 2 sin a cos a, (1) 

cos 2 a = cos 2 a — sin 2 a, (2) 

which enable us to determine the sine and cosine of double 
of an arc, when we know the sine and cosine of that arc. 
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78. Making b = 2 a, the same expressions giro 

sin 3 a = sin a cos 2 a + cos a sin 2 a, 
cos 3a =* cos a cos 2 a — sin a sin 2 a; 

and substituting for sin 2 a and cos 2 a, their values, and 
remembering that sin* a + cos* a= 1, we have 

sin 3 a = 3 sin a — 4 sin 8 a, (3) 

cos 3 a = 4 cos 8 a — 3 cos a. (4) 

By the same process we may deduce the expressions for sin 
4 a, sin 5 a , &c., and for cos 4 a , cos 5 a, &c., or of any other 
multiple of a. 

79. The formulae for the division of arcs are readily deduced. 
Thus, to find the sine and cosine of half an arc, make a = } a 
in formulae (1) and (2); we have 

2 sin i a cos i a = sin a, (5) 

cos* i a — sin* } a = cos a , (6) 

and we have also 

cos* } a + sin* i a = 1. (7) 

If we suppose the value of cos a to be known, we have only 
to resolve the equations (6) and (7) to get the values of 
sin \a and cos i a. We get 

. . /I — cos a, . / 1 + cos a 

Bin i a = y/ g 1 cos J a = . (8) 

80. It is proper to note that these values of sin } a and 
cos } a should be affected with the double sign it 1. We may 
readily see why these two equal values with contrary signs 
should exist, for we observe that it is not the arc a itself 
which enters into these values, but its cosine , so that the for- 
mulae should make known, at the same time, the sine and 
cosine of the half arc for all arcs which have the same cosine. 
These arcs are made known by the formula, Art. 44, 

X = 2 krtziz a, 

in which a denotes the smallest positive arc corresponding 
to the given cosine, n the semi-circumference, and k any 
whole number, positive or negative. We ought then to find 
for sin } a and cos } a, the values included in 

sin ( krtzhia ,) and cos (kit db } a). 
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If k is even , kit will be a multiple of 360°, and we may Sup- 
press it without altering the value of the sine or cosine, and 
there will result 

sin (i fc £ a) = =fc sin £ a, and cos (± £ a) = cos £a. 

If k is odd, we may still suppress k it , but the signs of the sine 
and cosine must be changed (Art. 35), and we have 

— sin (± £ a) = zp sin £ a, and — cos (d= £ a) = — cos £ a. 

We see, therefore, that we have in fact two equal values for 
sin £ a and cos £ a, affected with contrary signs. 

81. If we have the sine given instead of the cosine , it will 
be only necessary to substitute in formulae (8) for cos a, its 
value, y/1 — sin 2 a. Since this new radical also has the 
double sign zfc, we should have four values for each of the 
unknown quantities sin £ a, and cos £ a . 

But we may obtain these values under another form. 
.Resuming equations (5) and (7), 

2 sin £ a cos £ a = sin a, 
cos 3 i a + sin 3 } a = 1, 

we deduce from them the values of sin } a and cos } a. Add- 
ing the first equation to the second, and afterwards sub- 
tracting the first from the second, we have, when we extract 
the square root of both numbers of the resulting equations, 

cos i a + sin i a = ^/1 + sin a, 
cos i a — sin £ a = y/\ — sin a ; 
from which we readily deduce the values sought : 

sin £ a = £ v' 1 -f sin a — £ %/ 1 — sin a, (9) 

cos £ a = £ y/ 1 + sin a + £ y/ 1 — sin a. (10) 

Since there are two radicals, each of these expressions has 
four values, as might have been anticipated. For, these ex- 
pressions should make known the sine and cosine of the 
half arc for all arcs which have the same sine. 

But these arcs are made known by the formulse, (Art. 44,) 

x =2 kit+*, a:=(2&+l)rt — a; 

hence, the expressions for sin £ a and cos £ a, must give the 
sine and cosine for all arcs represented by 
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k it + £ a, and (k -f £) it — £ a. 

But we may suppress kit , taking care to retain or change 
the signs of the sine and cosine, according as k is even or 
odd. Hence, we should have for sin £ a and also for cos £ a, 
four values, viz., 

sin £ a = d= sin £ a, and sin £ a = sin (£ it — } a), 
cos £ a = dz cos £ a, and cos £ a = ± cos (£ it — £ a). 

We see, further, that they are equal, two and two, with con- 
trary signs. If a =s 90°, we have £a = 45°, £* — £a = 45°; 
and the four values are reduced to two. 

82. Another observation suggests itself. Sine it = 180°, it 
follows that the two arcs £ a, and £ it — £ a, are complements 
of each other. Hence, the preceding values may also be 
presented thus : 

sin £ a = db sin £ a, sin £ a = it cos £ a, 
cos £ a = d= cos £ a, cos £ a = db sin £ a. 

That is, the values of sin £ a and cos £ a are the same, and 
this is indicated by formulae (9) and (10). 

83. One difficulty remains to be explained. When the aro 
a and its sine are known, to ascertain which of the four solu- 
tions must be selected for sin £ a or for cos £ a. For brevity, 
let us consider sin £ a only. Taking the radicals with their 
different signs, the four values of sin £ a may be written, 

sin £ a = db £ (^/ 1 + sin a — y/ 1 — sin a), 
sin £ a = d= £ (y/ 1 -f sin a + </ 1 — sin a). 

In the first place, it is evident, that the two first are equal 
with contrary signs, and the same for the two last. If we 
square the first, the result is < £, while the square of the 
other gives a result > £. But we know that sin 45° = cos 45° 
= £; hence, neglecting the signs, the two first values are 
less than the sin 45°, while the two last are greater than 
sin 45°. 

But, when the arc is given, we may readily determine 
& priori whether the sine of the half arc is positive or nega- 
tive, and whether it should be greater or less than 45°. 
Thus, all indetermination vanishes. The same reasoning 
applies to the cosine. If, for example, we take a<90°: 
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sin i a must be positive and less than sin 45°: cos } a must 
also be positive, but greater than 45° : and those values of 
(9) and (10) must be taken which fulfil these conditions. 

84. Let us now consider the trisection of arcs. Substituting 
for a, } a, formulae (3) and (4) become 

sin a = 3 sin J a — 4 sin* i a, 
cos a = 4 cos 8 i a — 3 cos i a. 

If now the cos a be given, and we wish to find the value of 
cos i a, make cos a = 6, cos J a = z ) and the second of these 
equations becomes 

= 0 ( 11 ) 

The resolution of this equation determines the value of 
cos i a. Without entering into the algebraic details, we 
will show & priori that the three values of z in this equation 
are real. 

Since the cosine is given, the formula of the arcs corre- 
sponding to this cosine is 2 kit zfca (Art. 44) ; hence, equation 
(11) has for its values all those which are embraced in the 
expression 

2 kit dba 

z = cos * 

The whole number k , can only have one of the three forms 
3n, 3w+ 1, 3n — 1, (n being also a whole number). Make 
A; = 3 n, A: = 3 n + 1, k = 3n — 1, successively ; we shall have, 
suppressing useless circumferences, 


z = cos 


3n. 2ft dba 


cos 


(2n* ± = cos(± -^) = cos ; 


z — cos 


; COS 


(3n+l) . 2*zka 

3 : 

(2 n — 1) . 2* d=a 


2 ft 


2 h 


cos (2 nit +3~± 3-) = cos (-g-± j); 


2* 


. 2 * 


cos (— -s-± -*■) = cos (-*-=»= T ) 5 


the two last values are the same as the preceding; then 
there are in all three different values, as follows : 


2 = C0Sj, 2 = C08(^ + |r), 2 = cos(^— -£•). 


3 
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It sometimes happens that two of these values are equal 
to each other : thus, the first is equal to the third, when a 
= *. 


Formulae relative to Tangents. 

85. Let us now find the tangent of the sum and difference of 
two arcs , when the tangents of these arcs are known. 

According to the relations established (Art. 59), we have 
in the first place, 

, f sin (a + b) 

6 v J cos (a + b ) 

Substituting for sin (a + b) and cos (a + 5) their values (Art. 
72), we have 

, , . N sin a cos b + cos a sin b 

tang (a + b) = r - — ; : — 7 . 

0 v y cos a cos b + sin a sm b 

To express this value of tang (a + b ) in terms of tangents 
only, divide the numerator and denominator by cos a cos 5, 
there results 

sin a , sin b 


tang (a + 5) : 


cos a T cos V 


1 - 


sin a sin b 
’cos a cos 5* 


But = tang a, and ^5-4 = tang b : substituting these 
cos a 6 ’ cos b 6 * 6 


values, we have 

x tang a + tang b 

tang (a + b) = -z § — - —7 . 

& v J 1 — tang a tang b 

By a like process, we find for tang (a — 5) 

.... tang a — tang b 

tang (a — b) = , 2 —2— r . 

® v ' 1 — tang a tang b 


(i) 


( 2 ) 


86. Let 6 = a, we shall have for the tangent of double arcs, 

2 tang a . 

tang 2«= 1 _ ta * g ,- . (3) 

87. To determine tangent of i a, in terms of tang a, sub- 
stitute in (3) J a for a, we get 

2 tang } a 


1 — tang 2 } a 
D 


; tang a, 
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which reduces to this equation of the second degree 

2 

tang 1 i a + tang i a — 1 = 0, (4) 

from which we deduce 


tang } a : 


-( — 1 rb x/1 + tang 3 a). 


angle 

88 . 


tang a 

Equation (4) having — 1 for its last 
term, we know, without solving it, 
that the product of the two values of 
tang } a is equal to — 1. Hence, if 
A T and A T' are those values, in the 
A situation corresponding to their signs, 
we must have AT x A T' = O A*, 
which shows that O A is a mean pro- 
r j\ portional between A T and A T', and 
hence the angle TOT' is a right 
; or the arc MM' is equal to 90°. 

We frequently meet with the following formulas, 

/I COS a /r\ 

tang ( > 



tang i a = 
tang i a == 


sin a 

1 + cos a, 
1 — cos a 
sin a 


( 6 ) 

( 7 ; 


These formulas are easily deduced from those already 
known. It is evident that we have, (Art. 76,) (Art. 79,) 


tang } 

a = 

sin 

cos 

} a 

-n/S 

-cos a 
■ cos a, 



sin 

i a 

cos } a 

sin a 

tang } 

a = 


cos 2 

1 } a 

1 + cos a, 




sin 3 

i a _ 

1 — cos a 

i 

a = 

sin 

$ o 

cos J a 

sin a, 
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Formula frequently used . 

89. The formulae for sin (o zh b) and cos (a ± b ), (Art. 72,) 
lead to a great many formulae which are often used by 
astronomers. We will now refer to the most important of 
these. 

Combining formulae for sin (a + b) and sin (a — b) (Art. 
72), and those for cos (a + b) and cos (a — b) y by addition 
and subtraction, we have 

2 sin a cos a = sin (a + b) -f sin (a — 6), 

2 cos a sin b = sin (a + b) — sin (a — b ), 

2 cos a cos b = cos (a — 6) + cos (a -f &), 

2 sin a sin 6 = cos (a — &) — cos (a + 6). 

These formulae may be used to transform the product of a 
sine and cosine, or of two cosines, or of two sines, into a sum 
or difference of two trigonometrical lines. 

90. Let p and q denote any two arcs whatever ; make 
a + b = p, and a — b = q ; we shall have a = £ (p -f #), b = £ 
( p — q). Substituting these values in the preceding formulae, 
we get 

sin p + sin q = 2 sin £ (p 4- q) cos £ ( p — q ), 
sin p — sin q = 2 cos h (p + q) sin £ (p — q ), 
cosp + cos £ = 2 cos £ (p + q) cos £ ( p — q ), 
cos q — cosp = 2sin £ (p + q) sin £ ( p — q). 

These formulae are of frequent use in logarithmic calcula- 
tions, to change a sum or difference into a product. 

91. Finally, by division, and remembering that, in general, 

sin A. 1 

- = tang A= t the last formulae lead to the fol- 

cos A cos A 

lowing, 

sin p + sin q __ sin i {p + q) cos £ ( p — q) __ tang £ (p 4- q) 
sinp — sin ^""cos £ {p + q) sin i (p — q)~~ tang £ (p — q) 


sin p -f sin q __ sin £ ( p + q ) 
cosp + cos^ cos £ {p + q) 


tang i (p + q) 


sin p + sin q 
cos p — cos q 
sin p — sin q 
cos p + cos q 


cos £ (p — q) . . , x 
. - = cot £ (p — q) 

sin £ (p— q) 


sin £ (p — g) 
cos h (p—q) 


tang £ (p—q) 



Digitized by ^ooQle 



46 


TRIGONOMETRY. 


sin p — sin q 
cos q — cos p 


cos } (p + q) 
sin i (p + q) 


= cot } (p+q) 


cosp+conq cos } (p + q) cos } (p — g)_ cot}(p + #) 
cos q — eosp~“*sin \ (p + q) sin } (p — q)~~ tang } (p — q) * 


Among these formulae, we observe that the first may be 
enunciated as follows : The sum of the sines of two arcs is to the 
difference of the same sines , as the tangent of half the sum of the 
arcs is to the tangent of half their difference . 

92. We sometimes meet with trigonometrical transforma- 
tions, the origin of which we may not be able to trace. We 
may assure ourselves of their accuracy, by verifying them. 
Thus, to verify the relation 

sin (a + b) sin (a — 6) = sin* a — sin* b , 

we substitute for sin (a + b) and sin (a — b) their values 
(Art. 72), and we have 

sin (a -f b) sin ( a — b) = sin 3 a cos 3 b — cos 3 a sin 3 b ; 


then putting for cos 3 a and cos 3 b, their values 1 — sin 3 a, 
1 — sin 3 6, we may readily deduce the proposed equality. 


To verify the relation cosa = 
sin } a 


1 — tang 3 } a 
’cos 3 a+tang 3 £a 3 


, substitute 


for tang} a its value -z — , and the second member becomes 

6 cos i a 


cos 3 } a — sin 3 } a 
cos 3 } a+sin 3 } a . 


But since cos 3 } a + sin 3 } a=l, and cos 3 } a — sin 3 } a = 
cos a, (Art. 59 and 79,) these substitutions reduce the second 
member to cos a, as was required. 

As a further exercise, the student may verify the following 
transformations, 


cos (a + b) cos (a — b) = cos 3 a — sin 3 b . 


tang (45° + a) 


1 + tang a 
1 — tang a 


cos a 


1 

1 + tang a tang } a 


i 


Digitized by ^ooQle 



THEORY OF TRIGONOMETRICAL LINES. 


47 


, Bin (a + 6) 

tang a + tang b = - f-. 

6 6 cos a cos b 

tang a + tang b + tang c = tang a tang b tang c. 

The last formula supposes that a + 6 + c»180°, and it 
proves that there may be an infinite number of combinations of 
three quantities , such, that their sum shall be equal to their continued 
product. 


Geometrical Demonstrations of Formulas Already Found. 

93. It has been observed, that, after establishing geometri- 
cally the formulas which express sin (a + b ) and sin (a — b), we 
have deduced the other formulae by the ordinary processes of 
algebra. From this the conclusion is drawn, that the first 
being true for all possible arcs, the last are not less general, and 
in this consists the essence of all analysis. On the contrary, 
in geometrical constructions, the conclusions drawn from each 
figure are necessarily limited to the particular construction 
which is made. Still, as geometry serves to make the truth 
more apparent, and constitutes a most valuable means of 
mental discipline for the student, we proceed now to demon- 
strate in this way the principal results already obtained. 

94. The sine and cosine of an arc being given , to find the sine 
and cosine of the double arc. 

Let arc AB=BC = a, and make the 
constructions indicated in the figure, we 
have 

sin a = A P, cos a = O P, sin 2 a = C Q = 

2 PH. 

cos 2a=OQ = OH — Q H = O H — AH. 

The right-angled triangle OP A gives 



PH = 


APx OP 
OA 5 


O P* 

oh 4 ’ ah = 


Ip*. 

OA 7 


consequently, substituting for the lines their trigonometrical 
designations, and making radius OA = l, we find again the 
formulae (1), (2), art. 78, as follows, 

sin 2 a = 2 PH = 2 sin a cos a, 
cos 2 a =a OH — AH^cos* a — sin* a. 

6 * 
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95. Raving given the cosine of an arc , to find the sine and cosine 
of the half arc . 

Make the arc AC = o, draw C P 
perpendicular to the diameter AB, 
and the chords A C and BC, and the 
radii O D and 0 E, intersecting the 
chords at their middle points. As- 
suming the radius O A = 1, we shall 
have 0 P = cos a, AP=1 — cos a, 
B P = 1 + cos a, A C = 2 sin £ a, 
BC«= cos £ a. Since each chord is a mean proportional 
between the diameter and the adjacent segment, we have 



A C* = A B x A P, or, 4 sin 2 £ a =* 2 (1 — cos a) 
BC* = A B x B P, or, 4 cos 2 £ a = 2 (1 + cos a). 


From these results we deduce the formulae previously estab- 
lished for sin £ a, cos £ a, 


sin £ 


a =s/~ 


- cos a 


cos 




-f COS a 


96. The sine and cosine of an arc being given , to find the sine 
and cosine of three times the given arc. 

Let the radius O B = 1, the arc AB = 
BC=CD=a. The isosceles triangle BOD 
is similar to BDF, for the angle OBD 
is common, and the angle BDF, which is 
measured by the half of B A E or B C D, 
is equal to B O D. We have, therefore, 
BF BD , 

BD = OB’ hence, B F = 4 sin 2 a. 

Draw P G parallel to B F, we have P G = 

B F = 4 sin 2 a, and the similar triangles 

Q G P, O B P, give 

QG PG. , . B 

gp = Qg> ^ence, QG = 4 sin 8 a, 

PQ PG, -- - . a 

^y-jj = Qg, hence, P Q * 4 sin* a cos a. 
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But we have sin 3a = DQ = DF + F G — QG»BD + 
BP — QG=3sin a — QG, 
cos 3a=OQ=OP — P Q = cos a — P Q. 
Substituting the values just found for Q G and P Q, we have 

sin 3 a = 3 sin a — 4 sin 8 a 
cos 3 a = cos a — 4 sin 8 cos a. 

The first of these results corresponds with formula (3), Art. 
78, and substituting for sin 8 a its equivalent 1 — cos 8 a, the 
second reduces to formula (4). 

97. Having given the tangents of two arcs , to find the tangent 
of their sum, and the tangent of their difference . 

Let the radius O A = 1, A B = a, B C 
= 6. At the extremities of the radii OA 
and O B draw the tangents A T and B S, 
and let fall the perpendicular SHonOA. 

By hypothesis we have given B R = tang 
a, B S = tang b ; and it is required to find 
AT = tang (a + b). 

Since the triangles OAT, OHS are 
similar, we have 

AT SH SH 

OA = OH’ henCe ’ tan S ( a + b ) - OH- 

Since the triangles S H R and OB E are similar, we deduce 
S H from the proportion, 



AH 


- 0 B q tt tang a + tang b 

f\ r > OI ) ° ^ /TT> 


SR OR 


OR. 


To find O R, we know, from an established theorem, that 
we have 

SR* = OR’ + OS’— 20Rx OH. 

But, SR , = (BR + BS) , = BR , + BS , + 2BRx BS. 
Hence, 20Rx OBt=OR’— BR’ + OS’— BS’— 2 BRxBS 
= 2 O B — 2 B R x B S = 2 — 2 tang a tang b. 
Consequently, 

nTr _ 1 — tang a tang b 

or: ’ 
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Substituting in tang (a + 5), the values of S H and O H, we 
have the formula already known, Art. 85, 


tang (a+b) = 


tang a -f tang b 
1 — tang a tang b. 


We may readily deter- 
mine, by a like process, the 
value of tang (a — b). In 
this case, A C = a — 5, and 
no difficulty exists in im- 
mediately deducing the ex- 
pression. Since R S is 
equal to tang a — tang b y 
the second term of the numerators of S H and O H have a 
change of sign in this case, and we get, as before, 



tang (a - 


tang a — tang b 
' ~~ 1 + tang a tang 6. 

98. To demonstrate geometri- 
cally the formulas 

sin p + sin q = 2 sin i (p + q) cos i 
( p—i ) 

sin p — sin q = 2 cos } sin 

i( P — 9)- 

Take AB =p, A C = q, draw the 
chord B C, and the radius O D cut- 
ting the chord perpendicularly at its middle point : let fall 
on O A, the perpendiculars B P, C Q, DR, E F, and draw E G 
parallel to 0 A. From the construction we have 

„ sin v 4 - sin q _ ~ sin p — sin q 
B P=*sinp, C Q=sin q , E F= ~ ® &= o • 



FRQA HS 


AD=* (p + q), D R = sin £ (p + q), O R=cos £ ( p + q ). 
BD= i(p — q), BE = sin£(p — j), OE = cos i(p — q). 
But the similar triangles ODR, O E F, B G E, give 


EF OE A BG BE 

M = OD’ and OR“OD’ 


hence, EF= DB ( ^ -- ) and B 6 


OE x BE 
OD ' 
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Substituting for the different lines their values, doubling these 
expressions, and making the radius OD = 1, we obtain the 
required formulae. 

U9. To demonstrate geometrically that the sum of the sines of 
two arcs is to the difference of these sines , as the tangent of half 
the sum of the two arcs is to the tangent of half the difference of 
the two arcs. 

Make the same construction as 
in the preceding ; further, draw the 
tangent ST at the point D, and 
terminated in S and T, on the radii 
0 A and O B produced : produce 
also B C to H. On account of the 
parallels, we have 

EF_EH _DS 
BG“E B ~DT’ 

But we have 2 E F= sin p + sin q, 2 B G = sin p — sin q f 
DS = tang i ( p + q)> DT = tang DB = tang } (p— q)-, hence 
sin p -f sin q __ tang J (p + q) 
sin p — sin q~~ tang J (p — q ) 
which was to have been demonstrated. 



f - 
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Trigonometrical Tables. Solution of Triangles. 

Construction of Trigonometrical Tables . 

100. To realize the advantage of substituting trigonomet- 
rical lines for the corresponding angles and arcs, we must 
have some ready means of knowing the numerical values of 
these trigonometrical lines, when the angle or arc is given, 
and reciprocally. For this purpose tables are formed, in 
which the numerical values of the trigonometrical lines are 
written down opposite to the arcs to which they correspond. 
We propose now to explain the manner of calculating the 
numerical values of the sine, cosine, &c., for all arcs, differing 
from each other by 10". This is the law of variation in the 
arcs as calculated in the Tables of Callet . 

We begin by calculating the value of sin 10". For this 
purpose, we remark that the ratio of the circumference to 
the diameter is it = 3.14159 26535 89793 . . . .When the radius 
is taken for unity , the semi-circumference is equal to h ; and 
since there are 648000 seconds in 180°, we shall have, in 
terms of the radius, 

arc 10"= 0,00004 84813 68110. (1) 

But, for a very small arc, the sine and arc are so nearly 
equal, we may consider the value just found for an arc of 
10" as a near approximate value for the sin 10". To explain 
this and to show the degree of approximation made by sub- 
stituting the value of the arc of 10" for that of the sin 10", 
we shall demonstrate some preliminary principles. 

101. In the first place, we shall prove, that in the first quad, 
rant , an arc is greater than its sine and less than its tangent 

( 52 ) 
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Let AP be the sine of the arc AB, 
and AT its tangent. Revolve the figure 
around O T, and suppose the point A falls 
on C. We shall have arc AC > chord AC, 
and consequently arc AB>AP; hence, 
the arc is greater than the sine. We have 
also arc AC< AT + CT; therefore, arc 
AB<A T; or, the arc is less than the tangent. 

From this, it follows that if - differs very little from 
’ sm a J 

1, the ratio of i — will differ from it still less, 
sm a 

102. In the second place, it can be shown, that if an arc 
decreases to zero , the ratio of this arc to its sine will differ from 
unity by less than any assignable quantity ; that is, the limit of 
this ratio will be unity. 

1 


The formula tang a = 5^5-? gives -- — = 
° cos a ° sin a 


cos a. 


But, in 


diminishing the arc a, (which is supposed to be< 90°,) the 
cosine increases and may approach as near as we please to 

unity : hence, the ratio — , or its equal diminishes 

J 7 cos a °i" ~ 

continually, and has unity for its limit. 


sin a 


The arc being > sine and < the tangent, the ratio ^ ^ 

can neither be < 1 nor >• But the ratio . ^ ail g a _ ma y 

B m a ~ J 


sin a 


approach unity as near as we please ; hence, the ratio -rjj- 

has unity also for its limit Hence, in taking the value of 
the arc of 10" for that of the sin 10", we have only done what 
this demonstration shows we had the right to do, by way of 
a near approximation. 

103. To determine the degree of approximation, that we 
may reject useless decimals. We have sin a = 2 sin i a cosi 

a. But the inequality tang i a > i a reduces to - m - -^ a 

cos 2 a 

> 1 a, and gives 2 sin i a > a cos $ a; hence, sin a > a cos 2 i a. 
But cos 2 1 a asa 1 — sin 2 i a; therefore, cos 2 } a > 1 — ( i a) 2 ; and 
hence, finally, 
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a * 

sin a > a — 

4 

To apply the result to arc of 10", we shall have, from the 
value (1) when the 5th decimal figure is increased by 1, arc 
10" < 0.00005; hence, J (arc 10") 8 <0.00000 00000 00032. 
From which we have 

sin 10" > arc 10 "— > 0,00004 84813 68110 

0.0000000000 00032, 

and sin 10" > 0,00004 84843 68078. 

We see that the sin 10" does not commence to differ from the 
arc 10" until the 13th decimal ; and even then, the 13th deci- 
mal in the value of the arc is greater only by 1. Hence, we 
may take 

sin 10" = 0,00004 84813 681, 

and may be assured that the error is less than a unit of the 
13th order. Indeed, it is evident that the preceding value 
becomes too small if we take 1 from its last figure, and too 
large, if we add 1 to it, for then it would exceed the arc. 

Placing the value of sin 10" under the radical •>/ 1 — sin 2 10", 
we find the value of cos 10" to be 

cos 10" =0,99999 99988 248. 

We may now readily determine the sines and cosines of 20", 
30", 40", &c., to 45°, by the aid of the known formulae, 

sin (a + b) = sin a cos b + cos a sin b 
cos (a + b) = cos a cos b — sin a sin b. 

104. The following process which is borrowed from an 
English Geometrician, Thomas Simpson , gives the most rapid 
mode of making the reqifired calculations. 

The formulae, Art. 89, give 

sin (a -f b) = 2 cos b sin a — sin (a — b) 
cos (a + b) = 2 cos b cos a — cos (a — b). 

We may regard the arcs a — b, a, a + b, as three consecutive 
terms of an arithmetical progression whose common ratio is 
b : hence, if we represent by f, these three terms, we 
have 
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sin <" = 2 cos b sin if — sin t 
cos if' = 2 cos b cos if — cos t 


The first formula shows that, having calculated the values 
of two consecutive sines, we will find the next sine follow- 
ing, by multiplying the last by 2 cos b , and the one before the 
last by — 1, and adding the two products together. The 
same applies to the cosines. 

Thus, to find the values of the sines and cosines for all 
arcs, differing from each other by 10" successively, we make 
5 = 10"; and representing by a and 0 the known value of sin 
10" and cos 10", we shall have 


sin 0=0 
sin 10" = a 
sin 20" = 2 0 sin 10" 
sin 30" = 20 sin 20" — sin 10" 
sin 40" = 2 0 sin 30" — sin 20" 
&c., &e., &c. 


cos 0 = 1 
cos 10" = 0 

cos 20" = 2 0 cos 10" — 1 
cos 30" = 20 cos 20" — cos 10" 
cos 40" = 20 cos 30" — cos 20" 
&c., &c., &c. 


But since 20 differs very little from two units, the calcu- 
lation may be further abridged. Designating by k the 
difference 2 — 20, we shall have k = 0,00000 00023 504, and 
2 0 = 2 — k . Hence, the value of sin if' becomes 


sin £" = 2 sin if — k sin if — sin t 
and therefore, sin if * — sin t = (sin if — sin f) — k sin if. 

When the difference sin if' — sin if has been calculated, we 
may determine the sin f, by adding sin if to this difference. 
But the last formula shows, that the difference sin if ' — sin 
if is equal to the difference sin if sin t (a difference already 
calculated before arriving at the arc f',) minus the product k 
sin V. Hence, the only tedious operation, which is repeated 
for each sine, consists in multiplying the last sine by the 
constant number k =0,00000 00023 504. But the operation 
may itself be abridged by forming in advance the products 

of 23504 by the natural numbers 1, 2, 3 to 9. We shall 

then have immediately the partial products which compose 
each product, such as k sin t, and it only remains to add 
them. By calculations, nearly similar, the values of the 
cosines are determined. 

6 
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In so long a series of operations, errors are multiplied, 
since it is impossible to preserve thirteen decimals exact 
throughout. To ascertain the degree of precision on which 
we must rely, we shall find, presently, by methods which give 
a certain approximation, the values of many sines and 
cosines j and then the number of decimals common to those 
results and those which are given by the calculation just 
explained, will indicate, with sufficient certainty, the deci- 
mals which may be regarded as exact in the intermediate 
results. 

If we find that the approximation is insufficient, we select 
as the basis of calculation an arc less than 10", 1" for ex- 
ample, and recommence the operations. 

105. In practice it is more convenient to have the loga- 
rithms of the numbers corresponding to the trigonometri- 
cal lines rather than the trigonometrical lines themselves. 
But in supposing the radius to be unity, the sines and 
cosines will be fractions, and their logarithms will be nega- 
tive. To make these logarithms positive, we make r=? 10 10 , 
which is equivalent to dividing the radius into 10,000000000 
equal parts ; and then the logarithms of the sines and cosines 
will only be negative for angles which differ so little from 
0 or 90°, that this difference may be neglected. 

It is easy to transform all the results which have been 
determined under the hypothesis of r = 1, to the condition 
r =s 10 10 , by multiplying them by 10 10 , or by adding 10 to 
their logarithms. Indeed, when r=*l, we find the ratio of 
the sines and cosines to the radius, and it is evident that if 
we divide the radius into m equal parts, we must multiply 
all of these ratios by m, to know the number of parts con- 
tained in the sines and cosines. 

106. The logarithms of the tangents are made known by 

, „ i , r sin a , . , 

the formula tang a = , which gives 

cos a e 

log tang a a log sin a + (10 — log cos a) ; 

that is, we must add to the logarithm of the sine the arith- 
metical complement of the logarithm of the cosine. 

The logarithms of the cotangents are found by means of 
the relation tang a cot a = r*, which gives 
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log cot a = 10 + (10 — log tang a). 

Some tables do not contain the cotangent, but this result 
shows that we may easily supply, them by adding 10 to the 
arithmetical complement of the logarithm of the tangent. 

Nor do the tables usually contain secants and cosecants, 
but their logarithms are readily calculated from those of the 
sines and cosines. 

The Tables are not usually constructed beyond 45°. For 
arcs greater than 45°, the logarithms of the sines and 
tangents, are obtained from the cosines and cotangents of the 
complement, and reciprocally. Thus, if a > 45°, we shall 
have, sin a = cos (90° — a). 

The tables are so arranged as to avoid the necessity of 
calculating this complement. 


Calculation of Sines and Cosines for every 9°, to verify the Tables . 

107. To effect the verifications referred to, Art. 104, we 
propose now to calculate the sines and cosines for arcs 
varying by 9°. 

Let sin 18°= x ) 2 x will be the chord of 36°, or the side 
of the regular inscribed decagon. But this side is equal to 
the greater segment of the radius, when it is divided into 
extreme and mean ratio : hence, the radius being 1, we have 
4x* = 1 x (1— 2x). 

From this we get 

x 2 + i, 

and solving the equation, and neglecting the negative value 
of x as useless, we have 

x = sin 18°= cos 72°= J ( — 1 + ^5). 

With this value we readily find 


y/\ — x $ = cos 18°= sin 72°= 


a/ 


10 + 2 ^ 5 . 


Substituting these values of sin 18° and cos 18° for sin a and 
cos a in the formulae for sin 2 a and cos 2 a, Art. 77, we have 

sin 36° = cos 54° = \\f 10 — 2\^5 
cos 36° =* sin 54° = } (1 + v^5) 
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Substituting now the same value of the sin 18° in the 
formula which give the values of sin } a and cos } a in 
terms of the sine, Art. 81, we obtain 

sin 9° = cos 81°= i\/ 3 + v^5t— i\/ 5 — >/l> 

cos 9°= sin 81°= i\J 3+ \/F+ \\f 5 — 

Finally, if we substitute in the same formula for sin a the 
value sin 54° = i (1 + V5), we deduce 

sin 27°= cos 63°= t\/ 5 + </T — j\/3 — V1T 

cos 27° = sin 63° = } s/ 5+ V5+J\/ 3 — -/ 5. 

Further, remembering that sin 45° = cos 45°=^v'2, we 
deduce the following table : 

sin 0 = cos 90° = 0 

sin 9°= cos 81°= \\/ 3 + v'S’ — i \/ 5 >/ 5~ 

sin 18° = cos 72° = t ( — 1 + 

sin 27°*= cos 63°= }\/ b+ >/F—i\/ 3 — </5" 

sin 36° = cos 54° =* j\/ 10 2 v'E 

sin 45° bb cos 45° = } \/2* 
sin 54° = cos 36° = J (1 + s/ 5) 

sin 63° = cos 27° = i\/ 6+^5 + j\/ 3 — Vb 

sin 72° = cos 18° = \\J 10 + 2 >/~b 

sin 81° = cos 9° = }\/ 3 + x/~b+i\/b — \^b 
sin 90° = cos 0° = 1. 

These expressions being very simple and involving only 
the square root, may be calculated decimally to any degree 
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of approximation desired. These are the values which are 
used to verify the calculations explained in Art. 114. 

By bisecting the arcs by the aid of the established formula^ 
we might deduce the values of sine and cosine of arcs of 
4° 30', and 2° 15', and the successive multiples of 2° 15' 
would supply new verifications. 

Arrangement and Manner of using the Tables of Callet . 

107. The Tables of Callet are the best for the old division 
of the circumference, and those of Borda for the new or deci- 
mal division. In the Tables of Callet three tables are espe- 
cially to be observed. The first contains the logarithms of 
numbers to 108000, and the application of this table has been 
explained in the introduction. The second contains the 
logarithms of the sines, tangent, and cosine for all arcs, 
differing by one minute, according to the new division ; and 
the third contains the logarithms of the sine, cosine, tangent, 
and cotangent, for every 10", by the old division. Inas- 
much as the instruments used, and astronomical calcula- 
tions made are referred to the sexigesimal division of the 
circumference, the third table only will be referred to in this 
place. 

108. This Table gives the logarithm of the sine and tan- 
gent for every second up to 5°, and consequently the loga- 
rithms of the cosine and cotangent of all angles above 85°, 
and when the arcs are within these limits we find here the 
corresponding logarithms. Afterwards, we have the loga- 
rithms of the sine, cosine, tangent, and cotangent for every 
10". These are written in the columns headed sine, cosine , 
&c. When the tang or cotang is greater than the radius, 
its logarithm exceeds 10. In the table the tens are sup- 
pressed, but we must not forget to restore it in practice. 

109. If we only consider the degrees which are at the 
head of each page, we might suppose that the tables only 
extended to 45° ; but if we observe that the columns marked 
at the top sin, cos , &c., are marked at the bottom cos, sin , &c., 
we see that by taking the degrees and titles at the bottom 
of each page, at the same time ascending the columns placed 
on the right for minutes and seconds, we shall find the 
logarithms of sines and cosines from 45° to 90°. 

6* E 
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From what has been said, we find immediately 
L. sin 6° 32' 30"= 9,0566218 
L. cot 81° 46' 20"= 9,1601596. 

110. When the given angle contains seconds and fractions 
of a second, it is necessary to make use of the tabular dif- 
ferences , and to make calculations similar to those which 
have been explained in finding the logarithms of numbers. 
In doing this, the differences of log sin, log cos, &c., are 
regarded as proportional to those of the arcs ; and this pro- 
portion, although not altogether exact, gives nevertheless a 
sufficient approximation. We remark that the same differ- 
ences are common to log tang and log cotang. 

The following examples are given for practioe in the use 
of the Tables. 


1st. Find the log. sin 6° 32' 37", 8. 
log sin 6° 32' 30" (dif. 1836) 
log for 7" 

log for 0.8 


9,0566218 

1285.2 

146.88 


log sin 6° 32' 37", 8 = 9,056765 


2d. Find the log cos 83° 27' 22", 2 

log cos 83° 27' 30" (dif. 1836) 9,0566218 
log for —7" 1285.2 

log for —0.8 146.88 


log cos 83° 27' 22", 2 = 9,0567650 

8d. Find the log tang 8° 13' 52", 76 

log tang 8° 13' 50" (dif. 1486) 9,1603083 
log for 2" 297.2 

log for 0,7 104.02 

log for 0,06 8.916 


log tang 8° 13' 52", 76 = 9,1603493 

4th. Find the log cot 81° 46' 17", 24 

log cot 81° 46' 10" (dif. 1486) 9,1603083 
log for —2" 297.2 

log for —0,7 104.02 

log for —0,06 8.916 

log cot 81° 46' 7", 24 = 9,1603493. 
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111. Let it now be required to determine the angle when 
we know the logarithm of a sine, a cosine, Ac. Thus, let 
log sin x = 9,0567650, find x. 

The next less logarithm given in the tables for logarithms 
of sines is 9,0566218, and this logarithm corresponds to 6° 
32' 30". The difference between this logarithm and the 
given logarithm is 1432, and the tabular difference, cor- 
responding to 10", is 1836. Hence, dividing 1432 by 1836, 
and adding the tenths of the quotient as seconds, we find 7", 8. 
Therefore, the required arc is x = 6°32 / 37", 8. The follow- 
ing calculations will explain this example, and others of an 
analogous character. 

1st. Find the angle corresponding to log sin 9,0567650. 
log sin x = 9,0567650 

The next less log. 9,0566218 (tab. dif. 1836) 

6° 32' 30" 

1st remainder 14320 7 

2d remainder 14680 0.8 


x = 6° 32' 37", 8 

2d. Find the angle corresponding to log cos 9,0567650. 
log cos x = 9,0567650 
The next log. 9,0568054 (tab. dif. 1836) 

83° 26' 20" 

1st remainder 4040 2 

2d remainder 3680 0.2 


x = 83° 27' 22", 2 


3d. Find the angle corresponding to log tang 9,1603493. 
log tang x = 9,1603493 
For 9,1603083 (tab. dif. 1486) 

8° 13' 50" 


1st remainder 4100 

2d remainder 11280 

3d remainder 8780 


2 

0.7 

0.06 


x = 8° 13' 52", 76 
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4th. Find the angle corresponding to log cot 9,1603493. 
log cot x = 9,1603493 
For 9,1604569 (tab. dif. 1486) 

81° 46' 0" 

1st remainder 10760 7" 

2d remainder 2580 0.2 

3d remainder 6080 0.04 


a; = 81° 46' 7", 24 

112. The formulae which contain sines , cosines , &c., assume 
almost always that the radius has been regarded as unity. 
To apply the tables to them, two methods may be used. 

The first consists in introducing the radius r in the for- 
mulae as in Art. 57, and then using the logarithms of the 
tables, always remembering that log r = 10. 

In the second process, we do not change the formulae, but 
we retain the hypothesis of r = 1, and subtract 10 from every 
logarithm taken from the trigonometrical table. It answers 
to effect this subtraction on the characteristic only, which 
may, by this operation, become negative, but it is better to 
employ such logarithms as the table gives, and to take no 
account of the 10 until the end of the operation. This 
method of correction will be always easy, for, in the calcu- 
lations, the logarithms are always added or subtracted, and 
it is evident that each additive logarithm will give" one ten 
too much in the result, while each subtractive logarithm will 
have one ten too little. 

113. The use of the arithmetical complement enables us to 
substitute addition for subtraction of logarithms, as has been 
heretofore explained. In this case, the ten which must be 
subtracted from this logarithm to reduce it to the hypothe- 
sis of r =b 1, is compensated by that which we have to add in 
using the arithmetical complement. Besides, the error of a 
ten in a logarithm is so considerable, that it could not fail to be 
noticed. For illustration, the following examples are given. 

1st. Let x = 419 x sin 2 40°, hence, log x = log 419 + 2 log 
sin 40°. Taking log sin 40° from the tables, log x contains 
two tens too muoh, which must be taken from the result. 
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log 419 = 2,6222140 

2 log sin 40° =19,6161350 


log x = 2,2383490 

If we wish to obtain x within T fo, add 2 to the character- 
istic, and we find x = 173,12. 


2d. Let sin x = 


314 X sin 30° 
411 x cos* 45°’ 


we get 


log sin x = log 314 — log 411 + log sin 30° — 2 log oos 15. 

Operating by the complements, the two tens which mnst be 
taken from 2 log cos 15°, are compensated by the two tens 
for which we take the complements. The log sin 30° and 
the complement of the log 411 introduce two tens too much; 
but as the angle must be sought in the tables, we only take 
away one ten from the result, as is shown below. The arith- 
metical complements are designated by Lo'g. 


log 314 = 
lo'g 411 
log sin 30° 
2 lo'g cos 15° 


2,49692965 

7,38615818 

9,6989700 

0,0301127 


log sin x = 9,6121702 

This logarithm is prepared to suit the tables. We find 
x = 24° 10' 7". 


Resolution of Triangles. Relations between the Sides 
and Angles of a Plane Triangle. 

114. Hereafter we will designate the angles of a triangle 
by the large letters A, B, C, placed at their vertices, while the 
sides opposite to these angles will be respectively designated 
by the small letters a , 5, c. If a triangle be right-angled, the 
letter A will always correspond to the right angle, and the 
letter a to the hypothenuse. 

115. The solution of all plane triangles depends upon the 
following theorems which are here enunciated and demon- 
strated. 
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116. Theorem I. In every right-angled plane triangle , each ride 
about the right angle is equal to the hypothenuse multiplied by the 
sine of the angle opposite to this side . 

Let ABC be a triangle 
right-angled at A. From 
the point B as a centre, with 
any radius, describe the arc 
D B, and let fall the perpen- 
dicular E F. The sine of the 
angle B is the ratio of B F 
to the radius B B (Art. 54). 



The similar triangles B C A, B E F, give 

AC EF , , b . j. 

BC = BE . and wehave-=8mB, 

: a sin B, 


(i) 


hence, b : 

which was to be proved. 

117. The angle B is the complement of the angle C ; hence, 
sin B = cos C, and we conclude, that in every right-angled plane 
triangle , each side about the right angle is equal to the hypo- 
thenuse multiplied by the cosine of the adjacent angle . 

118. Theorem II. In every right-angled plane triangle , each 
ride about the right angle is equal to the other side multiplied by 
the tangent of the angle opposite to the first ride . 

For, in the triangle ABC, 
describe the arc D E, from B 
as a centre, and with any 
radius ; erect D G perpen- 
dicular to A B. The ratio of 
D G to B D is the tangent of 
the angle B, (Art. 54.) But 
the similar triangles give 

b , ^ 



therefore, b = c tang B, (2) 

which was to be proved. 

119. We may deduce this result directly from Theorem 1. 
Indeed, applying this theorem to each side b and c, and ob» 
serving that sin C = cos B, we have 

b — a sin B and c a a cos B; 


Digitized by A^OOQle 



SOLUTION OF TBIAN0LK8. 




_ t/ mill I 1 

hence, - = = = tang B or 6 » c tang B. 

120. Theorem III. In every plane triangle the sides are pro- 
portional to the sines of the opposite angles. 

Let A and B be any two angles of 
the triangle ABC. Let fall the 
perpendicular C D from the vertex 
C on the side A B. If the perpen- 
dicular falls within the triangle 
ABC, the two right-angled tri- 
angles, ACD and BCD, will give 

C D = b sin A, and C D =* a sin B ; 

hence, b sin A =s a sin B ; 

j i & sin A /q\ 

and we have -r- = - — =r W 

b sin B 

If the perpendicular falls on q 
the prolongation of B A, the tri- 
angle ACD gives C D = b sin 
CAD. But the angle CAD be- 
ing the supplement of CAB, we 
have 

sin C A D = sin C A B = sin A, ® ® ® 

and we have still the same proportion before found. 

121. Theorem I Y. In every plane triangle the square of either 
side is equal to the sum of the squares of the other two sides , minus 
twice twice the rectangle of these two sides , multiplied by the cosine 
of their included angle . That is, we have 

— 2 be cos A* (4) 

Let A B C be the given triangle ; 
let fall the perpendicular CD on 
A B. When the angle A is acute, we 
have, from a known theorem, 

CB*= AC 2 + AB 2 — 2 AB x AD, 
or, a*=6* + c a — 2cx AD, 

But the triangle ACD gives AD 
= b cos A, and substituting this value 
of A D, we have formula (4). 


C 




C 



4 
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When the angle A is obtuse, we have 

a*=6* + c* — 2c x AD 

And the triangle ACD gives 
JO AD = 6 cos CAD. But CAD 

being the supplement of CAB 
j \ or A, we have cos CAD = — 

• Vb cos CAB = — cos A; hence, 

j \ A D = — b cos A ) and substitut- 

D g jj this value in that of a\ we 

have the equation before found. 

122. Theorem I Y is sufficient of itself to solve every plane 
triangle. For, it is evident we have, for each side, the three 
equations 

a* = 6*+ c 2 — 2 be cos A, (5) 

6* = a 2 +c t — 2 ac cos B, (6) 

<*=a 2 +b 2 — 2a6cos C, (7) 

by which we may always determine three of the six parts 
of a triangle, when the other three are known, except in the 
cases when the triangle is impossible, or when the three 
angles are given. 

123. Theorem III., since it expresses a relation between 
two sides and their opposite angles, must be a consequence 
from the three last equations. It may be deduced as follows: 


The first equation gives cos A = 


p + c'—a 2 


; hence, 


..A-1-co.'A — 

4 o-c 2 


_ 2a 2 b 2 + 2a*c* + 26*c*— a l ~ b l — <* 

“ 4 b 2 <* 

and consequently, 

sin A y/2 a 2 b 2 + 2 a 2 c* + 2 b 2 c 2 —a*—b* —<* 
a ~~ 2 abc 

The other two equations give, in like manner, the ratios 

sin B sin C , , , , , , . , 

— - — and — - — ; but we may deduce them at once by 
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changing, in the second member of the preceding equation, 
first a into b and b into a , and afterwards a into c and c into a. 
Since the second member is a symmetrical function of a , b, c> 
it will remain the same when the changes are made upon 
these letters, and we have therefore, in accordance with 
Theorem III., 

sin A _ sin B _ sin C 
a b c 

Resolution op Right-angled Plane Triangles. 

124. First case . Having given the hypothenuse a and an acute 
angle B, to find the angle C, and the two sides b and c. 

We have C = 90° — B. We may then determine b and c 
by means of Theorem I., which gives 

b = a sin B, c = a cos B. 

The values of b and c , will of course be calculated by 
means of logarithms. 

125. Second case . The side b of the right angle , and the acute 
angle B being given , to find C, a and c. 

We have again C = 90° — B. Theorem I. gives a , by the 
relation 

b = a sin B, hence, a = - — 

9 9 sin B’ 

and Theorem II. gives c , since we have 

c = b tang C, or c = b cot B., 

126. Third case . The hypothenuse a, and a side b, being 
given , to find the other side c, and the angles B and C. 

From the known property of the right-angled triangle, 
we have c*= a* — 6*, or c = V(a + b) ( a — 5), which makes 
known the value of c very readily by means of logarithms. 
We determine B by the relation b == a sin B (Art. 116), which 

gives sin B = -, and finally we have C = 90° — B. 

If we determine the angles first, we may still find c by 
the relation c = a sin C. 

127. Fourth case. Having given the two sides b and c of the 
right angle , to find the hypothenuse a and the angles B and C. 

7 
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We first determine B, by the relation b = c tang B (Theo. 
II.), and this gives afterwards C = 9o° — B. The hypothe- 
nuse a is made known by the relation (Theo. I.) b = a sin B. 

We might find a directly from the formula a== V b' 1 + c 2 . 
But since the binomial + c 2 cannot be decomposed into 
factors, it is not suitable for logarithmic calculation, and it 
is better to find the angle B in the first place, and then make 
use of it to find a. 


Resolution of Oblique Plane Triangles. 

128 Case I. Having given a side , a, and two angles of a tri- 
angle, to find the three other parts . 

If the sum of the two given angles be taken from 180°, 
we shall have the third angle. The sides b and c are then 
determined by Theorem III, by means of the proportions 

b _ sin B c __ sin C 
a ””sin A’ a ""sin A* 


129. Case II. Having given two sides , a and b, and the angle 
A opposite one of them , to find the side c and the two other angles 
B and C. 

The simplest solution is, to find first the angle B, opposite 

sin B b 

the side b , by the proportion — r- =* 

sin a a 

The angles A and B being known, we have C = 180° — 

c sin C 

(A + B) ; and the side c is found by the relation -= 

130. This solution requires some development. The first 
proportion makes known sin B, thus, 

. ^ b sin A 
sin B = : 


and from the tables we find for the value of B an acute 
angle. But the same sine corresponds also to a supplemen- 
tary angle, which is obtuse : so that, calling M the angle of 
the tables, we shall have for B the two values B = M, 
B = 180° — M, which seem to indicate two triangles, and 
suggest the following important observations. 
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1st. When the known angle A is ob- 
tuse or a right angle, the two other 
angles must be acute ; and in this case, 
we take B = M only ; and in order that 
the triangle may be possible, it is further 
necessary that we have a> b. This con- 
dition is sufficient. 

2d. When A is acute 
and a> b, we must have 
A > B, and it is still 
necessary to reject the 
value of B = 180° — M. 

/ \ / In this case the tri- 

angle is always pos- 

\ sible. 

3d. But when we have A acute 
and a < 6, we may take B in- 
differently equal to M, or to 
180° — M. For, let the angle 
B A C = A, and A C = b ; the 
circle described from C as a cen- 
tre and with a radius a will, in 
certain cases, cut AB in two 
points, B and B'; and we shall then have two triangles ACB, 
A C B', which will be constructed with the given parts, and 
in which the angles ABC, AB'C are supplements of each 
other. The condition for two solutions is, that the side a 
which is supposed less than 6, be greater than the perpen- 
dicular C D let fall on AB. If the side a is equal to CD, the 
circle is tangent to A B, and the two solutions reduce to a 
single right-angled triangle A CD. Finally, if the side 
a<CD, the triangles are impossible; and we will now show 
that this impossibility is indicated by the value of the sin B. 

The right-angled triangle A C D gives C D = b sin A. But, 
by the hypothesis, a < C D. Hence, we have 



a < b sin A, and 


b sin A 


> 1; hence, sin B> 1. 


Thus, the value of sin B is greater than unity ; but no sine 
is greater than unity, hence the triangle is impossible. 
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131. We have undertaken to find the side c after deter- 
mining the angle B. We may, however, find c at once 
when a, b , and A are given; for, by Theo. IV., we have 
a % = b 2 + c z — 2 b c cos A ; hence, 

c 2 — 2 b cos A .c = a 2 — b*. 


This equation is of the second degree, and gives 
c = b cos Azh y/a* — b 2 + b 2 cos 2 A. = 6 cos A =h \/ a 2 — b 2 sin 2 A. 

Since the side of a triangle must always be a real and 
positive quantity, we have only to inquire what relations 
between a, b, A, will give for c one or two values which fulfil 
these conditions : and this inquiry may be made by the 
student without any difficulty. 

132. The preceding values of c being inconvenient for 
logarithmic calculations, are of no use in trigonometry. 
Still, as we sometimes meet with like expressions, we will 
here explain the transformations adopted by astronomers to 
facilitate the use of such results. 

Placing these values under the form 

b cos A ±q\/ i_* f . 8 * D * — 

V a 2 


As these values are supposed to be real, the quantity 
- — is less than 1, and we may consider it as the sine of 
an angle $, which we may determine in placing 

b sin A 


sin == - 


We have then 


__ a sin / 1 b 2 sin 2 A 

~~ sin A J V a 2 


cos $ ; and consequently, 


a (sin $> cos A ± sin A cos $) __ a sin ($> db A) 

sin A ~~ sin A , 

results which may be readily calculated by logarithms. 

This solution exactly corresponds with the first, for the 
auxiliary angle is no other than the angle B. 

133. Case III. Saving given in a triangle the two sides a and 
b and the included angle C. to find the side c, and the angles A 
and B. 
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d sin A. 

By Theorem III., we have ^=— ; — =r-. This proportion 

b sin B r r 

contains two unknown quantities A and B : hut we may 
deduce from it, in t^e first place, 

a + b __ sin A + sin B 
a — b sin A — sin B* 


And we know, further, that 

sin A + sin B _ tang j (A + B) 
sin A — sin B tang}(A — B) 

Therefore, 

a + 6 _ tang } (A + B) 
a — b tang i (A — B) ^ ' 

which shows that, in any triangle , the sum of two sides is to 
their difference as the tangent of half the sum of the angles oppo- 
site to those sides is to the tangent of half their difference . 

We have A + B =180° — C ; hence J (A + B) = 90° — } C : 
therefore, the three first terms of the above proportion 
are known, and we may find from them the value of 
}(A — B). Knowing now the values of the half sum and 
half difference of the angles A and B, each may be deter- 
mined; for, by adding the half sum to the half difference, we 
obtain the greater angle, and by subtracting the half differ- 
ence from the half sum we get the less angle. Thus, 


A 


A + B 


A — B 
2 ’ 


and B = 


A + B 
2 


A — B 
2 ’ 


A and B being found, we obtain the side c, by the proportion 


c _ sin C 
a ” sin A 


( 2 ) 


134. This proportion requires that we find three new 
logarithms, viz.: those of a, sin A, sin C. We may abridge 
the calculation by the following process : 


a - i sin A 

Since we have 

a 


sin B 
b 


sin C 


we must also have 


sin A + sin B 

sin C 
7 * 


a + b 
c 


; hence, c = 


(a + b) sin C 
sin A+ sinB* 
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By known formulae we have 

sin A + sin B = 2 sin J (A + B) cos } (A — B) 
sin C = 2 sin } C cos i C. 


And we have also, sin } (A + B) = sin (90° — } C) = cos } C. 


Substituting these values in c> and making the necessary 
reductions, we have 


(a + b) sin } C 
cos i (A — B) 


( 3 ) 


Since the logarithm of ( a + b ) is already known, this value 
of c may be used in preference to that given by the propor- 
tion (2), and we thus save the calculation of one logarithm. 

135. We have determined the value of c after finding those 
of A and B. To find c directly, we make use of Theorem 
IV., which gives 

c = >/ a* + b 2 — 2 a b cos 0. 


But inasmuch as logarithms cannot readily be applied to this 
formula, we make use of an auxiliary angle. 

We have cos 2 } C + sin 2 } C = 1, and cos^C — sin 2 }C = 
cos C. Hence 


c = V (a 2 -f 6 2 ) (cos 2 i C -f sin 2 } C) — 2 a b (cos* J C — sin 2 } C) 
ss V (a + by sin 2 i C -f (a — by cos 2 } C. 

-(“ + *) 8i ° 1 C \/l + 


(a + by 

Since the magnitude of a tangent is unlimited, we will 
make 

(a — b) cot l C 
a + b 


tang t = 

Then the radical becomes 


^1 tan 


s't = s/' 


i + ' 


Hence, 


cos 2 * cos * . 
(< a + b) sin } C. 
cos * 


Thus, we will find successively the auxiliary angle * and 
the side c by means of two formulae which may be readily 
calculated by the tables. 
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This solution differs from the preceding only in appear- 
ance : for, tang J (A + B) being 1 equal to cot ^ C, the value 
of tang is identical with that of tang 1 (A — B) deduced 
from equation (1), and hence the last value of c is found also 
to be identical with the formula (3). 

136. In practice, it often happens that the sides are known 
by their logarithms. Let us suppose that the sides a and b 
are thus known, and that, farther, C is given, and that A 
and B are the only quantities to be determined. To find } 
(A — B), by means of the proportion (1), it would first be 
, necessary to find a and b in the tables; but this maybe 
avoided by making use of an auxiliary angle. 

Let -4/ be this auxiliary angle, given by the assumed rela- 
tion tang 4* a -. We have, from known formula, 


tang (45° — *)= 


tang 45° — tang $ 
1 -f tang 45° tang $ 


Substituting for tang 4 its value, we have 


1 — tang 4 
1 + tang * 


tang (45° -4) = ^-!- 
But we have, Art. 133, 

tangi (A — B) — tang J (A + B) 

Hence, 


tang } (A — B) = tang (45° — 4) tang } (A + B). 


And since $ is known, we readily find } (A — B). By this 
process we have two logarithms less to calculate than if we 
had determined the sides a and b. 

137. Case IY. Having given the three sides a, b, c, to find the 
three angles . 

By Theorem IY. we have a*=6 2 + c* — 2 be cos A ; hence 


cos A = 


b* + c? — a % 
2 be 


In like manner, we may determine B and C. But it is 
necessary to find a formula more suitable for logarithmic 
calculations. 
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Art. 78 gives the formula 2 sin 2 } A = 1 — cos A, and sub- 
stituting in it the value of cos A, we have successively 


2 sin 2 } A =1 


y + <?*— a 1 
2 be 


a *-p — ct + 2bc 
2 be 


a * — ( b — c) 2 __(a + 6 — c ) (a — b + c) 
2 be Tbc 


Hence, sin } A = . / ( a + 6 ~ c ) (« — 6 + . c ) 

V 4 be 

To simplify this formula, make the perimeter a + 6 + c=2$, 
we deduce a + b — c — 2 s — 2 c = 2 (s — c), and a — b + c = 
2s — 2b = 2 (s — b); 

hence, sin } A / C^~^) ( s — c ) 

V be 

From which we form the following important rule, that the 
sine of half an angle of a plane triangle is equal to the square root 
of half the sum of the three sides minus one of the adjacent sides , 
multiplied by the half sum of the three sides minus the other 
adjacent side, divided by the rectangle of the adjacent sides. 

Although the angle i A is determined by its sine, there is 
no ambiguity in the result, because A being an angle of a 
triangle, we must always have A < 180°, and } A <90°. 

138. We may determine with equal facility the formulae 
which determine cos } A and tang J A. Resuming the known 
relation 2cos 2 iA= 1 + cos A, wo deduce, by similar trans- 
formations to those just employed, 

C osiA=. Aj s-a) 

V be 

If we divide the value of sin } A, by that of cos } A, we 
find for tang J A, 

139. We know that it is not always possible to form a 

triangle with three sides taken at will. This impossibility 
is indicated by the calculation. For, if wo make use of the 
formula 

8iniA= v / 0- 6 > (*- .£ ) ■ 

V be 
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when the triangle is possible, this expression must give a 
real value for sin \ A, which must be less than 1. But if the 
triangle is impossible, this formula will lead to an imaginary 
value for sin } A, or to a value > 1. In order that the impos- 
sibility shall exist, it is necessary that one side be greater 
than the sum of the other two : let us now examine the results 
which the formula gives under this condition. 

1st. Let b > a f c : we shall have 26 > a + 6 + c : hence 
2 6>2s and s — 6<0. But, further, we have plainly 
a + 6> c, hence a + 6 + c or 2 s will be > 2 c, and s — c> 0. 
Thus, the value of sin £ A is imaginary. 

2d. Let c>a-f6: then we shall have s — c<0, and 
5 — 6> 0, and sin £ A will bo imaginary. 

3d. Let a>6 + c; we shall have a + 6 -f c or2s>26 + 2c: 
hence, s > b + c, and s — &>£, s — c>6, and (s — 6) ( s — c ) 
>6c: consequently the value of sin £A would be greater 
than 1, which would be impossible for any angle. 


Application to Examples. 

140. Extended trigonometrical operations require the use of 
various instruments, which it is not proposed to describe in 
this treatise. A few remarks will suffice to make intelligible 
the several examples which are proposed for solution. 

To trace a right line upon the ground — stakes are used, 
and they are placed from point to point, at convenient dis- 
tances, and so located that when the eye rests on the first 
stake, all the others will be covered by it. 

An angle is traced on paper by means of an instrument 
called a protractor . This is a semi-circle divided into degrees 
and parts of degrees. 

There are many different kinds of instruments used for 
measuring angles either on the ground, or in space. The 
chief of these are the compass , the theodolite , the graphometer , 
&c. In general, they consist of a circle, or sector of a circle, 
on which is marked a fixed radius, which serves as an origin 
for the subdivisions, whilst a second radius movable around 
the centre, may take any position. The plane of the circle 
may itself turn around its centre. To measure the angle 

F 
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included between two right lines which connect a given 
point with two other points, place the centre of the instru- 
ment at the first point, and direct the two radii upon the 
other two points; then read on the graduated circumference 
the number of degrees included between 



the radii, and this will be the required 
angle. 

141. Example I. In a triangle ABC, 
right-angled at A, we have given a = 1785, 
395 yds. B = 59° 37' 42", it is required to 
find C, b, c, (124). Subtracting B from 
90°, we have’ the angle C = 90° — 59° 
37' 42" = 30° 22' 18". We have now to 
find the sides b and c . 


Calculation of side b. Calculation of side c. 

5 = a sin B c=acosB 

log sin 59° 37' 42" 9,9358919 log cos 59° 37' 42" 9,7038132 

log 1785,395 3,2517343 log 1785,395 3,2517343 

log b 3,1876262 log c 2,9555475 

b =* 1540,374 yards. c = 902,708 yards. 

142. Example II. In a triangle A B C, we have given the 
side a = 2597,843 yards ) the side b = 3084,327 yards , and the 
angle A = 56° 12' 47", 

it is required to find B, C, and c. 

Calculation for angle B. 
sin B __ b 
sin A ~~ a 

log sin 56° 12' 47" 9,9196592 There are two solutions . 

log 3084,327 3,4891604 

log 2597,845 (££) 6,5853868 In 1st solution B = 80° 39' 43" 

In 2d solution B = 99° 20' 17" 

log sin B 9,9942064 

1st solution : B a 80° 39' 43" 2d solution : B = 99° 20' 17" 
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Calculation for angle C. Calculation for angle C. 


C = 180° — A — B. 

C =. 180° — A — B 

180° 

O 

O 

00 

»-H 

A = 56° 12' 47" 

A = 56° 12' 47" 

B = 80° 39' 43" 

B = 99° 20' 17" 

C = 43° 7' 30" 

C = 24° 26' 56" 

To find the side C. 

To find the side C. 

c sin C 

c sin C 

a sin A’ 

a ~ sin A‘ 

log 2597,845 3,4146132 

log 2597,845 3,4146132 

log sin 43° 7' 30" 9,8347972 

log sin 24° 26' 56" 9,6168759 

log sin 56° 12' 47"A.C.0, 0803408 

log sin 56° 12' 47"A.C.0, 0803408 

log c 3,3297512 

log c 3,11182899 

c = 2136,737 yards. 

c = 1293,689 yards. 


143. Example III. Having measured the distances a and b 
of the point C from two known points A and B, to find the 
points C. 

If the triangle A B C is 
small, we may describe two 
arcs of circles from the 
points A and B as centres, 
with the given distances as 
radii. But the operation be- 
comes impracticable when 
the distances are consider- 
able. In this case, we mea- 
sure the distance AB, which will enable us, knowing the 
three sides of the triangle ABC, to calculate the angle A, 
(Art. 137.) The direction of the side A C is thus determined, 
and it only remains to lay off, on this direction, the given 
distance A C = 6, and the point C is made known. 

Let a = 9459,31 yards, b = 8032,29 yards, c = 8242,58, we 
shall have 25= 25734,18, 5 = 12867,09, 5 — 6 = 4834,80, 
$ — c = 4624,51. 

sin j A . /(ill ft) . (* ~l £) 

V be 
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log (5 — b) 3,6843785 

log (s — c) 3,6650657 

log b (Ar. Comp.) 6,0951606 
log c (Ar. Comp.) 6,0839368 

2 log sin } A 19,5285416 
log sin } A 9,7642708 

i A = 35° 31' 47" 

A =71° 3' 34" 


144. Example IY . To find the height A B of a tower , the base 
of which is accessible . 

Lay off on the ground, 
supposed level, a base line 
j-j I — , p X N. B C, from the foot of the 

L* Ll JJ tower. Place the instru- 

ment at C, and measure 
□ □ D the angle EDA formed 

D by D A with the horizon- 

npj n .? tal H ne DB parallel to 

1 J CB. Then, in the right- 

B C angled triangle A E D, we 

know the side D E, and the angle D, and we may calculate 
A E. Adding C D to A E, we have the height required. 

Let C D = 1,10 yard, D E = 61,28 yards, D = 41° 31' 25", 
we shall have 

A E = 61,28 x tang 41° 31' 25" 
log tang 41° 31' 25" 9,9471690 

log 61,28 1,7873188 

log AE 1,7344878 

A E = 54,261 yards, A B = 55,361 yards. 



When the base of the 
tower is inaccessible, as 
when AB is the eleva- 
tion of a hill above the 
surrounding ground, the 
foot of the perpendicu- 
lar is unknown, and we 
are therefore unable to 
measure the distance B 
C. We may, neverthe- 
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less, measure the angle ADE; for, without seeing the line 
AB, it is still possible to make the plane of the circle with 
which the angles are measured, to pass through the vertical 
A B. Moreover, we will determine A D, as will be explained 
in the following example ; and then knowing the hypothe- 
nuse A D and the angle D, we may find A E. 

145. Example Y. Find the 
distance of an observer , situated 
at A, from a point P, which is 
inaccessible , but which can be 
seen by the observer . 

Measure a base AB, and 
the angles PAB, PBA, we 
may then readily determine 
AP. 

Let A B = 247,49 yards, 

A = 62° 41', B =s 59° 42'. We deduce at once 
P = 57° 37' j and then calculate AP, as follows. 



A P _ sin B 
XB smT* 

log AB 2,3935577 

log sin B 9,9362098 

log sin P (Ar. Comp.) 0,0734087 


log A P 2,4031762 

A P = 253,032 yards. 

146. Example YI. To find the distance P Q, between two 
inaccessible points , which may be seen by the observer. 

Measure the base line A B, and the angles BAP, B A Q, 
A BP, ABQ; we may then determine, as above, the side 
A P of the triangle ABQ. 

Besides, the angle PAQ 
is known ; for, if the four 
points A,B,P, Q, are in 
the same plane, we have 
PAQ=*BAP — BAQ: 
and in every case we 
may determine that angle 
by direct measurement. 

Thus, in the triangle PAQ, 



Digitized by 


Google 



80 


TfilGOtfOUETBlf. 


we shall know two sides and the included angle, and we may 
readily determine the side P Q. 

Let A B = 345,29 yards, B A P = 69° 26', B A Q = 44° 81', 
P A Q = 25° 41', ABP= 48° 15', A B Q = 102° 14'. We de- 
duce directly APB = 62° 19', A Q B = 33° 15', and we may 
calculate A P and A Q as follows : 

1st. To find A P. 

A P _ sin A B P 
AB — sin APB 
log AB 2,5381840 

log sin A B P 9,8727722 

log sin A PB (A. C.) 0,0527973 

log AP 2,4637535 

A P = 290,907 yards. 

3d. To find the angles P and Q. 

Let AQ=p, AP = g, APQ 
=P, AQP=Q. We shall have 
j>+2=906,361, p—q= 324,547. 

} (P + Q)=77° 9' 30": then, 
we may place 
\ 

p + q tang } (P + Q) 

P—q tang J(P — Q) 

log tang } (P + Q) 10,6421427 
log (p — q ) 2,5112776 

log (/>+#) (Ar.Com.) 7,0426988 

log tang i (P — Q) 10,1961191 
i (P — Q) = 57° 81' 6" 

P =* 134° 40' 36" Q =* 19° 38' 24". 

147. Another solution . We have obtained the distances AP 
and AQ, by passing through their logarithms. We may 
avoid this, by using the auxiliary angle 4, as indicated in 
Art. 136. Then, having found log AP, and log AQ, we 
obtain the angles P and Q, as follows: 


2d. To find AQ. 

A Q _ sin A B Q 
A B sin A Q B 

log AB 2,5381840 

log sin A B Q 9,9900247 

log sin A Q B (A. C.) 0,2609871 

logAQ 2,7891958 

A Q = 615,454 yards. 

4th. To find PQ. 

P Q _ sinPAQ 
q ~~ sin Q 

log £ 2,4637535 

log sin P A Q 9,6368859 

log sin Q (Ar. Comp.) 0,4735196 

logPQ 2,5741590 

PQ = 375,110 yards. 
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To find 4 . 

tan g* = ££ 

log AP 2,4637535 

log A Q, (Ar. Comp.) 7,2108042 

To find P and Q. 
tang } (P— Q)=tang } (P+Q) 
+ tang (45° — *) 
log tang i (P + Q) 10,6421427 
log tang (45° — $) 9,5539790 

log tang * 9,6745577 

* = 25° 17' 50", 

45° — 4*== 19° 42' 5" 

log tang i (P — Q) 10,1961217 
J(P — Q) = 57° 31' 6". 


The remainder of the solution is determined as above. 

148. Example VII. Three points , A, B, C, are situated on 
level ground. It is required to find the point M, from which the 
distances A B and A C are seen under known angles . 

From the enuncia- 
tion, AM B and AM C 
are known. On A B, 
describe a segment of 
a circle capable of con- 
taining the angle 
AMB, and on AC, a 
segment that will con- 
tain the angle A M C : 
these arcs will inter- ' 

sect each other in A and M, and the point M will be deter- 
mined. But this construction being impracticable on the 
ground, we may obtain, by calculation, the angle BAM, and 
the distance AM. The following method by which we find 
first the angles ABM and ACM, seems to be the simplest. 

Make the given parts A B = a, AC = 6, B A C = A, 
A M B = a, AMC = 3; and let the unknown parts be repre- 
sented as follows, A B M = a;, A C M = y. 

In the quadrilateral A B M C we have 

x + y = 360° — (A + a + j8) 



thus the sum of the angles x and y is known. Let us now 
find their difference. The triangles ABM and A C M give 


AM sina; AM__siny 
a “"sin a’ h ~~sin/3. 


(i) 
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Placing tne values of AM drawn from these two propor- 
tions equal, we have 

a sin x b sin y b sin a sin x 

= — . — or : = — . 

sin a sin p a sin|3 siny 

Placing a! = ? f*? - , the quantity a! may be readily calcu- 
lated by logarithms. Hence, we have 

b sin x „ , . . 1 b + a f sin x + sin y 

- = - — , from which we get r— 1 — , = — - — : — - 

a sin y ° b — a! Bini — smy 

and therefore, 

b + a' __ tang j(x + y) 
b — a! tang i (x — y) 

Since x -f y is known, we shall have the difference x — y, 
by this last equation, and we may determine x and y. We 
may then find the angle BAM = 180° — (a + x), and the 
distance AM will be made known by one of the propor- 
tions (1). 

Relations between the Angles and Sides of Spherical 
Triangles. 


149. Fundamental Formula. The parts of a spherical tri- 
angle, traced on the surface of a given sphere, are known, 
when we know the number of degrees which each of them 
contains. The solution of questions relating to spherical tri- 
angles depends then upon the relations which exist between 
the number of degrees, or, in other words, between the cor- 
responding trigonometrical numbers, sine , cosine , &c. Conse- 
quently, we propose, in the first place, to establish the formula 
which connects any angle whatever with the three sides of 
the given triangle, and we will afterwards show how we may 
deduce from this formula the solution of all cases which may 
be presented in spherical triangles. Angles will always be 

designated by the large letters 



A, B, C, and the opposite fcides 
by the small letters a, b , c. 

Let O be the centre of the 
sphere on which is situated the 
triangle ABC; draw the radii 
OA, OB, OC: erect on OA 
the perpendiculars AD and A E, 
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one in the plane OAB, the other in the plane OAC, and 
let them meet in D and E the prolongation of the radii 
O B and O C. The angle D A E is equal to the angle A of 
the spherical triangle ; and taking O A for unity, we have 
AD = tangc, OD = secc, AE = tang6, OE = sec6. 

The triangles DAE, DOE give 


AD 2 + AE 2 — 2 AD x AE.cosA = DE 2 * 

OD a -f OE 2 — 2 0D x OE.cosa =DE* 

Taking the first equation from the second, and observing 
that OD , -AD 2 = OE 2 -AE , = l; and substituting for 
the lines their trigonometrical designations, and dividing by 
2, we have 

1 — sec b sec c cos a + tang b tang c cos A = 0. 

1 


But sec b = 


cos V 


, sin b 1 , 

tang b = t, secc= , tang c = 

6 cos 6 oofl«’ ° 


cosc 


sin c 

; we have therefore, 

cos c 


1 — 


cos a 

cos b cos c 


sin b sin c cos 
cos b cos c 



0 . 


Getting rid of the denominator, and transposing cos a to 
the first member, we have 

cos a = cos b cos c + sin b sin c cos A, (1) 


which is the fundamental formula of spherical Trigonometry. 

150. In the figure the sides b and c are less than 90°, but 
it is easy to see this formula (1) is general. Suppose one 
of the sides, as b or AC, exceeds 90°. 

Complete the semi-circumferences CAC', 

CBC', forming thus the triangle ABC', 
in which the sides a' and b\ or BC' and 
AC', are supplements of a and b, and 
the angle B AC' is the supplement of A. 

Since the sides b' and c are less than 
90°, the formula (1) is applicable to the triangle ABC', and 

^ cos a' = cos b' cos c sin b' sin c cos B A C . 



But a' = 180° — a, b' = 180° — b, B A C' = 180° — A. Sub- 
stituting these values, and changing the signs of both 
8 * 
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members, we reproduce formula (1), hence it applies to cases 
in which b > 90°. 

If the two sides b and c exceed 90°, produce them until 
they meet in A' and form the triangle B C A', in which the 

angle A' is equal to A, and the 
sides b r and d are equal to the sup- 
plements of b and c. Formula (1) 
applied to this triangle must hold 
good when 180° — b and 180° — c 
are substituted for b and c. But 
these / substitutions produce no 


*/ 


C/ 


A * 



/ 

to 


change in this formula, and it is again verified. 

Finally, we may verify the formula in the case in which 
b = 90° and c=90°, either separately or together. But 
since the formula is true for values of b and c very near 90°, 
the formula must hold good in these particular cases. 

151. If the angle A = 90°: we have cosA = 0, and the 
general formula becomes cos a = cos b cos c, that is, in a 
right-angled spherical triangle , the cosine of the hypothenuse is 
equal to the product of the cosines of the two sides containing the 
right angle . 

152. We may apply formula (1) to each of the sides of the 
triangle, and we shall thus have three equations by means 
of which we may always determine any three parts of a 
spherical triangle when the other three parts are known. 
But in practice, it is necessary to have, separately, the 
various relations which exist between four parts of the 
triangle, taken in every possible combination. There are 
only altogether four distinct combinations — and we propose 
to examine these successively. 

158. 1st. Relations between the three sides and an angle. For- 
mula (1) gives, by permutation of the letters, the following 
relations : 


cos a = cos b cos c + sin b sin c cos A (1) 

cos b = cos a cos c -f sin a sin c cos B (2) 

cos c = cos a cos b + sin a sin b cos C (3) 


To calculate A, for example, by means of the three sides, 
vre make use of the first equation, and we draw from it 


cos A =5i 


cos a — cos b cos c 
sin b sin c 
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Then, with this value, we find from it others better 
adapted to logarithms, by obtaining the values of sin } A, 
cos^A, tang } A, as we have done in plane triangles. Let 
us take the formula 2 sin*^ A = 1 — cos A, and substitute for 
cos A, the value deduced above. We have 

9 sin 2 } A — C08 & C08 ^ + sin £> sine — cos a cos (b — c ) — cos a 

sin b sin c sin b sin c. 


In the known formula cos q — cosp = 2 sin } (p -f q) sin } 
( p — q ), make p = a, q = b — c; we have cos (b — c) — cosa 
= 2 sin } (a + b — c) sin } (a — b -f c) ; hence, 


sin } A 


v- 


sin} (a -f b — c ) sin } (a — b -f c ) 


sin b sin c. 

If we take the formula 2 cos } A = 1 -f cos A, we shall find, 
b} r a like operation, the value of cos } A, 


cos 


£A= 4 / 8 in^ (a + b -f c) sin } (b -f- c — a) 
V B in b sin c. 


Then, knowing the values of sin} A and cos } A, we may 
deduce tang } A. 

Place a + 6-f c = 2s, we shall have a -f b — e*= 2 ( s — c), 
a — 6 + c = 2(s — 6), b + c — a = 2 (s — a), and the three for- 
mula) may be written, 

R in j A = 4 / 8iD 0 — 6 ) 8in ( g ~ c ) 

V sin b sin c 

cos } A = ./ sins Bin (a — a) 

V sin b sin c 

tang i A= \ / sin Q — 6) sin (s — c ) 

V sin s sin (s — a) 

By a simple change in the letters, we may deduce analo- 
gous formulae for } B and } C. 

154. It is shown in geometry that the sum of the three 
sides of a spherical triangle is less than a circumference of a 
great circle. Calling 5 the difference, we shall have s= 180° 
— }$ ? s — a = 180° — (a -f }$), &c.; and since the sine of an 
arc is equal to the sine of its supplement, we may give the 
preceding formulae in the following form : 
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sin } A = 

COS } A ass 

tang£ A= 


sin (b -f £6) sin(c -f £6) 
sin b sin c 

sin i 6 sin (a -f £ 6) 
sin b sin c 

sin (6 + £3) sin (c-f £6 ) 
sin £ 6 sin (a + £ 6) 


155. 2d. Relation between two sides and the two opposite 
angles. 

To find that which corresponds to the combination a, b , 
A,B, it is necessary to eliminate c between (1) and (2). 
The method which at once presents itself, is to deduce the 
values of sin c and cos c, and substitute them in equation 
sin 2 c + cos c 2 = l. But the following process, analogous to 
that adopted Art. 123, is the most simple. 

Equation (1) gives 

, cos a — cos b cos c 

cos A = . — r — 7 

sin b sin c 


Hence, we have 

sin 2 A ss 1 — cos 2 A = 1 


( cos a — cos b cos c ) 2 
sin 2 b sin 2 c 


(1 — cos 2 b) (1 — cos 2 c) — (cos a — cos b cos c ) » 
sin 2 b sin 2 c 


1 — cos 2 a — cos 2 b — cos 2 c-f 2 cos a cos b cos c 
sin 2 b sin 2 c 


Therefore, 


sin A j l — cos 2 a — cos 2 6 — cos 2 c-f 2cosa cos 6 cos c 

sin a V sin a sin b sine 


There is no ambiguity here in the sign of the radical, 
inasmuch as the angles and sides being less than 90°, their 
sines will be positive. 

Since the second member remains constant when we 
change A and a into B and 5, and reciprocally, or into C 
and c, and the reverse, we conclude, that 

sin A sin B sin C 

-7 = . - T- = — (4) 

sin a sin b sin c v J 

Hence, in any spherical triangle y the sines of the angles are 
proportionate to the sines of the opposite sides . 
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156. 3d. Relation between two sides , the angle included by 
them , and the angle opposite one of them . 

Considering the combination a } b } A, C, eliminate cos c y be- 
tween (1) and (3), and we have 

cos a = cosa cos* b + cos b sin a sin b cos C + sin b sine cos A. 

Transposing cos a cos* 6, observing that cos a— cos a cos* b 
= cos a sin* b, and dividing by sin b sin a, we have 


cos a sin b , c cos 

- = COS b COS C + 


sin a 


sin a 


But — C = S ! D — , hence, we have for the required relation 
sin a sin A 

cot a sin b = cos b cos C + ^ co ^ 


By making the different permutations in the letters, wo 
may deduce the following six equations : 


cot a 

sin b = 

: COS 

b cos C 

+ 

sin 

c 

cot A 

(5) 

cot b 

sin a = 

COS 

a cos C 

+ 

sin 

c 

cotB 

(6) 

cot a 

sin c = 

cos 

c cosB 

+ 

sin 

B 

cot A 

(7) 

cot c 

sin a = 

cos 

a cosB 

+ 

sin 

B 

cot C 

(8) 

cot b 

sin c = 

cos 

c cos A 

+ 

sin 

A 

cot B 

(9) 

cotc 

sin b = 

cos 

b cos A 

+ 

sin 

A 

cot C. 

(10) 


157. 4th. Relation between a side and the three angles . This 
is the last relation to he determined. Eliminate b and c, 
between the equations (1), (2), and (3). For this purpose, 
substitute in equation (1) the value of cos c deduced from 
(3), and their results : 


sin a 


sin a 


and this relation, by means of the equations 
sin b _ sin B ftnd sine _ sinC 
ifrTa - sinA a sina sin A 

becomes cos a sin B = cos b sin A cos B + cos A sin C. 

Performing the same operations on equation (2), or rather 
changing, in this last equation, a and A into b and B, and 
vice versa , we have 

cos b sin A = cos a sin B cos C + cos B sin C 


Digitized by ooQm 



38 


TRIGONOMETRY. 


We have now only to eliminate cos b between the two last 
equations. This gives us, after making the necessary reduc- 
tions, the required relation between A, B, C and a; and if 
we apply this relation to each of the three angles in suc- 
cession, we deduce the three following equations : 

cos A == — cos B cos C + sin B sin C cos a (11) 

cos B = — cos A cos C + sin A sin C cos b (12) 

cosC = — cos A cos B + sin A sin B cos c (13) 

158. It is easy to express sin^a, cos^a, tang £ a, in func- 
tions of the angles A, B, C. We deduce from formula (11), 

cos A -f cos B cos C 

cos a = — — - 

sin B sin C. 


By operations analogous to those in Art. 153, we readily 
deduce the formulae required. Placing A + B + C = 180° -f «, 
these formulae become 


8inia=y/ Bin * tBin ( A ~iO 

V sin B sin C. 

cos i a = V / sin CB — iO Bin (0 — j Q 

V sin B sin C. 

tano-A a - K / ain t' Bin( A — j.) 

1 g * V sin(B — ft) sin (C— J7) 


The quantity * is called in geometry the spherical excess . 

159. The analogy between equations (11), (12), (13) and 
the fundamental formula (1) is striking, and leads to a 
remarkable consequence. Let us conceive a spherical tri- 
angle A' B' C', the sides of which, a', b\ d, are the supplements 
of the angles A, B, C. By virtue of formula (1) we shall 
have cos a' = cos U cos d + sin b’ sin d cos A'. But sin a'=sin A, 
cos a' = — cos A, sin b f = sin B, &c. Hence 


— cos A = cos B cos C + sin B sin C cos A ' 


From this equation we get for cos A' a value equal and 
with a contrary sign to that which equation (11) gives for 
cos a ' : hence, a = 180° — A'. In like manner, b = 180°— B', 
and c = 180° — C\ Therefore, a spherical triangle being given , 
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if we form a second triangle from it, so that the sides of this new 
triangle shall he supplements of the angles of the first triangle , the 
sides of the first triangle will he also the supplements of the 
angles of the second triangle . 

160. These triangles are said to be supplementary . Since 
each of these triangles may be described by taking as poles 
the three vertices of the other, as is shown in geometry, 
this property leads to a designation of these triangles as 
polar one to the other. 

161. By the polar triangle, the formulae found above for 
may be deduced from those which are known for 

(Art. 153). Indeed, we can apply these formulae to the polar 
triangle itself, and for this purpose it is only necessary to 
replace the angles by the supplements of the sides and the 
sides by the supplements of the angles. We thus reproduce 
the values of sin %a, cos £a, tang %a. 

162. Proportion of the four tangents . We proceed now to 


demonstrate some formulae which are of frequent use by 
astronomers. Taking the proportion of the sines 


we deduce, in the first place, 


sin A + sin B sin a -f sin b 
sin A — sin B " sin a — sin b. 


Keplacing now each ratio, by a ratio of tangents, from 
known relations, we have 

tang ^ (A + B) _ tang $(a + b ) 
tang £ (A — B) " tang £ (a — 6) 

This formula is called the proportion of the four tangents . 

163. Proportion of the four cosines. The student may 
readily construct the figure for himself. From the vertex C 
of any triangle draw the arc of a great circle perpendicular 
to the side A B. Designate the perpendicular by p , and by 
a and 3 the segments adjacent to the sides a and b. The two 
right-angled triangles will give cos a = cosp cos a, cos 6 = cosp 
cos 3 (Art. 150) : and from these results, we deduce the pro- 
portion of the four cosines . 

cos a cos a 
cos 6 "cos 3* 
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164. Formulae of Delambre. These formulae which bear the 
name of the distinguished astronomer who first published 
them are: 

• w* . cos 4 (a — b) 

8ini(A + B) = cos£C . 

ein i (A _ B) = co8 i C 

cosHA + B) = 8iniC C ° S c ^+ 6) 


cos£ (A — B) = sin £ C 


sin £ (a -f &) 
sin £ c . 


They are readily deduced by finding the expressions for 
the sines and cosines of the angles £ (A + B), £ (A — B) in 
functions of the sides a, 6, c. 

For example, let us find sin £ (A + B). In the first place, 
we have sin £ (A + B) = sin £ A cos £ B + sin £ B cos £ A. Sub- 
stituting for the sines and cosines, in the second member, 
their values expressed in terms of the sides, we have 


sin £ ( A + B) = 


/ / Bin(s— 
\ V sir 


b) sin(s — c ) 


sin b sine 


n/ ; 


sin 5 sin (s — b) 
sin a sin c 


+ 


/ sin (s — a) sin(s — c) / sing sin (s — a) 
V sinasinc V 


sin b sine 


= sin(s — 6) + sin(s — a) 

sin c 


/sin s sin (s — c) 
V sin a sin b 


The last radical is equal to cos £ C. The numerator sin 
— 5)_f- (s—c) is a sum which may be replaced by a product, 
and the denominator sin c is equal to 2 sin £ c cos £ c : we 
have, therefore, 

_ . s — a + s — b s — a — s + b 

sin ( s — b) + sin ( s — a) 2sm 2 cos 2 

sin c 2 sin £ c cos £ c . 


_ sin £ (2 s — a — 6) cos £ (a — b) 
sin £ c cos £ c. 

Recollecting that 2$=a-f6+c, we have 2s — a — 6 = c, 

and the preceding fraction is reduced to We 

have therefore 
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Bin } (A + B) : 


cos}c, 


which is the first of Delambre's formulae. The three other 
formulae may be obtained by analogous operations. 

165. It might be supposed that in applying these forjnulaB 
to the polar triangle we should obtain new formulae. But 
this is not the case. For example : replacing A, B, C, in the 
1st by the supplements of the sides, and reciprocally, it 

becomes sin } (a + b) = sin } c ^ ^ ^ ^ 


and this is no 


sin } C 

other than the 4th formula, under a little different form. 
Reciprocally, the 4th formula will reproduce the 1st. As to 
the 2d, it will be made to reduce to itself, with a slight 
change in form : and so also with the 3d. 

166. Napier's Analogies . These remarkable analogies or 
proportions are embraced in the following formulae : 


tang ) f A + B) = cot 4 C 


tang } (a + 6) = tang } c 


cos} (A — B) 
cos}(A-f B) 


tang } (a — b) =tang } c 


sin} (A — B) 
sin } ( A + B) 


To demonstrate these formulae directly, we should have to 
go over the same calculations which have just been made for 
the formulae of Delambre. It will therefore be more simple 
to deduce them at once from these formulae. 

If we divide sin } (A + B) by cos } (A + B), and sin J(A— B) 
by cos } (A — B) in Delambre's formulae, we at once deduce 
the two first analogies. In like manner, by dividing the 4th 
formula of Delambre by the 3d, and the 2d by the 1st, we 
obtain the two last analogies. We may also deduce the two 
last analogies from the two first by means of the polar 
triangle. 

167. Napier's Analogies serve to simplify some cases in the 
resolution of spherical triangles. We make use of the two 
first when we have two sides and the included angle given : 
9 G 
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and the two last, when we know two angles and the included 
side. 

168. Relations between the parts of a right-angled spherical 
triangle. 

To. deduce the formulae which correspond to the particular 
case of the right-angled triangle, it is only necessary to 
make A = 90° in the relations heretofore found, which con- 
tain this angle. In this manner, we find the following for- 


mulae : 

Art. 153, gives cos a = cos b cos c (a) 

Art. 155, “ sin b = sin a sin B, sin c = sin a sin C ( b ) 
Art. 156, “ tang b = tang a cos C, tang c = tang a cos B, (c) 
Art. 156, “ tang b = sin c tang B, tang c = sin b tang C, (d) 

Art. 157, “ cos B = sin C cos b, cos C = sin B cosc, (e) 
Art. 157, “ cos a = cot B cot C. (/) 

We have thus six distinct formulae equally adapted to 


logarithmic calculation. The first gives a relation between 
the hypothenuse and the two sides of the right angle ; 
the second, between the hypothenuse, a side and the angle 
opposite; the third, between the hypothenuse, a side and 
the adjacent angle; the fourth, between the two sides and 
the angle opposite one of them; the fifth, between a side 
and and the two oblique angles ; and the sixth, between the 
hypothenuse and the oblique angles. Thus, any two of the 
live parts being known, we have a formula to determine all 
the other parts. 

169. Certain properties of right-angled triangles must be 
noticed here. 

1st. Formula (a) requires that cos a have the sign of the 
product cos b cos c: but, for this purpose, it is necessary that 
the three cosines be positive, or only one positive. Hence, 
in a right-angled spherical triangle , the three sides are less than 
90° ; or else two of the sides are greater than 90°, and the third 
less. 

2d. The formulae (d) show that tang b has the same sign 
as tang B, and tang c the same sign as tang C. Hence, each 
side of the right angle is of the same species as the opposite angle : 
that is, the angle and the side are both less than 90°, or both 
greater . 
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170. Napier's Rules . The formula given in Art. 168 are 
embodied with great elegance and convenience in Napier's 
Rules , the enunciation and proof of which are as follows. 

The right angle being left out of consideration, the two 
sides including the right angle, and the complements of the 
hypothenuse and of the two other angles, are called the five 
circular parts. Any one of these being taken as the middle 
part, the two circular parts which are immediately con- 
tiguous to it, in position, are called the adjacent parts; and 
the other two parts, considered with reference to the same 
part as the middle part, are called the opposite parts. Then, 
whatever the middle part be, whether a side, or the comple- 
ment of the hypothenuse, or the complement of an angle, 
we have always 

1st. The tine of the middle part equal to the product of the 
tangents of the adjacent parts. 

2d. The sine of the middle part equal to the product of the 
cosines of the opposite parts. 

1st. Let the complement of the hypothenuse, 90° — a, be 
the middle part, then the complements of the two oblique 
angles, viz. 90° — B, 90° — C, are the adjacent parts, and 
the two sides b and c , the opposite parts; and formula (11), 
Art. 157, and formula (1), Art. 149, 

cos A = — cos B cos 0 + sin B sin C cos a 
cos a = cos b cos c + sin b sin c cos A, 
become, since A = 90°, and therefore cos A = 0 and sin A = 1, 
oosa = cotB cot C, or, sin (90° — a) = tang (90° — B) x tang 
(90° — C), 

cos a = cos b cos c , or, sin (90° — a) = cos b cos c, 
which prove the rules. 

2d. Let the complement of the angle C, 90° — C, be the middle 
part; then the complement of the hypothenuse, 90° — a, 
and the side 5, are the adjacent parts; and the complement of 
the angle B, 90° — B, and the side c, are the opposite parts : 
and the formulae, 

cot a sin b = cos b cos C + sin C cot A (5), Art. 156. 

cos C = — cos A cos B + sin A sin B cos c (13), Art. 157. 

become, since A = 90°, 
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cos C = cot a tang 6, or, sin (90° — C) = tang (90° — a) tan gb, 
cosC=sinB cosc, or, sin(90° — C) = cos (90° — B) cosc. 

which prove the rules again, with reference to the part 
assumed as middle part. 

If 90° — B, be taken for the middle part, the rules may be 
proved exactly in the same way, and other two similar rela- 
tions found. 

3d. Let the side b be the middle part, then 90° — C and the 
side c will be the adjacent parts, and 90° — a, and 90° — B, 
the opposite parts ; and the formulae 

cot c sin b = cos b cos A -f sin A cot C, (10), Art. 156, 
sin A sin b = sin a sin B. (4), Art. 155, 

become, when A = 90°, 

sin b = cotC tangc, or, sin b tang (90° — C) tangc, 

sin 6 = sin a sin B, or, sin 6 = cos (90° — a ) cos (90° — B), 

which show that the rules hold good in this case also. If c 
be the middle part, the rules may be proved in the same 
way, and other two similar relations found. 

171. We are thus furnished with ten relations amongst the 
five parts of a right-angled triangle, each being a different 
combination of three of the parts; but five parts, taken 
three at a time, can be combined only in 10 different ways ; 
consequently, the above Rules , when any two parts whatever 
are given, will supply us with formulae in which each of the 
remaining parts is separately combined with these two given 
parts, and in a form adapted to the immediate application 
of logarithms. 

172. There can evidently be only six distinct cases, viz. : 
1 and II, when the hypothenuse is given together with an 
angle, or with one of the sides containing the right angle ; 
III and IY, when one of the sides of the right angle is 
given together with the angle adjacent to it, or with the 
angle opposite to it ; Y and YI, when the two sides contain- 
ing the right angle are given, or when the two angles 
are given. In applying Napier's Rules , to obtain the three 
unknown parts from two given ones, it is sometimes requi- 
site to take for a middle part one of the given parts, and 
sometimes one of those that are sought, the sole object being 
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to separately combine each of the unknown parts with the 
given parts. 

173. A spherical triangle may be bi-rectangular or tri-rec- 
tangular , that is, two of its angles may be right angles, or 
all three may be right. In the last case, the three sides are 
quadrants ; in the first, the sides opposite to the two right 
angles are also quadrants ; and the third angle having for 
a measure the third side, must be expressed by the same 
number of degrees as this side. Thus, these two cases not 
giving rise to any particular investigation, it will be only 
necessary to refer to the spherical triangle which contains 
one right angle. 

174. Case I. Having given the hypothenuse a, and an angle B, 
to find b, c, and C. 

Taking successively b, 90° — B, and 90° — a for the middle 
pan, we get, 

sin b = sin a sin B, cos B = cot a tang c , cos a = cot B cot C : 

C and c are determined without ambiguity; b and B must be 
both greater or both less than 90°. 

175. Case II. Having given the hypothenuse a, and a side b, 
to find c, B, and C. 

Taking successively 90° — a, b 9 and 90° — C for the middle 
part, we get 

cos a = cos b cos c, sin b = sin a sin B, cos C = cot a tang b. 

By these formulae, c and C are determined without am- 
biguity, for there is only one angle less than 180° correspond- 
ing to a given cosine ; and B, determined by its sine, is not 
ambiguous since it must be of the same species as b . 

176. Case III. Having given one of the sides b containing the 
right angle , and the angle C adjacent to it, to find a, c, and B. 

Taking successively 90° — C, b, and 90° — B for the middle 
part, we get 

cos C =* tang b cot a, sin b = tang c cot C, cos B = cos b sin C, 

which determine a, c, and B, without ambiguity. 

177. Case IV. Having given one of the sides , b, of the right 
angle, and the angle B, opposite to it, to find a, c, and C. 

Taking b, c, 90° — B, successively for the middle part, we 
get 

sin b = sin B sin a, sin c = cot B tang b , cos B = sin C cos b . 

9* 
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Here, since all the unknown parts are determined by their 
sines, and since there are always two angles less than 180° 
corresponding to a given sine, an ambiguity presents itself, 
and it is easily seen that such ought to be the case. For if 

in the triangle BAC, righ£angled 
at A, we produce B A and B C, 
until they meet in D, then taking 
D A'*= BA, and DC'=BC, the 
triangles BAC, DA' C', will be 
equal in all their parts; hence, 
the angle A' is right, and C' A' = 
CA=A The triangle BA'C'is 
thus rectangular, and contains also the two given parts B 
and b. We may then take, at will, a <90° or a^> 90°, but 
when the choice is made, the species of c will be given by 
the relation cos a = cos b cos c , and the species will be the 
same as that of C. 

178. Case Y. Having given the two sides b and c containing 
the right angle , to find a, B, C. 

Taking successively 90° — a, c , and b for the middle part, 
we get 



cos a = cos b cos c, sin c = cot B tang b } sin b = cot C tang c % 

which determine a, B, C, without ambiguity. 

179. Case YI. Having given the two oblique angles B and C, 
to find a, b, c. 

Taking successively 90° — a, 90° — B, 90° — C, for the 
middle part, we get 


cos a = cot B cot C, cos B = cos b sin C, cos C = cos c sin B. 


These formulae give no ambiguity, and if the triangle be 
impossible they will show it. 

180. Observations . The solution of many cases of oblique- 
angled spherical triangles may be reduced to that of right- 
angled triangles. 

1st. If in an oblique-angled spherical triangle, three parts 
be given, one of which is a side equal to 90°, the correspond- 
ing angle in the polar triangle will be a right angle. Be- 
sides, we shall know two of the five parts of this triangle, 
hence it may be solved by rules just given ; and it is evident, 
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when the parts of the polar triangle are known, we may 
readily determine those of the given triangle. 

2d. When a spherical triangle is isosceles, the two equal 
sides are considered as only one element, and the two equal 
angles opposite as only one element, and in this case any 
two parts of the triangle being given, we may. determine 
the triangle. For this purpose we have only to draw from 
the vertex to the middle point of the base the arc of a great 
circle, and the given triangle will be divided into two right- 
angled triangles equal in all respects, and in each of which 
two parts will be known, besides the right angle, and thus 
all the parts of the given triangle are determined by the 
Rules for the solution of right-angled triangles. 

3d. Let ABC be a spherical tri- 
angle, in which we have a + b = 180°. 

Producing a and c until they meet 
in D, we shall have a + C D= 180°; 
hence, C D = b. But each known 
element of the triangle ABC makes 
known one element in the isosceles 
triangle ACD, and reciprocally ; 
hence the resolution of a triangle in which the sum of two 
sides is equal to 180° reduces to that of an isosceles triangle, 
and consequently to that of a right-angled triangle. 

4th. The same remark applies to a spherical triangle in 
which two angles are supplements of each other; for we 
cannot have a + b = 180°, without having at the same time 
A + B = 180°, and vice versa . Indeed, in the isosceles tri- 
angle ACD, the angle C AD = D== B : but CAD + CAB = 
180° ; hence, in the triangle AB C, we have also A -f B =180°. 




Resolution of Oblique Spherical Triangles. 

181. Case I. Having given the three sides a, b, c, to find the 
three angles A, B, C. 

Equation (1), Art. 153, gives 

# . cos a — cos b cos c 

cos A= : — : — ; 

sin osinc; 

but as this formula is not adapted to logarithmic calculation, 
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we make use of the formulae for siniA, cosiA, tang J A, 
given in Art. 153. 

Bin j A = y /iiifii * - 6 ) 8in - c > ~ 

V sin o sin c 


cosiA = v / 8in t^=l) 

V sin b sin c 

tang i A = v / 8in(s - 6) sin(s ~ c) 


sins sin (s — a) 


182. Case II. Having given two sides a and b, and the angle 
A opposite one of them , to find e, B, and C. 

We obtain the angle B, opposite the side b } immediately, 
by the proportion 

sinB sin A . . ^ sin A sin b 

— — — , hence, sin B = 

sin b sin a sma. 


To find c and C, we make use of Napier's analogies , Art. 
166, which give 


tang}c= tang i (a — 6) 
cot } C = tang} (A — B) 


sin j (A -f B) 
sini (A — B) 
sin i (a + b) 
sin I (a — b) 


The angle B being determined by its sine, may be either 
acute or obtuse. Nevertheless, for certain values of the 
given parts a, b , A, only one triangle exists. We will resume 
the consideration of this case hereafter, presenting as it does 
an analogous discussion to that which has been made in 
Case II of plane triangles. 

We may also determine C directly by making use of the 
formula (5), Art. 156, 

cot A sin C + cos b cot C = cot a sin b. (5) 

For this purpose, we will first determine an auxiliary 
angle <|>, by making cot A = cos b cot^>, which gives 


cot$ = 


cot A 
cos b ’ 


Then, substituting the value of cot A = cos b cot $ =* 
ia equation (5), this equation becomes 
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cos b (sin C cos $ + cos C sin 9) = cot a sin b sin 9, 
from which we deduce 


. , v tang b sin 9 

sin (C + 9) = — s 1 

v J tang a 

which makes known c + 9. Put c + 9 = m, we have C = m — 9. 

Having found C, we obtain the side c, by the rule that the 
sines of the angles are proportional to the sines of the oppo- 
site sides. But if we wish to calculate c directly, we make 
use of formula (1) Art. 153, 

cos b cos c + cos A sin b sin c = cos a. 


We reduce, as above, the first member to a single term, by 
means of the auxiliary angle $>, by placing cos A sin 5 = cos b 
cot which gives 

cot $ = cos A tang b. 

Consequently, the equation becomes 

cos b (sin $ cos c + cos sin c) = cos a sin 


hence, 


sin ( c + 9) 


cos a sin 9 
cos b 


Knowing now the value of *, we readily determine c . 

183. Case III. Having given two sides , a and b, with the 
included angle C, to find A, B, and c. 

Formulae (5) and (6), Art. 156, give for A and B, 


cot A = 


cot a sin b — cos b cos C 
sinC 


cot b sin a — cos a cos C 


By making use of auxiliary angles, we may readily reduce 
each numerator to a single term. But Napier’s Analogies 
furnish a more simple solution. We have 

t»„g 1( A + B) = oo.*C^=3 

These analogies make known i(A + B) and i(A — B), 
from which we readily deduce the values of A and B. 
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When A and B are known, c is found by the proportion 
of the sines. If we want to determine c directly, we take 
the well-known formula, Art. 153, 


cos c = cos a cos b + sin a sin b cos C, 

in which we make 

. , ~ cos b cost , 

sin b cos C = : — « cos b cot *. 

sint 


We have, without any ambiguity, 


cot t = tang b cos C, cos c = 


cos b sin (a + t) 
sin t 


184. Case IV. Having given two angles , A and B, with the 
included side c, to find a, b, C. 

We may determine a and b by formul® (7) and (9), Art. 156, 
cot A sin B + cos B cos c 


A * cot B sin A + cos A cos c 

cot b = ; 

sine; 

or, better still, by Napier* s Analogies : 

‘ (a + ‘ c SHpt? 

The angle C is found by the proportion of the sines. To 
find C directly, we take formula (13), Art. 157, 

cos C = sin A sin B cos c — cos A cos B, 

and placing sin B cos c = cos B cot t, we have 

. , -r, ~ cos B sin (A — t) 

cot t =* tang B cos c , cos 0 = — 

sin t 

This case is analogous to Case III., and presents no am- 
biguity. 

185. Case V. Having given two angles A and B, and the side 
a opposite one of them , to find b, c, and C. 

This case is precisely analogous to Case II. It is dis- 
cussed in the same way, and presents like ambiguities. 
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The side b is deduced from the proportion = S ? n ^. and 

r r sma bid A 

c and C are determined by the formulae employed in Case II. 

sin } (A + B) 


tang } c = tang } (a — b ) 


sin }(A — B) 


cot } C = tang } (A — B) - ? n f ? 

° v y sm}(a — b) 

The side c is also given by the formula (7), 

cot a sin c — cos B cos c = cot A sin B. 


In which, if we make cot a = cos B cot $>, we have 


cot <|> = 


cot a 
cosB* 


sin (c — t) = 


tangB sin» 
tang A. 


Finally, the angle C Is found either by the formula that the 
sines of the angles are proportional to the sines of the op- 
posite sides, or by means of the equation 

cos a sin B sin C — cos B cos C = cos A. 


We may reduce the first member to a single term by 
placing 

cos a sin B = cos B cot 

, , , -Q . . cos A sin 9 

hence, cot $ = cos a tang B, sin (C — *) = . 

COS 15. 


These values make known $>, C — and consequently the 
angle C. 

186. Case YI. Having given the three angles A, B, C, to find 
th x three sides a, b, c. 

This case is solved by analogous calculations to those in 
Case I. Thus, to find a, we make use of the formul®, Art. 158, 


sin } a = /sinJ^JA-J^) 
V sin B sin C 


cos} 


‘=s/- 


sin (B — } g) sin (C — } g) 
sin B sin C 


tangja= > y 


sin } « sin (A — } «) 
sin (B — } «) sin (C — } e) 


We remark that the three last cases bear a strong analogy 
to the three first. Indeed, by the properties of the polar 
triangle, they may be deduced, one from the other. 
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Ambiguous Cases in Spherical Triangles. 

187. The only cases in which ambiguity arises, as to the 
values of the computed elements, are the II. and V., and it 
becomes necessary to investigate the conditions to which 
the given elements are respectively subject, when they cor- 
respond to two triangles, or to only one, or to none at all. 

Let D II D', D C D', bo two great 
circles at right angles to each other, 
take CD< 90°, and from the point C, 
draw the arcs of great circles to the 
different points of the circumference 
D II D'. Produce C D until C'D is 
equal to C D, and join C'B. The tri- 
angles CDB, (7DB are equal, since 
they have sides including a right equal, 
each to each : hence, CB = C'B. But 
CDC'<CB+BC'; hence, CD<CB. 
Therefore, 1st, the arc C D perpendicular to the circumferences 
BHD' is the shortest arc that can he drawn from the point C to 
this circumference : while C D' is the longest arc that can he drawn 
to the same circumference. 

Let D B'=DB; the triangles CDB, CDB' are equal, 
since they have two sides and the included right angle equal, 
each to each ; hence C B' = C B. Therefore , 2d, the oblique 
arcs equally distant from C D or C D' are equal. 

Finally, let DH>DB; draw C'H, and produce C B until 
it meets C'H in I. Since the arc CC' is less than a semi- 
circumference, it must bo intersected by the prolongation of 
C B beyond the point C', which makes it necessary that the 
point I should be between H and C'. We have then 
C'B<C'I+IB, and consequently C'B + B C <C'I + I C. 
But we have IC<1H + HC, and consequently C' I + I C < 
C'H + HC; therefore, d fortiori, C'B + B C <C'H + H C. 
But C'B = BC, and C'H = HCj hence we have BC<HC. 

Therefore, 3d, of oblique arcs that is the longest which is at 
the greatest distance from CD , or the least distance from C D'. 

188. Let us now suppose that we have to construct a 
spherical triangle with the two sides a and b, and the angle 
A opposite to one of them given. 
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In the first place, it is to be observed that there are certain 
cases of impossibility that 
are indicated by the cal- 
culation itself. Make the 
angle CAB = A, and AC =6, 
produce AC and A B, until 
they meet in E, then draw 
C D perpendicular to A E. 

The arc C D must be of the same 
species as A, that is, be less than 
90°, if A < 90°, or greater than 90° 
if A > 90° : hence, if A is acute, 

CD is the shortest distance from 
the point C to the semi-circumfer- 
ence, and it is the greatest if A is oblique (187.) 

In the first hypothesis, the triangle will be impossible if 
we have a<CD, which gives sina<sinCD; and in the 
second case, it will be impossible, if we have a>CD, which 
gives still sin a < sin CD. But in the right-angled triangle 
A C D, we have sin C D = sin b sin A ; hence, in the two 
hypotheses, we should have sin a < sin b sin A. On the other 
hand, when the angle B of the triangle A C B is sought, we 
have 




sin B 
sin A 


- — , which gives sin B == 
sm a 1 & 


sm b sin A 
sin a 


Hence, this value of sin B would be greater than 1, which 
indicates an evident impossibility. 

If a = CD, we should have only the right-angled triangle 
A CD which would be possible; and this is indicated by the 
value of sin B, which becomes sin B = 1. It is assumed that 
the angle A is not equal to 90°. 

189. Passing by these cases, let us examine the various 
relations which the given parts a, b, A may present, with 
respect to magnitude. 

Let A < 90°, and b < 90°. 

Since A and b <90°, AD is 
also < 90° ; h ence AD <DE. 

This being established, if 
we have also a <6, it is evi- 
dent we may place one arc 
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CB = a between CA and CD, and that on the other side, 
we may place another arc CB' = CB = a, between C D and 
CE: that is, there will be two triangles ACB and ACB', 
constructed with the same given parts a, 6, A. When a = 6, 
the triangle ACB disappears, and ACB' only remains. 
When we have a + b = 180°, or a + b >180°, the point B' 
falls on E, or passes beyond it, and there is no longer any 
triangle. 

We may discuss in the same manner the other hypotheses. 
The results are comprised in the following table. 


6<90° 


a<6 two solution* 

a>6, or a—b, provided a-f-6 i 0 not 180° or greater than 1 80°, — one solution 
a-f 6=180°, or a-f 6>180° no solution 


A<90° 


6>90° 


a-f 6<180° two solution* 

a4-6>180°, or a-f 6=180°, provided we have nota=6, or a>b, one solution 
a=6, or a>6 „ no solution 


a<b 


6=90° -j 

( a=6, or a>6 


•••••••••••a** •« 


two solution* 
no solution 


6<90o 


a-f6>180° two solution* 

a-f 6=180°, or a-f 6<180°, provided a is not=6, or<6 one solution 

a=6, ora<6 no solution 


A>90° 


6>90® 


a>6 

a~b, or a<6, if a-f 6 is not=180°, or <180° M 
a-f 6=180°, or a-f 6<180° 


two solutions 
one solution 
no solution 


6=90° 


fa>6 

(a=6, or a<6. 


two solution* 
no solution 


6<90° 


a>6, if we have not a-f 6=180°, or >180° 

a—b, or a<6 

a-f 6=180°, or a-f 6>180° 


A=90° 


6>90° 


a<6, if a-f6 is not=180°, or <180°. 

a~b, or a>6 


a-f 6=180°, of 180<180°. 


one solution 
no solution 
no solution 


one solution 
no solution 
no solution 


( a=90° 

\ a<90°, or a>90°. 


infinite number qf solution* 
no solution 
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190. The property of the polar triangle enables ns to 
apply these results to a triangle in which A, B, and a are 
given, as in Case Y. It is only necessary to change a, b, and 
A, into A, B, and a , the sign > into <, and the sign < into >. 

When the conditions which are given lead to one of the 
cases in which there is only one solution, the calculation 
always indicates two. To ascertain which must be pre- 
served, it will be only necessary to note that the greater 
angles must lie opposite to the greater sides, and reciprocally. 

Suppose that we have given A = 112°, a = 102°, b = 106°. 
In the preceding table, among the cases which correspond 
to A >90°, we consider those in which b> 90°, and note in 
these, that one in which we have a = 6, or a <6, we ob- 
serve, further, that we have a + b = 208° ; hence, a + 6>180°. 
We conclude, therefore, from the table, that we have only 
one solution, and since b > a, the angle B> A, hence Bis 
obtuse. 


Surface of the Spherical Triangle. 


191. The surface of a spherical triangle is equal to the excess 
of the sum of its three angles above two right angles . This excess, 
which is also called the spherical excess , may be found from 
the sides, by the aid of very simple formul®, which will now 
be explained. Designating, as before, the spherical excess 
by *, we shall have 

sin } * e= sin (} (A + B + C) — 90°) = — cos } (A + B + C). 

It is required to find cos } (A + B + C). 

In the first place we have 

cos } (A + B) = cos } A cos } B — sin } A sin } B. 

Now putting B + C for B, we readily get 

cos}(A+B+C)=cos}Acos}B cos }C— cos}Asin}B sin}C 
— cos}B sin} A sin}C — cos}Csin}Asin}B. 

Substituting for the sines and cosines, their values in terms 
of the sides (Art. 153) ; and considering, in the first place, 
the 1st term which contains three cosines, we shall have 


oos}Aoos}Boos}G 


v 


sin* sin ( 


sin 6 sine 


I sin * sin (*— b) sin * sin (*— c) 

X ; t— * V ; t — i-' 

~ sin a sin c ^ sin a sin b 
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— sin s 


^/sin a sin(# — a) sin(s — b) sin(o — c) 
sin a sin b sin c 


Designating the radical which occurs in the second mem- 
ber by B, the expression assumes the form 

i a i -d i ^ B sin s 

cos 1 A cos } B cos i C = — : — t • 

sin a sin b sin c. 

If we now consider the 2d term, we find 

•osiAsiniBsiniC^v / sin * sip ( g ~ a ) x 8ip (*-°) gip ^~ q) sip 

\/ sin 6 sin c sin a sin c sin a sin 6 

or, simplifying, 

...... 1P B sin (s—a) 

cos i A sin i B sin J C ==-, ^ ^ — 

sin a sin b Bin c . 

By a single change in the letters, we readily find analogous 
values of the two other terms, viz. : 


cos 


cos 


i • i a • in B sin (5 — b) 

i B sm i A sin } C = ' 

Bin a sm b sm c 

in- i a • id B sin ($ — c ) 

i C sin i A sin } B = . . 

sm a sm b sm c 


By means of these transformations we get 


cos 1 (A+B+C) 


B (sin s — sin (s — a ) — sin ( 5 — b ) — sin ( s — c)) 
sin a sin b sine 


In this value the multiplier of B may be reduced to a 
single term, as follows. 

The two first terms being a difference of sines, we may 
make use of the formula 


sinp — sin q = 2 sin f(p — q) cos i (p + q) 
and we have 

sins — sin (s — a) = 2 sin } a cos J (b + c) 

For the two others, we make use of the formula 
sinp + sin^=2sin}(p x q) — cosJ(p — q) 
and we find 


sin (s — b) + sin ( s — c) = 2 sin } a cos J ( b — c) 
Hence, the multiplier of B will be equal to 

2 sin} a (cos} (b + c) — cos } ( b — c) ) 
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and this last expression may itself be reduced to — 4 sin 1 a 
sin 16 sin 1 c. 

As to the denominator, we remark that 
sin a sin b sin c = 8 sin I a cos la sin I b cos I b sin 1 c cos I c. 

Consequently, after making all the reductions, and restor- 
ing the radical designated by R, we shall have cos }(A+B -f C). 
Then changing the sign of the result, we have the required 
formula, 

ftin } , = ^ 8 * n s s ^ n ( s — a ) 0 i n ( s — &) ®i n ( 5 — c ) 

2 cos ia cos ^ b cos i c. ~ 

If we find the value of cos}«, in the place of sin 1*, we 
obtain the following formula. 

1 4- cos a + cos b + cos c 

eos I « = 7 — - — r . - - * 

4 cos 4 a cos i b cos I c , 

which is not convenient to be used in logarithmic calcula- 
tions. The transformations required are complicated, and it 
would be useless to stop here to make them. 

Finally, we introduce, in this place, without developing 
the calculations, the very elegant formulae of Simon Lhuillier . 
By means of cos I *, we obtain sin J «, cos I t, tang I «, and we 
get the formulae referred to. 



sin I s sin J (5 — a) sin I (s — b ) sin I (s — c ) 
cos I a cos I b cos I c 

cos Is cos I (s — a) cosI(s — 6) cosI(s — c ) 
cos I a cos I b cos I c 


tangiissv^ tangls tangl(s — a)tang I(s — b) tangl(s — c ) 


10 * 


H 


\ 
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Application in Spherical Trigonometry. 


192. Example 1. To reduce an angle to the horizon . 



Let BAC be an angle situated in a 
plane inclined to the horizon, and AD 
the vertical passing through the vertex 
A. Draw at will the horizontal plane 
MN, meeting the lines AB, AC, AD, in 
E, F, G : the angle E G F is the horizontal 
projection of the angle BAC, or, in other 
words, it is the angle BAC, reduced to 


the horizon . 

It is required to calculate the angle EGF, supposing the 
angles BAC, BAD, CAD, as known, being determined by 
instrumental measurements. 

The graphic solution would be easy, for, the line AG 
being arbitrary, we should have sufficient elements given to 
construct, in the first place, the right-angled triangles EAG, 
and F A G, then the triangle E A F, and finally the triangle 
EGF. 


The calculation of the angle E G F is easily made. If we 
describe a sphere from A, as a centre, with any radius, the 
right lines AB, AC, AD, determine, by their intersection 
with the surface of the sphere, a spherical triangle BCD, 
the sides of which are known in degrees by means of the 
given angles, and the angle BCD equal to EGF is the 
required angle. The solution is readily made by using the 
well-known formula for sin I A in terms of the three sides. 


sin } A = k / 8ip 0 — 6) sin (s — b) 
v sin b sin c, 

in which we make a=BAC, 5 = B A D, c = C A D, s = j 
(a + b + c). 

Let a = 47° 45' 39", 5 = 69° 49' 19", c=80° 17' 36", we 
shall have 2 5, =197° 52' 34", 5=98° 56' 17", 5 — 6=29° 6' 58" 
s — c= 18° 38' 41", and we may make the following calcula 
lion. 
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Log sin (« — b) 9,6871552 

Log sin (s — c ) 9,5047412 

Log sin b (Arith. Compl.) 0,0275078 
Log sin c (Arith. Compl.) . 0,0062623 


2 Log sin i A . . . 

Log sin i A . . . 

4 A = 24° 12' 27", 9 
A = 48° 24' 56" 

193. Example II. Having 
given the latitudes and longitudes 
of two points on the surface of the Q 
earth , to find the distance between 
these points . 

Let A and B be the two points. 

Let Q R be the circle of the equa- 
tor, C, the north pole , and C E D, 

CFD, the meridians passing 
through the points A and B. Finally, suppose that the lon- 
gitudes are reckoned from the point P in the direction P E F. 

The difference of longitudes, P F — P E, is equal to the arc 
E F, or to the angle C included between the two meridians; 
and the arcs A C, B C, are the complements of the given lati- 
tudes A E, B F. Thus, in the spherical triangle A B C, we 
know the angle C, as well as the sides which contain this 
angle, and it is required to calculate the side AB. Case III., 
in which two sides and the included angle are given, give 
the formulae, 


19,2256665 

9,6128332 



cot = tang b cos C, cos c 


cos b sin ( a + $>) 
sin 


Suppose, for example, that we wish to calculate the dis- 
tance from Brest to Cayenne. 

The longitude of Brest = 6° 49' Latitude = 48° 23' 14". 
The longitude of Cayenne = 54° 35' Latitude = 4° 36' 15". 

Both longitudes are west and are reckoned from the meridian 
of Paris; both latitudes are north. 

With these data, we find, in the first place, 
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0 = 54° 35'— 6° 49' = 47° 46' 
a = 90° — 48° 23' 14"= 41° 36' 46" 
b = 90° — 4° 51' 15"= 85° 3' 45" 


We may now calculate c as follows. 


Calculation of the auxiliary 
angle q>. 


Calculation of the side c. 


log cos C= 9,8274671 

log tang b 11,0635386 

log cot $ 10,8910057 

*= 7° 19' 26" 
a+t — 48° 56' 12. 


log cos b 
log sin (a + *) 
log sin *($££.) 

log cos c 
c wm 59° 23' I 


8,9348468 

9,8773621 

0,8945642 

9,7067731 

L" 38. 


Thus, the arc which measures the distance between Brest 
and Cayenne is 59° 23' 54", 38. To estimates this arc in my- 
riametre8, we must remember that the fourth of the terres- 
trial meridian is 10,000,000 metres, or 1000 myriametres. 

Hence, we have the proportion 


x 59° 23' 54" 38 
1000 “ 90° 


and reducing the arcs to seconds, we find the distance x to be 


x 


213834 x 1000 
324,000 


= 65,983 myriametres. 


This last operation could have been easier, if the arc c 
had been expressed in centesimal degrees. For example, 
take in this division an arc 37° 45' 69" : referring it to the 
quadrant, it will be expressed by 0,374569, and multiplying 
the number by the value of the quadrant, in terms of myri- 
ametres, we find at once, by the simple removal of the deci- 
mal point, 374,569 myriametres. 
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Formula used in the Higher Mathematics. Sines and 
Cosines in Series. Resolution of Binomial Equations 

AND OF THE EQUATION OF THE 3d DEGREE. 


Formula of De Moivre. 

195. This formula, which bears the name of the French 
Geometer who discovered it, is as follows : 

(cos 9 + %/ — 1 sin *)*= cos n 9 + >/ — 1 sin n 9 (A) 

It expresses that to find the value of the binomial 
cos 9 + ✓ — 1 sin 9, raised to any power, we have only to 
multiply the arc 9 by the exponent of this power. Either 
sign + or — may be placed before >/ — 1, for this would 
involve only the change of + 9 into — 9. 

196. Case 1st. n positive and entire. We have, by multi- 
plication, 

(cos 9 + \/ — 1 sin 9) (cos * + — 1 sin *) =* cos 9 cos * — sin 9 

sin 4* + V — 1 (sin 9 cos * + cos 9 sin *). 

But, from known formulae, the real part of this product 
is equal to cos (9 + *), and the imaginary part is equal to 
yf — 1 sin (9 + *) ; hence, 


(COS9+ s/— Tain 9) (cos* + >/ — 1 sin*) = cos (9+4)+^!^ 
(sin 9 + *). 

That is to say, when we multiply two expressions 0 j 
form cos 9 + y/'—i sin 9, we obtain a like expression, . * 

the two arcs are added together. If now we wish to ^ 
ply this product by a new factor of the same form, ^ 

only to add the new arc to the two others, and so on ~ 
number of factors. Hence, if there should be n 
equal to cos 9 + 1 sin 9, we have * 

(cos 9 -f- sin 9)*= cos n t + ^ — 1 sin ^ 
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t 

197. Case 2d. n positive and fractional. Substituting - for 
t in formula (1), we have, 

( cos — ^ — 1 sin-\ = cost+>/ — 1 sin*. 

n nr 

Now, extracting the n** root, and putting a fractional ex- 
ponent in place of the radical, formula (1) is found proved 

for an exponent for, w r e shall have 

(cos$ -f y / — 1 sin t) ir = cos + \/ — 1 sin (2) 
which proves formula (1) for an exponent -K 

m 

In general, the expression A signifies that the m th power 
of A is taken, and then, the n t% root of this result. Hence, 
if we raise cos^>+ >/ — 1 sin^ to the m th power by formula 
(1), and afterwards extract the n tk root by formula (2), we 
shall have 

(cos^ + s/ — 1 sint) *’ = cos ~ + y / — 1 sin ^ (3) 


which proves formula (1) for any positive fractional expo- 

, m 
nent — . 
n 

198. Case 3d. n negative. In this case, we observe that 

(cos n t + — 1 sin n t) (cos n t — — 1 sin n^) = cos* n t + 

sin*nt = 1 
from which we get 

L_ = cos nt — ✓ — 1 sin n* 

cos + v — 1 sin n t 

or, the equivalent expression 

(cos t+ V — 1 sin t)~~ n = cos ( — n*)+y / — 1 sin ( — nt), (4) 
hence, formula (A) is verified when the exponent n is posi- 
tive or negative, entire or fractional; and, in general, cos 

— $+>/ — 1 sin — t is one of the n different values which the 
n n 

m 

expression (cos t+ ^ — 1 sin $)*, according to the principles 
of Algebra, admits of. 
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199. There is no difficulty in assigning the remaining 
values ; for, from what has been proved, since $ is any arc 
whatever, and may therefore be replaced by the general 
value of all arcs which have the same sine and cosine as $, 
viz., 2 r*+$, r being any whole number, positive or negative, 
it follows that 

cos ™ (2 r *+*)+%/ — 1 sin ^ (2 r*+*) (B) 

m 

is a value of (cos 2 r *+$+ v — 1 sin (2 r *+$)*, 

m 

or of (cos «|>+\/ — 1 sin $)». 

We will now show that the expression (B) admits of n dif- 
ferent values, and no more. 

If we make r=0, 1, 2, &c. to n — 1, we get n different values; 
for, if two of them were alike, as r =p , and r = q> it would 

Tfl 771 

be necessary that the arcs -(2p*+$), - (2 q* + $), should 

differ by a multiple of 2 *, or that m ^ * should be a 

multiple of *, which is impossible, since p and q are both less 
than w, and 7n not divisible by ti. Also, if we take for r some 
number beyond the limits 0 and n — 1, we shall get no new 
value; for, if r= xn+r', in which x is any positive or nega- 
tive number, and 7 J positive and less than n, so that r may 
represent any positive or negative numbers whatever ; then 
the above expression becomes 

cos (2x771 *+- (2 r' *+$))+%/ — 1 sin (2x771*+— (2r'*+$)), 
or, suppressing the multiple of 2 * 

771 m 

cos — (2r'*+^)+\/ — 1 sin — (2/ *+9), 

which, since r* is positive and less than ti, is comprised among 
the values obtained in making r= 0, 1, 2, ti — 1. 

Consequently, the complete value of (cos <|>+ ^ — 1 sin$)n is 
given by the formula 

■ w JYft _____ Tfl 

(cos f + V — 1 sin $>)"~=cos — (2 7* *+$>)+ s/ — 1 sin - (2 r *+$), 


Digitized by L^OOQle 



114 


TRIGONOMETRY. 


r being any whole number, positive or negative, not exclud- 
ing zero, and the n values of the first member are found from 
the second, by taking n from 0 to n — 1. We see, also, by 
assuming n $ = 2 it r + a, in which r is any whole number, and 
a is any angle between 0 and *, we obtain n different values 
of $>, every one of which furnishes a different value of cos $ 
-f — 1 sin «f>, but the same value of cos n $+ \/ — 1 sin n $. 


Formulae for sin n* and cos nt in Terms of Sine and 
, Cosine of the Simple Arc. 

200. Resuming Be Moivre's formula 

cos n ^ — 1 sin n<j> = ( cos — 1 sin *)* (1) 

in which n is considered entire and positive, we have, when 
* is changed into — ^ 

cos nt — ^ — 1 sin n * = (cos — / — 1 sin $) w . (2) 

Adding and subtracting these equations, we find these values, 


__(cos $ + — 1 sin $) n +(cos $ — — 1 sin <j>)", 


cos n t= 

Ad 

. (cob ^ — 1 sin <j>)" — (cos — 

sm n t = 2 VI-L " 


£ 


-1 sin $)* 


( 3 ) 

W 


* 


201. Expanding the powers in the second member by the 
binomial formula, and suppressing terms which destroy each 
other, we obtain 


cos n t=(cos »)■»— (cos 4>)“~ J (sin «.)’+ ^ ~ 

(cos *) n " 4 (sin $) 4 , &c. (5) 

sin n $= j(cos f)*" 1 sin * — 71 ^ C0B (gin ^8_j_ 

• <— 1) tta, ^ »■- to. rn 


These formulae express the values of the sine and cosine of 
the multiple arc n <j> in terms of the sine and cosine of the 
simple arc Their law is evident, and, like the binomial 
theorem from which they are deduced, each is to be continued 
until we arrive at a term zero. 
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Formula for (sin $)*, (cos *)"in Terms of Sine and Cosine 
of the Multiple Arcs. 


202. In the higher mathematics, it is often necessary to 
express (sin $)*, and (cos $)* in terms of the sines and cosines 
of the multiple arcs (n $>). 

When n is a positive whole number, which is the ordinary 
case, it may be effected as follows. 

Assume cos — 1 sin $=w, cos $ — >/ — 1 sin <j> = v, 
we shall have 2 cos $ = u+v, 2 V — 1 sin 9 = u — v; hence, 
2" (cos $) n = (m + v) n f (2 yf — 1)" (sin $)*= (u — v )*; 
and developing (u + v) n , (w — v)*, we get 

2” (cos $>)* = u n + j 1 v+ n - "j "2 ^ w*”"* + &c. CO 


(2 \/ — 1)* (sin <j,) n = u n — ^ u n ~ l v+ n fo - 0 ^ — &c. (8) 

1 iy 4 


If n be odd, there will he an even number of terms n + 1 in 
the expansions, and grouping together the terms which are 
equally distant from the extremes, we have for formula ( 7 ), 


2f (cos $>) n ==(tt n +v n )+y u v (u n_ *+v ,, ^ a )-f- 
n (n — 1) (n — 2) — (n -}- 2) 

1 , 2 , 3 , 4 n 


n (n — 1) 


tf*- 4 )- 


1,2 

U n VT(U + v). 


yt V 7 + 


But De Moivre’s formula gives 


u w -f i?*=(cos $ + %/ — 1 sin <j>) n -f (cos 9 — >/ — 1 sin 9)" == 
-f-cos nq+y/ — 1 sin 719+C03 n« j> — >/ — 1 sin n 9=2 cos n 9- 
Besides, the powers of uv are equal to 1 , for we have 


mv=(cos$+\/ — 1 sin 9) (cos 9 — >/ — 1 sin 9)= cos 2 9 + sin* 9=1. 

We see, consequently, that the expression for 2 " (cos 9)* will 
be simplified by these reductions; and dividing all the terms 
by 2, it becomes 

* ^ n S n 

2" U1 (cos 4>) n =cos n ^+^0*08 ( n — 2 ) 9 4 — \ 2 008 ^ n — 0 ♦ 


n (n — 1) (n — 2 )---(n + 2) 
1 , 2 , 3 n 

11 


cos 9. 


(9) 
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If n be even , tne number of terms in the development will be 
odd, and there will be only one middle term ; and if we divide 
the middle term into two others, each equal to half of the 
middle term, we shall find, by similar reductions to the pre- 
ceding, 

2 *” 1 (cos <j>) n =cos n^+ycos (n — 2 ) cos (n — 4) 9 




If now we consider formula (8), the terms being alternately 
-|- and — , if n be odd, the coefficients of the terms equally 
distant from the extremes will be equal, but will have con- 
trary signs. We shall have, therefore, by the same process 
used in formula (7), 


n n f n ~~~ 1^ 

(2 s/ — l) w (sin 9) n = w n — v n — y w u (w* -3 — v* 1 ” 3 ) H y— g — — 

„ , n ( n — 1) (n — 2)---(w + 2) , 

y% ^ u n-4 v n-4^ _±. -I ^23 ^ n ' ( U *>)• 


To make the necessary reductions, we remark that u v = 1, 
and in general u n — v n = 2 >/ — 1 sin n 9. The two members 
will then be divisible by 2 >/ — 1, and we shall have 


(2 V — l)*"" 1 (sin 9)* == sin (n 9) — y sin ( u — v) 9+ 


n ( n — 1) 


1,2 


sin (n — 4) 9 =fc 


n (n — 1) ( n — 2) (n+2) 


1, 2,3- 


sin 9. (11) 


If n is an even number, the terms equally distant from the 
extremes in formula (8) have equal coefficients with the same 
6ign, and by analogous reasoning to that used for formula 
(7) we find 


71 

J(2v — l) w (sin 9) n =cos 719 — y cos ( n — 2) 9 + 


cos 


, n AS. . 1 /»(»—' 1 ) : 2 ) (»— 1 )^ 

(»_4) t — -±j ^ i, 2, 3-:— « — )■ 


n ( n — 1) 

1,2 


( 12 ) 


Formulae (9), (10), (11), (12) are the required formulae; and 
they enable us to convert the powers of a cosine or of a sine 
into a series of terms, each of which contains the sine or cosine 
of a multiple arc, of the first degree only. 
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It will be observed that in the last two formulae, the imagi- 
nary factor >/ — 1 being raised to an even power, must pro- 
duce a real result equal to -f 1, or — 1, according as the index 
of the power is even or odd. Also, for the convenience of the 
calculation, we must stop at and exclude the first negative 
arc ; and we must take only half of the last term when it 
involves the arc zero. 


Development of the Sine and Cosine into Series. 

203. We shall now show how Euler deduces from formulas 
(5) and (6), Art. 201, the series which give the values of the 
sine and cosine in functions of the arc. We may, without 
departing from the hypothesis of n being a whole number, 
assume so that n <j> shall be equal to any given arc ». Let, 

therefore, n $=», we shall have n=-, and with this value 
the formulae become 


C 08 a=(c 08 t)»_^=L ) (C 08 *)”-’(^y 


(cos — &C., 




&c. 


( 1 ) 


a, s- ,/sin 4>\ tt(a— 4>) (a — 2 *) , /sin *\* 

sin a= i (C08 t )-^- 1 -?)— (cos ♦)-(—) 

| »(_»)(.- 2 ») ») (C0B &c . (2) 

Now suppose that diminishes to zero, the number n must 
increase to infinity; then, these formulae will contain no 
traces of $> and of n , and will contain a only. For, when $=0, 

cos $= 1, and — 1 ; a nd for this value of $, we may also 

admit that the powers of cos $ and of are equal to 1, 

t 

however great the indices of the powers. Consequently, the 
above formulae become 

cos ° = 1 — 172 + 1, 2, 3, 4~ 1, 2, 3, 4, 5, 6 +&C ‘ ^ 

a* a 6 a 7 

sin ossa— 1^3+^ 2j3 , 4 , 5 — 1 ,'2,3 ,4,5 ,6, 7 +&C - ( 4 ) 
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As the number n has become infinite, these series do not ter- 
minate ; but they are no less convenient to give approximate 
values of the sine and cosine when a is a small fraction, which 
is the case in practice, although the formulae, being con- 
vergent, may be applied for any value of a. 

202. By dividing series (4) by series (3), we obtain the 
expansion of tang a, the first four terms of which are 

tang.— + r + g;5 + Trg;5T .+&c. (5) 

In like manner, by dividing 1 by each of the series (3), 
(4), and (5), we may obtain the expansions for sec a, cosec a, 
cotang a. 


Resolution of Binomial Equations, &c. 


203. Be Moivre's formula affords a ready means of re- 
solving binomial equations of the form y w =d= A. Let a 
represent one of the n roots of A, and make y = aar. The 
binomial equation becomes x n = 1. 

Consider, in the first place, the case 

z w = + l. (1) 

Placing x = cos $ -f >/ — 1 sin the formula of Be Moivre 

gives 

xr=* cos n* -f ^ — 1 sinn$>. 

Consequently, all the values of are made known by the 
equation 

cos nt + — 1 sinn$>= + l 


and will give values of x corresponding to equation (1). 

That the last equation may be satisfied, it is necessary 
that the imaginary factor V — 1 sin n <j> disappear. This 
requires that n$ should be a multiple of the semi-circumfer- 
ence. It is also necessary that we have cosn$>= 1, which 
requires that should be an even multiple of the semi-cir- 
cumference. Hence, designating the semi-circumference by 
7tj and by 2 k any even number whatever, we shall have 

2 kit 

n $ = 2 kit, from which we get f = . Consequently 


x 


cos 


2 kit 
n 


1 


sin- 


2 kit 


n 
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The reasoning will be the same for — >/ — 1. Thus, we 
shall find all the values of x in the equation 1, by taking 
all the values of x comprised in the equation 


2krt / — T . 2 kit 

x — cos ± v — 1 sin 

n n 


00 


Equation (1) has n values for x , and we know that all 
these values are unequal. But in formula (a) we may give 
to k every possible entire value, positive and negative ; and 
we will now prove that in this way we may obtain n differ- 
ent values of x , from equation (a), and no more ; and these 
values will therefore be the values of x in equation (1). 

In the first place, it is useless to give to k negative values : 
for, if we put — A: for + k , the two values of formula (») 
reduce to the same form exactly. 

In the second place, it is unnecessary to take k = n or >n, 
for we may take from k the greatest multiple of n, which it 


2 kn 

contains ; this is equivalent to taking from the arc one 

or more circumferences, which changes neither the cosine 
nor the sine. 

Finally, if we take numbers k and n — k between 0 and n, 
equally distant from the extremes, the corresponding values 
of x will be the same. For, let k = n — k , we shall have 


x = cos 


?(»- y> . ±v=r 


—2*'* . . — ^ . —2ft 1 * 

: COS it V 1 SID 


n 

2 k n. / — t . 

as cos db V — 1 sin 

n 


2 k* 


and these values are the same as those which correspond to 
k=k. It is therefore useless to give to k values greater 
than in; and hence, whether we suppose n equal to an even 
number 2p, or to an odd number 2p + 1, we shall be limited 
in giving values to k , to the values k = 0, 1, 2, 3 p . 

It remains now that we show that formula (a) gives all 
the values of x belonging to equation (1). 

If the equation is of the form a? p =* 1, formula (a) becomes 
11 * 
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X = cos 


^±^=Isin^ 

V V 


For the extreme numbers k=. 0, and k=p, we find x= +1, 

and x = — 1. For the intermediate numbers 1,2,3, 

p — 1 , the arc is comprised between 0 and 180°; then the 
sine which is a multiplier of y/ — 1 does not become zero : 
hence, these values of x are imaginary. Further, among these 
imaginary values, none are repeated; for, in the two roots 
which form part of the same couple, that is, which result 
from the same value of k , the imaginary factor >/ — 1 has 
contrary signs ; and in the couples which result from differ- 
ent values of k , the real parts are different, whereas they 
are the cosines of arcs which increase continuously from 0 to 
180°. There are therefore 2 p — 2 different imaginary values, 
and two real values; in all, 2 p values for the equation 1, 

as there should be. 

If the equation (1) has the form + formula (a) 
becomes 


x = cos 


2t k tc 

2p + l 


\/ — 1 sin 


2k* 

27+i 


In this form, there will be only one real value for x , 
x =s + 1, which corresponds to k = 0, the other values are 
imaginary, and further, the total number of values is equal 
to the exponent 2p + 1. 

Let us now consider the equation 

£*= — L (2) 

If we make x = cos <j> ± — 1 sin <|>, we shall have x^= 

cos n <j> ± — 1 sin n 

Thus, the values of x will be made known, by determining 
the values of $> from the equation 

cos ft <j> d t \/ — 1 sin n $ = — 1. 

But this condition requires that we shall have separately 
sin n $> = 0 and cos n $> = — 1. 

Hence, the arc n $ must be an odd multiple of *. There- 
fore, making 

n$ = (2&+ 1)*, we deduce $ «= ^ ~ * 
and we shall have 
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X = cos 


(2k+\)rt 


dz\/_ 1 


sin 


(2 k + 1)h 




We need not take negative multiple values of h, for there 
would result the same values of x as when these multiple 
values are positive. N or will be necessary to take k>n or 
even equal to n : for, in taking from k the multiple of n which 

it contains, we diminish the arc — — -- -* one or more entire 

n 

circumferences, which does not change the values of x in 
equation (3). The number k = n — 1 gives 

(2 n — l)rt / — — . (2 n — 1 

x = cos — dz v — 1 sin — 

n n 


= cos — - dz s/ — 1 sin — — = cos — dz s/< — 1 sin — . 
n n n n 

These values are the same as those obtained by the hypothe- 
sis Z: = 0; and, in general, the values of k equally distant 
from 0 and n — 1 give the same values of x . Thus, if we 
make k = n — 1 — k', we have 

(2n — 2A'— 1)* , . — - . (2n — 2A'— 1)* 

n n 

(2»+1)k . (2ff+l)* 

x = cos — — zp V — 1 sin — 

n n 

a result which corresponds with that which w*e have when 
we make k=fS. Hence, it follows, that we shall obtain all 
the values of x by giving to k values which do not exceed 
} (w — 1). If n is an even number, 2p, we make k = 0, 1, 2, 3, 
— p — 1 ; and if n is an odd number, 2 p + 1, we make k = 0, 
1, 2,3 — p. 

In the case in which n = 2p, the equation to be resolved 
is x* p = — 1, and the numbers k = 0, 1, 2, 3, — p — 1 give in 
the formula (3) the increasing arcs 

ft 3 ft 5 ft (2 p — 1 )ft 

2 p’ 2 y 2 y 2 p ? 

which are all included between 0 and 180°. Consequently 
the series of no one of them is equal to 0, and their cosines 
are all unequal. Each arc thus gives two imaginary values 
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for x which differ from each other by the sign of the factor 
>/ — 1, and which therefore cannot be repeated. Hence x 
will have 2 p different values as it should have. 

When n = 2p + 1, the equation is x lp + l = — 1, and the 

values of*=0, 1,2 p , give from formula (0) the following 

arcs 

* 3 * (2J> + 1)« nr . 

2j) + r ap + r 2^ + 1 


The last arc being equal to *, gives x = — 1. For each 
of the other arcs, x has two imaginary values, and it is easy 
to see, that, among all these values, none are repeated. 
Hence x has 2^+1 different values. 

204. When we know the values of x from the equations 
x n = + 1, and x n = — 1, it is easy to form the real divisors of 
the second degree of the binomials x n — 1, and £*+ 1. 

In the first place, formula (a) gives for the factors of the 
first degree of the binomial x n — 1, the two expressions 


x — cos 


2 kit 
n 


/ — =- . 2 kit 

v — 1 sin 


2k* / — =- . 2 krt 

x — cos b v — Ism 

n n 

and, multiplying them together, we have 

2 kft 

x * — 2 a; cos b 1 (<*') 

n v 7 

This formula contains all the real divisors of the 2d degree 
of the binomial x n — 1. To deduce these divisors, it is only 
necessary to substitute for k the positive numbers from- 0 
to in. 

In like manner, we find for the divisors of the 2d degree 
of the binomial xt*+ 1, the formula 

x 2 — 2 x cos -^ * ^ + 1 (0') 


in which, by giving to k all entire positive values from 0 to 
— 1), we shall find the divisors of the 2d degree. 

Since the formulas (a) and (0) comprise the real values of x 
from the equations x n =l, and x n =s — 1, it follows that the 
two last formulffl, (a') and (0'), must also include the real 
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factors of the 1st degree of the binomials x* — 1, and x“+ 1. 
But it is to be observed that in these formula, they are pre- 
sented under the form of being raised to the 2d power. 
Thus, if £=*0, in formula (a'), it becomes x* — 2 Ar+l, or (x — 1)*. 
The factor required is therefore x — 1. 


Irreducible Case or Cubic Equations. 

205. De Moivre's formula furnishes a very direct and sim- 
ple process of converting the irreducible case of cubic equa- 
tions to a finite real form. 

The solution of a cubic equation by the method of Cardan 
is as follows. Assuming a cubic equation, which has been 
deprived of its second term by known rule, we have 

x*-f 3px + 2gr = 0. (1) 

Place x equal to the sum of two other unknown quantities; 
that is, put 

x = a + b. 

We shall then have 

x 8 = a 9 + b* + 3 a b (a + 5); 
that is, replacing a -f b by x, and transposing, 

X s — 3 abx — a 9 — 5 a = 0; 

and, in order that this may be identical with the proposed 
equation, we must determine a and b so as to satisfy these 
conditions, viz. : 

a b = — p, a 9 + 6 s = — 2 q. 

The problem is thus reduced to the determination of a and b 
from these two equations. From the first we have 

a 9 b 9 =* — p 9 } 

hence, combining this with the second, we have the sum of 
two quantities, a 9 + 6®, and their product a 9 b 9 given, to deter- 
mine these quantities; a problem which may be readily solved 
by the quadratic equation 

v , + 9'«— ^ = °> ( 2 ) 

by making v = 6 s , in which the two values of v will be the 

I 
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expressions for a* and 6 s . Hence, solving the equation, and 
separating these two values, we have 

a* = — q + \/q % + f (3) 

b* = -q-J?Tp> (4) 

and, since x = a + b, there results the following general 
expression for the values of a; in the proposed equation, viz., 

x = (— q + + {—q—'Stf+tf)*’ 

which is Cardan's formula . 

Since the cube root of a* may he represented indifferently 
by either of the three expressions 

— 1 + n/ZT 3 _l_v/ZF 

a i o 9 


and the cube root of b 8 by either of the expressions 
— 1 + — 1-_v/Z73 


6 . 


2 


6 , 




it would appear that the proposed equation admits of nine 
values. It must be remembered, however, that in all cases 
where we assign the root of any expression, no reference is 
made to the mode in which the given power was formed, 
the root being in fact the expression from which the given 
power has been actually produced. When we speak of a pro- 
posed power having a multiplicity of roots, we merely refer 
to the various expressions, from either of which that power 
miqht be produced ; and as many of these as prove inconsistent 
with the conditions involved in the production of the power, 
are of course to be rejected. Now, one of the conditions in 
virtue of which a 8 and 6 s have been produced, is 

ab= — p) 

but of the nine products which the preceding expressions for 
a and b furnish, six are imaginary; such a combination of 
values must therefore be rejected, as inconsistent with the 
conditions to be fulfilled ; the other three products are pos- 
sible. Hence, the only admissible solutions are the three fol- 
lowing, where the product of a and b fulfils the above con- 
dition. 
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a + 6, 

_1 + x/^3 , 


2 ' a + 2 

— 1— — 1 + x/ZT3 

a + 


b. 


If the values of v in equation (2), as exhibited in (3) and 
(4), are real, the formula for x will consist of the cube roots 
of two real quantities ; but, if imaginary, then the expression 
for x will be the cube roots of two imaginary quantities ; and, 
consequently, such value must itself be imaginary ; that is, 
if the relation between p and q be such that 

the expression for x will consist of two parts, each of which 
is imaginary. 

But the sum of these parts, that is, the complete expres- 
sions for x , must be real ; because the preceding relation 
between p and q is that which necessitates the reality of all 
the values of the equation. The calculation, therefore, must 
furnish the means of effecting a reduction of the imaginary 
symbols. This difficulty, which has taxed the ingenuity of 
analysts, has been called the irreducible case of cubic equations, 
and is usually solved by developing each part separately, and 
then by combining the two. representing the aggregate by 
an infinite series, from which the imaginary symbol has dis- 
appeared. 

De Moivre's formula furnishes a ready means of effecting 
the required reduction. For this purpose the two cubic 
radicals must be first reduced to the form 

" ^ cos * + s/ — 1 sin <j>. 

Since we have the condition q 2 -f p* < v, p must be negative. 
Placing — p forp in the given equation, it becomes 

x? — % px + 2>q=*v. (1) 

Then we shall have q 2 — p 3 <v, or q 3 <p s , and the values 
of a must be given by the formula 

a ** ¥ — q+\/ q 2 —p 3 , 
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and those of x by the formula 



in which we must substitute the different values of a . 

The general value of a may then be placed under the form 



And since we assume q 1 <p*, we may determine an arc 9 by 
means of the equation 1 

— 9 

C08 *= 7 p 


There exists an infinite number of arcs corresponding to 
a given cosine; but we will limit ourselves here to that 
which is < 180 °. 

By Be Moivre’s formula we have 


(cos } 9 + >/ — 1 sin } 9)* = cos 9 + V — 1 sin 9. (2) 

Hence, reciprocally, we must have 
3 


C/; 


cos 9 + / — 1 sin 9 = cos } 9 +*/ — 1 sin } 9. 
and consequently, 



cos 9 + \/ — 1 sin 9 : 


1 

cos } 9 + v/ — 1 sin J 9 


cos } 9 -f — 1 sin } 9. 


cos} 9 — sf — 1 sin} 9 


a \/p 0 , 

—p= -i £_= 2 cos } 9. 

vp a 

We observe that the second member of formula (2) does 
not undergo any change when we add to 9 any number of 
circumferences. Hence, designating 180 ° by ft, and by k any 
whole number, the values of x would embrace all the values 
comprised in the formula 

xs=2'/p cos} (9 + 2k ft) 


Digitized by ^ooQle 



CUBIC EQUATIONS. 


127 


However, there will appear but three distinct values for 
x ; for, after making = 0, 1, and 2, all the other substitu- 
tions reduce to the same results, and the only values for x 
will be the following : 

x«2 cos Jt 
i«2 \/p cos 1 (f + 2*) 
cost if -h4*). 

12 
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Promiscuous Examples. 

Plane Trigonometry. 

1. Haying measured a distance 200 feet in a direct hori- 
zontal line from the bottom of a tower, the angle of eleva- 
tion of its top, taken at that distance, was found to be 47° 
30 7 ; what is the height of the tower? Ans. 218.26 feet. 

2. What is the perpendicular height of a balloon, when its 

angles of elevation as taken by two observers, at the same 
time, both on the same side of it, and in the same vertical 
plane, were 35° and 64°, their distance apart being 880 
yards? Ans. 935.757 yards. 

3. Wanting to know the distance between two inaccessible 
objects from the top of a tower, 120 feet high, which lay in 
the same right line with the two objects, the angles formed 
by the vertical line of the tower with lines conceived to be 
drawn to the bottom of each of the objects, are found to be 
33° and 64° 30', what is the distance between the objects ? 

Ans. 173.656 feet. 

4. From the edge of a ditch 36 feet wide, surrounding a 
fort, the angle of elevation of the top of the wall is measured 
and found equal to 62° 40', what is the height of the wall, 
and what is the length of a ladder from the point on the 
ditch to the top of the wall ? 

Ans. Height of wall, 69.64 feet. 

Length of ladder, 78.4 feet. 

5. A ladder, 40 feet long, can be so planted, that it shall 

reach a window 33 feet from the ground, on one side of the 
street; and by turning it over, without moving the foot, it 
will do the same by a window 21 feet high, on the other side ; 
what is the breadth of the street ? Ans. 56.649 feet. 

( 128 ) 
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6. From the top of a tower, by the sea-side, 143 feet high, 

the angle of depression of a ship's bottom was observed to 
be 35°, what was the ship's distance from the bottom of the 
tower ? Ans. 204.22 feet. 

7. What is the perpendicular height of a hill ; its angle of 

elevation, taken at the bottom of it, being 46°, and 200 yards 
farther off, on a level with the bottom of it, the angle of 
elevation was 31° ? Ans. 286.28 yards. 

8. Wanting to know the height of an inaccessible tower; 

at the least distance from it, on the same horizontal plane, 
its angle of elevation is found to be 58° ; then going 300 feet 
directly from it, the angle of elevation is found to be 32°. 
Kequired its height, and the distance from it to the 1st 
station. Ans. Height, 307.53. 

Distance, 192.15. 

9. Being on. a horizontal plane, and wanting to know the 

height of a tower on the top of an inaccessible hill; the 
angle of elevation of the top of the hill is found to be 40°, 
and of the top of the tower 51°; and then measuring in a 
line directly from it to the distance of 200 feet farther, the 
angle to the top of the tower is found to be 33° 45'; what is 
the height of the tower ? Ans. 93.33148 feet. 

10. From a window near the bottom of a house, on a level 
with the bottom of a steeple, the angle of elevation of the 
top of the steeple is found to be 40° ; then from another win- 
dow 18 feet directly above the former, the like angle was 37° 
30'; what is the height of the steeple, and what its distance? 

Ans. Height, 210.44 feet. 

Distance, 250.79 “ 

11. Two ships-of-war, intending to cannonade a fort, are,\ 

by the shallowness of the water, kept so far from it, they i 
suspect that their guns cannot have effect. In order to 
measure the distance, they separate from each other 440 
yards ; then each ship measures the angles the other ship 
and the fort subtend, which angles are 83° 45' and 85° 15'. I 
What was the distance between each ship, and what the dis- / 
tance to the fort ? Ans. 2292.26 yards. 7 

2298.05 “ / 

12. Wanting to know the breadth of a river, a base line of 
500 yards is measured close by one side of it; and at each 
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end of this line the angles subtended by the other end and a 
tree close by the bank on the other side of the river are found 
to be 58° and 79° 12'. What is the perpendicular breadth 
of the river ? Arts. 529.48. 

13. A point of land was observed by a ship at sea, to bear 
/east-by-south; and after sailing north-east 12 miles, it was 

^ [ found to bear southeast-by-east. It is required to determine 
1 the place of that headland and the ship’s distance from it at 
\ the last observation. Ans . 26.0728 miles. 

14. Wanting to know the distance between a house and a 
j mill, which was seen at a distance on the other side of a 

j j river, a base line of 600 yards is measured, and at each end 
^ 7 of it, the angles subtended by the other end and the house 
! and mill are observed, and are as follows, • at one end, 58° 
\ 20' ; and at the other end, 53° 30 7 and 98° 45'. What was the 
\ distance between the house and the mill? 

Ans. 959.5866 yards. 

15. Wanting to know the distance from the observer to an 
inaccessible object O, on the other side of a river; and having 

/ no instruments for taking angles, and only a chain for meas- 
I uring distances ; two stations, A and B, are taken, 500 yards 
[- | apart, and from each station in a direct line to the object O, 
distances of 100 yards are measured, viz., AC = 100 yards, 
* and BD = 100 yards; and the diagonal B I) is also measured 
550 yards, and the diagonal B C, 560 yards. What is the dis- 
tance of the object O from the stations A and B? 

Ans. A O = 536.25 yards. 

B O = 500.09 “ 

16. From a convenient station P, where could be seen 

three objects, A, B, and C, whose distances from each are 
known to be A B = 800 yards, AC = 600 yards, B C = 400 
yards, the horizontal angles A PC = 33° 45', and BPC = 
22° 30', are measured. Required to determine the distances 
PA, PB,PC. _ Ans. P A = 710.193 yards. 

P C = 1042.522 “ 

PB= 934.291 “ 


* A 
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Spherical Trigonometry. 

1. In the right-angled triangle ABC, the hypotkenuse 

A B = 65° 5', the angle A = 48° 12'; find the sides A C, C B, 
and the angle B. Ans. A C = 55° 7' 22". 

B C = 42° 32' 19". 

B = 64° 46' 14". 

2. In the obliqne-angled triangle ABC, given A B = 76° 

2 O', BC= 119° 17', and B = 52° 5', find AC, and angles 
BandC. Ans. AC= 66° 5' 36". 

A= 131° 10* 42". 

C= 56° 58' 58". 

3. In an oblique-angled triangle, the three sides are, a =* 
81° 17', b = 114° 3', c = 59° 12' ; required the angles A, B, C. 

Ans. A = 62° 39' 42". 

B = 124° 60' 50". 

C= 50° 31' 42". 

4. In the right-angled triangle A B C, a = 115° 25', c = 
60° 59' ; required the remaining parts. 

Ans. B= 148° 56' 45". 

C = 75° 30' 33". 

b = 152° 13' 50". 

5. In the right-angled triangle AB, c = 116° 30' 43", and 
b= 29° 41' 32"; required the other parts. 

Ans. C = 103° 52' 46". 

B= 33° 30' 22". 

a = 112° 48' 58". 

6. In the oblique-angled triangle ABC, b= 91° 03' 25", 
a = 40° 36' 37" ; required the other parts. 

Ans. B = 115° 35' 41". 

C = 58° 30' 57". 

c = 70° 58' 52". 

7. In the oblique-angled triangle A B C, A = 103° 59' 57", 

B = 46° 18' 07", and a = 42° 68' 48" ; find the remaining 
parts. Ans. b = 30° 

C = 36° 07' 54". 

c = 24° 03' 56". 

8. In the oblique-angled triangle ABC, a = 40° 18' 29", 

12* 
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b =* 67° 14' 28", and c = 89° 47' 06"; find the remaining 
parte. Ans. A = 34° 22' 16". 

B a. 53° 35' 16". 

C = 119° 13' 32". 

9. In the oblique-angled triangle ABC, As 109° 55' 42", 
B - 116° 88' 83", C * 120° 48' 37"; find the remaining parts. 

Ans. a = 98° 21' 40. 
b — 109° 50' 22. 
c = 115° 13' 26. 

10. In the oblique-angled triangle A B C, b a 83° 19' 42", 
c = 23° 27' 46", A a 20° 89' 48" ; find the other parts. 

Ans. B = 156° 30' 16". 

C = 9° 11' 48". 

a— 61° 32' 12". 

11. In the oblique-angled triangle ABC,A = 34° 15' 03", 
B = 42° 15' 13", c = 760 35' 36"; find the other parts. 

Ans. a = 40° 00' 10". 
b = 50° 10' 30". 

C = 1210 36' 19". 

12. * Knowing the longitude of the sun ES = 67° 19' 20", 


* The following definitions will aid the general student in the solution 
of this and the following examples : — 

1. A plane through centre of the sun, and parallel to the earth’s equa- 
tor, cuts from the celestial sphere a great circle, called the equinoctial. 

2. The earth revolves about the sun in a plane which cuts the celestial 
sphere in a great circle, called the ecliptic. 

8. The planes of the equinoctial and ecliptic intersect each other in a 
right line through the sun. The points in which the line pierces the 
celestial sphere are called the equinoxes. One is the vernal equinox , the 
other is the autumnal equinox. 

4. A great circle through the poles of the equinoctial is called a decli- 
nation circle. 

5. The declination of a star is its angular distance from the equinoctial 
measured upon the declination circle through the star. 

6. The right ascension of a star is the angular distance from the vernal 
equinox to the intersection of the declination circle through the star with 
the equinoctial. It is measured on the equinoctial, eastward to 360°. 

7. A great circle through the poles of the ecliptic is called a circle of 
latitude. 

8. The latitude of a star is its angular distance from the ecliptic, meas- 
ured on the circle of latitude passing through the star. 

9. The longitude of a star is the angular distance from the venial equinox 
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and the obliquity of the ecliptic S E S' = 23° 28' 30" ; find the 
right ascension of the sun E S' and his declination, S S'. 

Ans. R. A. = 65° 30' 28".7. 
Decl. = 21° 33' 52".9. 

13. Knowing the right ascension of the sun ES'=a 65° 30' 
28". 7, and the obliquity of the ecliptic S E S' = 23° 28' 30" ; 
find the longitude of the sun, E S, and his declination, S S'. 

Ans. Long. = 67° 19' 20". 
Decl. =21° 33' 52". 

14. Knowing the declination of the sun, S S' = 21° 23' 52"; 

find his longitude E S and right ascension E S', the obliquity 
of ecliptic as before. Ans. Long. = 67° 19' 20". 

R. A. = 65° 30' 28".7. 

15. Knowing the right ascension of a star E A = 225° 20 7 , 
and declination A s = 89° 9' 15"; find the distance sE to one 
of the points in which the ecliptic cuts the equator, and the 
angle s E A, which the arc of a great circle passing through 
the star and the equinox makes with the equator. 

Ans. Distance, =* 90° 35' 40".5. 
Angle, =90° 36' 5".7. 

16. Knowing E S' the longitude of the star Sirius to be 
101° 21' 13", and SS' its latitude =39° 32' 1" 8, and EM' the 
longitude of the moon = 100° 33' 17", and MM' her latitude 
= 5° 13' 19".8 ; find their distance M S. Ans. 34° 19' 04".6. 

P is the pole of the equinoctial. 

P' is the pole of the ecliptic. 

E is vernal equinox. 

E Q is the equinoctial. 

E C is the ecliptic. 

S place of the sun. 
s place of star. 

E S' right ascension of s . 

E S" longitude of s eastward. 
s S' declination of s. 

to the intersection of the circle of latitude through the star with the 
ecliptic. It is measured on the ecliptic, sometimes eastwardly and 
westwardly, each 180° ; more commonly it is measured westwardly to 860°. 

10. The planes of the equinoctial and of the ecliptic make an angle of 
23° 28' 80". 

11. The sun is always in the ecliptic. He has no latitude. 
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A A declination of s . 

E A right ascension of s. 
L s latitude of 5. 

E L longitude of s. 

E vernal equinox. 

M moon’s place. 

S place of star. 

E Q ecliptic. 

P pole of ecliptic. 

E M' longitude of moon. 
M M' latitude of moon. 
E S longitude of star. 

S S latitude of star. 


Tables of Trigonometrical Formulae. 

The following Tables contain the most important formulae 
used in Trigonometrical calculations. Those which have 
not been formally demonstrated may be readily verified, and 
will supply, in # this way, a valuable exercise for the student. 
The formulae marked with an asterisk should be carefully 
committed to memory. 


Table I. 


* 1 . 

* 2 . 

* 3 . 

* 4 , 

* 5 . 

* 6 . 

* 7 . 

* 8 . 
* 9 . 
* 10 . 


sin* a + cos* a = 1 
sin a 

= tang a 

cos a ° 

cos a 


= cot a 


sin a 
tang a cot a =1 
sec a cos a =1 
cosec a sin a =1 
1 + tang* a = sec* a 
1 + cotang* a = cosec* a 
ver-sin a =1 — cos a 
co-ver-sin a *= 1 — sin a 
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Table II. 


* sin 0 

= 0 

* cosO 

= 1 

* tang 0 

= 0 

* cotang 0 

= 00 

316 secO 

= 1 

* cosec 0 

B QO 

* sin (90° — a) 

= cos a 

* cos (90° — a) 

= sin a 

* tang (90°— a) 

= cot a 

*cot (90° — a) 

= tang a 

* sec (90° — a) 

= cosec a 

* cosec (90° — a) 

= sec a 

* sin 90° 

= 1 

* cos 90° 

=>0 

* tang 90° 

=3 00 

* cotang 90° 

= 0 

* sec 90° 

= 00 

* cosec 90° 

= 1 

* sin (90° + a) 

= cos a 

* cos (90° + a) 

== — sin a 

* tang (90° + a) 

= — cot a 

* cot (90° + a) 

== — tango 

sec (90° + a) 

— -cosec o 

cosec (90° + a) 

= sec a 

* sin (180° — a) 

= sin a 

♦cos (180° — a) 

=s — cos a 

♦tang (180° — a ) 

\ = — tang a 

♦ cotang (180° — a)= — cot a 

sec(180° — a) 

= — sec a 

cos (180° — a) 

= cosec a 

♦sin 180° 

3= 0 

* cos 180° 

= — 1 

* tang 180° 

= 0 

♦ cotang 180° 

3 QO 

♦sec 180° 

= 1 

♦ cosec 180° 

= 0 


sin (180° + a) 
cos (180° -f a ) 
tang (180° + a) - 
cotang (180° +a 
sec (180° + a) 
cosec (180° + a) 
sin (270° — a) 
cos (270° — a) 
tang (270° — a) 
cot (270° — a) 
sec (270° — a) 
cosec (270 ° — a 
sin 270° 
cos 270° 


= — sin a 
= — cos a 
= tang a 
=* cotang a 
= — sec a 
= — cosec a 
= — cos a 
= — sin a 
= cot a 
= tang a 
= — cosec a 
= — sec a 

= 0 


tang 270° 
cotang 270° 
sec 270° 
cosec 270° 
sin (270° + a) 
cos (270° -f a) 
tang (270° + a) 
cot (270° + a) 
sec (270° + a) 
cosec (270° -f a) 
sin (360 — a) 
cos (360° — a) 
tan (360° — a) 
cot (360° — a) 
sec (360° — a) 
cosec (360° — a) 


= — oc 
= 0 
= QO 

= — cos a 
= sin a 
= — cot a 
= — tan a 
= cosec a 
= — sec a 
= — sin a 
s cos a 
= — tan a 
= — cot a 
= sec a 
= — cosec a 


sin 360° = 0 

cos 360° = 1 

tan 360° = 0 

cot 360° = oo 

sec 360° — 1 

cosec 360° = co 
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Table III. 


* sin ( a ± b) 

♦ cos ( a ± b) 


♦ tang (a =k £>) = 


= sin a cos b dt sin b cos a 
= cos a cos 6 sin a cos 6 
tan a dt tan b 


1 zp tan a tan b 


♦ sin 2 a 

= 2 sin a cos a 

cos 2 a 

= cos 2 a — sin 2 a 

tang 2 a 

2 tan a 

~~ 1 — tan 2 a 

. 1 

sin - a 

/l — cosa 

~ V 2 

1 

cos 2 a 

/l -f cosa 

“V 2 

tang ^ a 

/l — cosa_ 
~~ V 1 -f cosa 

sina 

= 2 sin i a cos } a 


cos 3 a 


sin a 

'l + cosa 


= 3 sina — 4sin B a 
= 4 cos 8 a — 3 cos a 
sin (n + 1 )a= 2 sin n a cos a — sin (n — 1) a 
cos (w+l)a= 2 cos n a cos a — cos (n — 1) a 
sina+sin£>=2 sin i (a + b) cos i (a — b ) 
sin a — sin &= 2 sin } (a — b) cos } (a + b) 
cosa + cos 6= 2 cos 1 (a + b) cos i (a — b) 
cos a — cos 6 = — 2 sin i (a + 6) sin 1 (a — b ) 

sin a + sin b tan j (a -f 6) 

sin a — sin6 tan 1 (a — b) 

sin (a + 6) + sin (a — 6) = 2 sin a cos 6 
sin (a + b) — sin (a — b) = 2 sin 6 cos a 
cos (a + b) +,cos (a — 6) = 2 cos a cos b 
cos (a + 6) — cos (a — b) = — 2 sin a sin 6 
sin (a + 6) cos (a + b) = sin 2 a — sin 2 6 = cos*6 — cos*a 
= cos 2 a — sin 2 b = cos* a + cos *6 — 1 


cos (a + 6) cos (a — b ) 
♦sin 45° 

♦tan 45° 


= cos 


45° = -— 
\/2 


= cot 45° = 1 
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♦Bin 30° 

= cos 60° = $ 

♦cob 30° 

* sin 60° =■ }\/3 

♦tan 30° 

= cot 60° = -i 
V3 

♦cot 30° 

* tang 60° \/3 


The following formulae, although of less frequent occur- 
rence, may be found useful, and can be readily deduced from 
the above. 


sin (45° ±a) = (cos 45° qp a) = 
tan (45° db a) = = 


cos a db sin a 

1 do tan a 
1 =p tan a 


tan* (45 °±}a) = 


1 dz sin a 
1 sin a 


tan (45° do ia) = 


1 dzsinq 
cos a 


sin (a + b) __ tan a + tan b cot 5 + cot a 

sin (a — 6) tana — tan b cot b — cota" 

cos (a + b) cot b — tan a cot a — tan b 

cot b -f tan a cot a + tan a 

tan i (a 4- b) 


cos (a — b) 

sin a + sin 5 
cos a + cos b 


sin a + sin b 
cos a — cos b 
sin a — sin 6 
cos a + cos b 


sin a — sin 
cos a — cos 

cos a 4- cos 
cos a — cos 



— cot i (a — b ) 
tan i (a — b) 

— cot $ (a 4- b) 

— cot * (a 4- b) cot } (a— b) 


tan a + tan b = 
cot a 4- cot b = 


sin (a 4- b) 
cos a cos b 
sin (a 4- b) 
sin a sin b 
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tan a — tan b = 
cot a — cot b = 
tan 3 a — tan* b= 
cot *a — cot 3 b = 


sin (a — b) 
cos a cos 6 


sin (a — b) 
sin a sin b 

sin (a + b) sin (fl — b) 
cos 3 Cl cos' b 


sin (a + b)sm(a — b) 
sin 3 a sin 3 b 


It will also be a useful exercise to verify the following 
values of sin a, cos <z, tan a. 


Table of the most Useful Values of sin a, cos a, tang a. 


Values of sin a. 

Values of cos a. 

Fa?ue® o/ tan a. 

1. i 

oot a tan a 

^ sin a 

^ sin o 



tan a 

cos a 

2 1 

cos a 


1 


cot a 

2. sin a cot a 

2. — — 
cot a 

3. 

A 

•J 1 — cos* a 
1 

>f 1 — sin* a 
1 

s. X /~ T "-1 

\/ cos* a 


\/ 1 + cot* a 

n/ 1 + tang* a 

sin a 


tan a 

cot a 

V 1 — sin* a 


V'' 1 tan’ a 

1 + cot * a 

\/l — cos* a 

6. 

2 sin 4 a cos 4 a 

6. cos® 4« — sin* 4 a 

cos a 


x/l — cos 2 a 

7. 1 — 2 sin* 4 a 

2 tan 4 a 
7. ^ — : ? — 

7. 

2 

8. 2 cos* 4 a — 1 

1 — tan* 4 « 

8. 

2 tan £ a 

a . / 1 + C08 2 a 

2 cot 4 a 

g 

cot * 4 a — 1 


1 + tan* 4 a 

9 -V 2 

0 2 


2 

1 — tan* £ a 

cot 4 a — tan 4<* 

9. 

cot 4 a + tan 4 a 

1 + tan* 4 a 

10. cot a — 2 cot 2 a 

10 

sin (30°4-a) — sin (30° — a 

1 cos 4 a — tang 4 a 

1 — cos 2 a 

\/ 3 

cot 4 a + tan 4 a 

11. . o 

sin 2 a 

11. 

. 2 sin 0 (45° *4" £ a ) — ^ 

1 

8 in 2 a 

12. 

12, 

, 1 — 2 sin* (45° — 4 a ) 

1 + tan a tan 4 a 

l + cos 2a 
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PREFACE. 


The accompanying tables were designed to afford the means of per- 
forming trigonometrical computations with facility and precision. The 
tables chiefly used in this country for purposes of education extend to 
six decimal places, like those in the present collection; but the pre- 
cision which they are designed to furnish is only attained by a serious 
expenditure of labor. In >he Table of Logarithms of Numbers they do 
not furnish the correction for a fifth figure in the natural number, and 
the labor of computing this correction is such that I always prefer the 
use of Hutton’s Tables, extending to seven places, even in computations 
to which six-place logarithms are abundantly competent. In the pres 
ent collection, the correction for a fifth figure of the natural number is 
introduced at the bottom of each page, and the table is thus rendered 
nearly as useful as one of the common kind extending to 100,000. The 
whole has been carefully compared with standard authors, and nearly 
a dozen errors have thus been detected in the common tables. 

The principal table in this collection is that of Logarithmic Sines and 
Tangents. The common tables in this country extend only to minutes, 
with differences to 100". If, in a trigonometrical computation, angles 
are only required to the nearest minute, tables to five places are quite 
sufficient ; but if the computation is to be carried to seconds, these can 
only be obtained from the common tables by a great expenditure oi 
time and labor. In the present collection, the sines and tangents are fur- 
nished to every ten seconds of the quadrant, and at the bottom of each 
page is given the correction for any number of seconds less than ten, so 
that the precision of seconds can be obtained with almost the same fa- 
cility as that of minutes with the tables in common use. Moreover, 
near the limits of the quadrant, by means of an auxiliary table, sines and 
tangents are readily obtained, even for a fraction of a second. The 
method of arrangement of the sines and tangents was suggested by a 
table in Mackay’s Longitude ; but the errors of that table, amounting to 
several thousand, have been corrected by a careful comparison with the 
work of Ursinus. By comparison with the same standard, more than 
two hundred errors (chiefly in the final figures) have been detected in 
the tables in common use. 

The Table of Natural Sines and Tangents is of less use than the loga 
rithmic ; nevertheless, it is often important for reference, particularly in 
analytical geometry and the calculus ; and it is useful as a stepping- 
stone to assist the beginner in comprehending the nature of logarithmic 
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sines and tangents. The Traverse Table commonly usea m this country 
furnishes the latitude and departure to every quarter degree of the quad 
rant, for distances from 1 to 100, and occupies ninety pages. The accom- 
panying table occupies but six pages, and yields ten times greater pre- 
cision. 

' The Table of Meridional Parts extends to tenths of a mile, and grea 
care has been taken to insure its accuracy. For this purpose, I have 
compared all the similar tables within my reach, and among them have 
found two which appeared to have been computed independently. Be 
tween them there were detected 674 discrepancies in the final figures. 
These cases were all recomputed, and 78 errors were detected in the 
jest copy compared. It is probable that the numbers in this table are 
not in every instance true to the nearest tenth of a mile ; but it is be 
lieved that the remaining errors are few in number, as well as minute 
This table is confidently pronounced more accurate than any similar 
one with which I have been able to compare it. 

The Table of Corrections to Middle Latitude was computed entirely 
anew. The corresponding table in common use, which was originally 
computed by Workman, contains more than four hundred errors, sev- 
eral of them amounting to two minutes. 

On the whole, it is believed that the accompanying tables will be 
found more convenient to the computer than any tables of six decimal 
places hitherto published in this country ; and that they will be pro- 
nounced sufficiently extensive for all purposes of academic and collegi- 
• te instruction, as well as for practical mechanics and surveyors. 


\ 
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EXPLANATION OF THE TABLES. 


Table of Logarithms of Numbers, pp. 1-20. 

Logarithms are numbers contrived to diminish the labor of Multiplica* 
tion and Division by substituting in their stead Addition and Subtrac 
tion. All numbers are regarded as powers of some one number, which 
is called the base of the system ; and the exponent of that power of the 
base which is equal to a given number, is called the logarithm of that 
number. 

The base of the common system of logarithms (called, from their in- 
ventor, Briggs’ logarithms) is the number 10. Hence all numbers arf 
to be regarded as powers of 10. Thus, since 


10”= 1, 

0 is the logarithm of 1 

in Briggs’ system ; 

t—t 

O 

if 

t—* 

© 

1 “ 

a 

.10 

a 

a 

10’=100, 

2 44 

a 

100 

tt 

tt 

10’= 1000, 

3 44 

tt 

1000 

tt 

a 

10 4 = 10,000, 

4 44 

a 

10,000 

a 

tt 


&c., &c., &c. ; 

whence it appears that, in Briggs’ system, the logarithm of every num 
ber between 1 and 10 is some number between 0 and 1, i. e. f is a prop- 
er fraction. The logarithm of every number between 10 and 100 is 
some number between 1 and 2, i. e., is 1 plus a fraction. The loga- 
rithm of every number between 100 and 1000 is some number between 
2 and 3, i. e., is 2 plus a fraction, and so on. 

The preceding principles may be extended to fractions by means of 
negative exponents. Thus, since 


10 1 =0.1, — 1 is the logarithm of 0.1 


10 ^= 0 . 01 , —2 “ 

0“ 3 =0.001, —3 “ 

10^=0.0001, —4 “ 

&c., 


a 


&c 


0.01 

0.001 

0.0001 


in Briggs’ system 

it it 

a a 

a a 

&C. 


Hence it appears that the logarithm of every number between 1 and 
0.1 is some number between 0 and — 1, or may be represented by — 1 
plus a fraction ; the logarithm of every number between 0.1 and .01 is 
some number between — 1 and — 2, or may be represented by — 2 plu? 
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Explanation op the Tables. 


a fraction ; the logarithm of every number between .01 and .001 is some 
number between — 2 and — 3, or is equal to — 3 plus a fraction, and so on. 

The logarithms of most numbers, therefore, consist of an integer and 
a fraction. The integral part is called the characteristic , and may be 
known from the following 


Rule. 

The characteristic of the logarithm of a number greater than unity , is 
one less than the number of integral figures in the given number . 

Thus the logarithm of 297 is 2 plus a fraction ; that is, the character- 
istic of the logarithm of 297 is 2, which is one less than the number of 
integral figures. The characteristic of the logarithm of 5673.29 is 3 ; 
that of 73254.1 is 4, &c. 

The characteristic of the logarithm of a decimal fraction is a negative 
number , and is equal to the number of places by which its first significant 
figure is removed from the place of units . ' 

Thus the logarithm of .0046 is — 3 plus a fraction ; that is, the char- 
acteristic of the logarithm is — 3, the first significant figure 4 being 
removed three places from units. 

The accompanying table contains the logarithms of all numbers from 
1 to 10,000 carried to 6 decimal places. 

To find the Logarithm of any Number between 1 and 100. 

Look on the first page of the table, along the column of numbers under 
N, for the given number, and against it, in the next column, will be found 
the logarithm, with its characteristic. Thus, 

opposite 13 is 1.113943, which is the logarithm of 13; 

“ 65 is 1.812913, “ “ 65. 

To find the Logarithm of any Number consisting of three Figures . 

Look on one of the pages from 2 to 20, along the left-hand column 
marked N, for the given number, and against it, in the column headed 0, 
will be found the decimal part of its logarithm. To this the character 
sftc must be prefixed, according to the rule already given. Thus 
the logarithm of 347 will be found, from page 8, to be 2.540329 ; 

“ “ 871 “ “ “ 18, “ 2.940018. 

As the first two figures of the decimal are the same for several sue 
sessive numbers in the table, they are not repeated for each logarithm 
separately, but are left to be supplied. Thus the decimal part of the 
ogarithm of 335 is .530200. The first two figures of the decimal remain 
.he same up to 347 ; they are therefore omitted in the table, and are to 
oe supplied. 

To find the Logarithm of any Number consisting of four Figures . 

Find the three left-hand figures in the column marked N as before 
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and the fourth figure at the head of one of the other columns. Opposite 
to l:ie first three figures, and in the column under the fourth figure, will 
lie found four figures of the logarithm, to which two figures from the 
column headed 0 are to be prefixed, as in the former case. The char- 
acteristic must be supplied by the usual rule. Thus 
the logarithm of 3456 is 3.538574 ; 

“ “ 8765 is 3.942752. 

In several of the columns headed 1, 2, 3, &c., small dots are tound in 
the place of figures. This is to show that the two figures which are to 
be prefixed from the first column have changed, and they are to be 
taken from the horizontal line directly below. The place of the dots is 
to be supplied with ciphers. Thus 

the logarithm of 2045 is 3.310693; 

“ “ 9777 is 3.990206. 

The two leading figures from the column 0 must also be taken from 
the horizontal line below, if any dots have been passed over on the same 
horizontal line. Thus 

the logarithm of 1628 is 3.211654. 

To find the Logarithm of any Number containing more than four 

Figures. 

By inspecting the table, we shall find that within certain limits the log- 
arithms are nearly proportional to their corresponding numbers. Thus 
the logarithm of 7250 is 3.860338; 

“ “ 7251 is 3.860398 ; 

“ “ 7252 is 3.860458 ; 

“ “ 7253 is 3.860518. 

Here the difference between the successive logarithms, called the 
tabular difference , is constantly 60, corresponding to a difference of unity 
in the natural numbers. If, then, we suppose the logarithms to be pro- 
portional to their corresponding numbers (as they are nearly), a differ- 
ence of 0.1 in the numbers should correspond to a difference of 6 in the 
logarithms ; a difference of 0.2 in the numbers should correspond to a 
difference of 12 in the logarithms, &c. Hence 

the logarithm of 7250.1 must be 3.860344; 

“ “ 7250.2 " 3.860350 ; 

“ “ 7250.3 “ 3.860356 ; 

&c., &c. 

In order to facilitate the computation, the tabular difference is insert- 
ed on page 16 in the column headed D, and the proportional part for the 
fifth figure of the natural number is given at the bottom of the page. 
Thus, when the tabular difference is 60, the corrections for .1, .2, .3; 
&c., are seen to be 6, 12, 18, &c. 

If the given number was 72501, the characteristic of its logarithif 
would be 4, but the decimal part would be the me as for 7250 I 
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If it were required to find the correction for a sixth figure in the nat 
ural number, it is readily obtained from the Proportional Parts in the 
table. Thus, if the correction for .5 is 30, the correction for .05 is ob 
viously 3. 

As the differences change rapidly in me first part of the table, it 
was found inconvenient to give the proportional parts for each tabular 
difference ; accordingly, for the first seven pages they are only given 
for the even differences, but the proportional parts for the odd differences 
will be readily found by inspection. 

Required the logarithm of 452789. 

The logarithm of 452700 is 5.655810 

The tabular difference is 96. 

Accordingly, the correction for the fifth figure, 8, is 77, and for the 
sixth figure, 9, is 8.6, or 9 nearly. Adding these corrections to the num- 
ber before found, we obtain 5.655896. 

The preceding logarithms do not pretend to be perfectly exact, bu 
only the nearest numbers having but six decimal places. Accordingly 
when the fraction which is omitted exceeds half a unit in the sixth dec^ 
mal place, the last figure must be increased by unity. * 

Required the logarithm of 8765432. 

The logarithm of 8765000 is 6.942752 
Correction for the fifth figure 4, 20 

“ “ sixth figure 3, 1.5 

“ “ seventh figure 2, 0.1 

Therefore the logarithm of 8765432 is 6.942774. 

Required the logarithm of 234567. 

The logarithm of 234500 is 5.370143 

Correction for the fifth figure 6, 111 

“ “ sixth figure 7, 13 

Therefore the logarithm of 234567 is 5.370267. 

To find the Logarithm of a Decimal Fraction. 

The decimal part of the logarithm of any number is the same as that 
of the number multiplied or divided by 10, 100, 1000, &c. Hence, for 
a decimal fraction, we find the logarithm as if the figures were integers 
and prefix the characteristic according to the usual rule. 


Examples. 


The logarithm of 345.6 

is 2.538574 

44 

44 

87.65 

is 1.942752 

44 

44 

2.345 

is 0.370143 

44 

44 

.1234 

is 1.091315 

u 

44 

.005678 

is 3.754195. 




Digitized by 


Google 


Explanation op the Tables. . x 

The minus sign is placed over the characteristic to show that this 
alone is negative, while the decimal part of the logarithm is positiye. 

To find the Logarithm of a Vulgar Fraction . 

We may reduce the vulgar fraction to a decimal, and find its logs 
nthm by the preceding rule ; or, since the value of a fraction is equal tc 
the quotient of the numerator divided by the denominator, we may sub- 
tract the logarithm of the denominator from that of the numerator ; the 
difference will be the logarithm of the quotient. 

Required the logarithm of T \, or 0.1875. 

From the logarithm of 3, 0.477121, 

Subtract the logarithm of 16, 1.204120. 

Leaves logarithm of T \, or .1875, 1.273001. 

In the same manner we find 

the logarithm of ^ is 2.861697 ; 

“ “ m is 1.147401. 

To find the natural Number corresponding to any Logarithm. 

Look in the table in the column headed 0 for the first two figures of 
the logarithm, neglecting the characteristic ; the other four figures are 
to be looked for in the same column, or in one of the nine following col- 
umns ; and if they are exactly found, the first three figures of the corre- 
sponding number will be found opposite to them in the column headed 
N, and the fourth figure will be found at the top of the page. This num 
ber must be made to correspond with the characteristic of the given 
logarithm by pointing off decimals or annexing ciphers. Thus 

the natural number belonging to the logarithm 4.370143 is 23450 ; 

“ “ “ “ 1.538574 is 34.56. 

If the decimal part of the logarithm can not be exactly found in the 
table, look for the nearest less logarithm, and take out the four figures 
of the corresponding natural number as before ; the additional figures 
may be obtained by means of the Proportional Parts at the bottom of 
the page. 

Required the number belonging to the logarithm 4.368399. 

On page 6, we find the next less logarithm .368287. 

The four corresponding figures of the natural number are 2335. 
Their logarithm is less than the one proposed by 112. The tabular 
difference is 186 ; and, by referring to the bottom of page 6, we find 
that, with a difference of 186, the figure corresponding to the Propor- 
tional Part 112 is 6. Hence the five figures of the natural number are 
23356 ; and, since the characteristic of the proposed logarithm is 4, these 
five figures are all integral. 

Required the number belonging to logarithm 5.345678. 

The next less logarithm in the table is .345570 

Their difference »s 108. 
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The first four figures of the natural number iare 2216. 

With the tabular difference 196, the fifth fig are corresponding to 108 
is seen to be 5, with a remainder of 10, which (furnishes a sixth figure 5 
nearly. Hence the required number is 221656. 

In the same mainner we find 

the number corresponding to logarithm 3.638672 is 3456.78 ; 

« “ “ 1.094605 is 98.7654; 

* “ “ 1.647817 is .444444. 

' Table of Natural Sines and Tangents, pp. 116-133. 

This is a table of natural sines and tangents for every degree ana 
minute of the quadrant, carried to six places of figures. Since the ra- 
dius of the circle is supposed to be unity, the sine of every arc below 
90° is less than unity. These sines are expressed in decimal parts of the 
radius ; and, although the decimal point is not written in the table, it 
must always be prefixed. The degrees are arranged in order at the top 
of the page, and the minutes in the left hand vertical column. Directly 
under the given number of degrees at the top of the page, and opposite 
to the minutes on the left, will be found the sine required. The two 
leading figures are repeated at intervals of ten minutes. Thus 
the sine of 6° 27' is .112336 ; 

“ “ 28° 53' is .483028. 

The same number in the table is both the sine of an arc and the co- 
sine of its complement. The degrees for the cosines must be sought at 
the bottom of the page, and the minutes on the right. Thus 
the cosine of 62° 25' is .463038 ; 

“ “ 84° 23' is .097872. 

If a sine is required for an arc consisting of degrees, minutes, and sec 
onds , it may be found by means of the line at the bottom of each page, 
which gives the proportional part corresponding to one second of arc 

Required the sine of 8° 9' 10". 

The sine of 8° 9' is .141765. 

By referring to the bottom of page 116, in the column under 8°, we 
find the correction for 1" is 4.80 ; hence the correction for 10" must be 
48, which, added to the number above found, gives for t)ie sine of 8° 
9' 10", .141813. 

In the same manner we find 

the cosine of 56° 34' 28" is .550853. 

It will be observed, that since the cosines decrease while the arcsin 
crease, the correction for the 28" is to be subtracted from the cosine 
of 56° 34'. 

The arrangement of the table of natural tangents is similar to that of 
the table of sines. The tangents for arcs less than 45° are all less than 
radius, and consist wholly of decimals, for arcs above 45°, the tan- 
gents are all greater than radius and contain both integral and decimal 
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figures. The proportional parts at the bottom of each page enable us* 
readily to find the correction for seconds. Thus 

the natural tangent of 32° 29' 18" is .636784 ; 

“ “ 74 d 35' 55" is 3.63014. 

To find the Number of Degrees , Minutes , and Seconds belonging to a 
given Sine or Tangent 

If the given sine or tangent is found exactly in the table, the cone- 
sponding degrees will be found at the top of the page, and the minutes 
on the left hand. But when the given number is not found exactly in 
the table, look for the sine or tangent which is next less than the pro- 
posed one, and take out the corresponding degrees and minutes. Find, 
also, the difference between this tabular number and the number pro- 
posed, and divide it by the proportional part for 1" found at the bottom 
of the page ; the quotient will be the required number of seconds. 

Required the arc whose sine is .750000. 

The next less sine in the table is .749919, the arc corresponding to 
which is 48° 35'. The difference between this sine and that proposed 
is 81, which, divided by 3.21, gives 25. Hence the required arc is 48° 
35' 25". 

In the same manner we find 

the arc whose tangent is 2.000000, to be 63° 26' 6". 

Table of Natural Secants, pp. 134-5. 

This is a table of natural secants for every ten minutes of the quad- 
rant carried to seven places of figures. The degrees are arranged in 
order in the first vertical column on the left, and the minutes at the top 
of the page. Thus 

the secant of 21° 20' is 1.073561 ; 

“ “ 81° 50' is 7.039622. 

If a secant is required for a number of minutes not given in the table, 
the correction for the odd minutes may be found by means of the last 
/srtical column on the right, which shows the proportional part forgone 
minute. / 

Let it be required to find the secant of 30° 33'. J 

The secant of 30° 30' is 1.160592. / 

The correction for 1' is 198.9, which, multiplied by 3, jgives 597 
Adding this to the number before found, we obtain 1.16118$. 

For a cosecant, the degrees must be sought in the right-Kand vertical 
column, and the minutes at the bottom of the page. ’ Thus 
the cosecant of 47° 40' is 1.352742. > 

Table of Logarithmic Sines and Tangents,^. 21-115. 

This is a table of the logarithms of the sines and/tangents for every 
ten seconds of the quadrant, carried to six places of decimals The de* 

/ 

Digitized by Google 



ill 


Explanation of the Tables. 


* grees and seconds are placed at the top of the page, and the minutes 
the left vertical column. After the first two degrees, the three leading 
figures in the table of sines are only given in the column headed 0", and 
are to be prefixed to the numbers in the other columns, as in the table 
of logarithms of numbers. Also, where the leading figures change, this 
change is indicated by dots, as in the former table. The correction foi 
any number of seconds less than 10 is given at the bottom of the page. 

To find the Logarithmic Sine or Tangent of a given Arc . 

Loot for the degrees at the top of the page, the minutes on the leit 
hand, and the next less tenth second at the top ; then, under the seconds, 
and opposite to the minutes, will be found four figures, to which the 
three leading figures are to be prefixed from the column headed 0" ; to 
this add the proportional part for the odd seconds from the bottom of 
the page. 

Required the logarithmic sue of 24° 27' 34". 

The logarithmic sine of 24° 27' 30" is 9.617033. 

Proportional part for 4" is 18. ' 

Logarithmic sine of 24° 27' 34" is 9.617051. 

This is the logarithm of .414049 found in the table of natural sines on 
page 120. The natural sine being less than unity, the characteristic 
of its logarithm is negative. Tg obviate this inconvenience, the char- 
acteristics in the table nave all been increased by 10 ; or the logarith- 
mic sines may be regarded as the logarithms of natural sines computed 
for a radius of 10,000,000,000. 

Required the logarithmic tangent of 73° 35' 43". 

The logarithmic tangent of 73° 35' 40" is 10.531031. 

Proportional part for 3" is 23. 

Logarithmic tangent of 73° 35' 43" 10.531054. 

When a cosine is required, the degrees and seconds must be sought 
at the bottom of the page, and the minutes on the right, and the correc 
tioma for the odd seconds must be subtracted from the number in the table 
Required the logarithmic cosine of 59° 33' 47". 

■'v The logarithmic cosine of 59° 33' 40" is 9.704682. 

Proportional part for 7" is 25. 

^Logarithmic cosine of 59° 33' 47" is 9.704657. 

So, also, the 1 logarithmic cotangent of 37° 27' 14" is found to be 10.115744. 

The proportional parts given at the bottom of each page correspond 
to the degree^ at the top oi the page increased by 30', and are not 
strictly applicable to any other number of minutes; nevertheless, the 
differences of thv^ sines change so slowly, except near the commence- 
ment of the quadrant, that the error resulting from using these numbers 
for every part of th^ page will sq dom exceed a unit in the sixth deci- 
mal place. For the *irst two degrees, the differences change so rapidly 
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that the proportional part for 1" is given for each minute in the right- 
hand column of the page. The correction for any number of seconds 
less than ten will be found by multiplying the proportional part for J ' 
by the given number of seconds. 

Required the logarithmic sine of 1° 17' 33". 

The logarithmic sine of 1° 17' 30" is 8.352991 
The correction for 3" is found by multiplying 93.4 by 3, which gives 
280. Adding this to the above tabular number, we obtain 
the sine of 1° 17' 33", 8.353271. 

A similar method may be employed for several of the first degrees 
of the quadrant, if the proportional parts at the bottom of the page are 
not thought sufficiently precise. This correction may, however, be ob- 
tained pretty nearly by inspection from comparing the proportional 
parts for two successive degrees. Thus, on page 26, the correction for 
1", corresponding to the sine of 2° 30', is 48 ; the correction for 1", cor- 
responding to the sine of 3° 30', is 34. Hence the correction for 1", 
corresponding to the sine of 3° O', must be about 41 ; and in the same 
manner we may proceed for any other part of the table. 

Near the close of the quadrant, the tangents vary so rapidly, that the 
same arrangement of the table is adopted as for the commencement of 
the quadrant. For the last as well as the first two degrees of the quad- 
rant, the proportional part to 1" is given for each minute separately. 
These proportional parts are computed for the minutes placed opposite 
to them, increased by 30' , and are not strictly applicable to any other 
number of seconds ; nevertheless, the differences for the most part 
change so slowly, that the error resulting from using these numbers for 
every part of the same horizontal line is quite small. When great ac- 
curacy is required, the table on page 114 may be employed for arcs 
near the limits of the quadrant. This table furnishes the differences be- 
tween the logarithmic sines and the logarithms of the arcs expressed in 
seconds. Thus ^ 

the logarithmic sine of 0° 5' is 7.162696; 
the logarithm of 300" (=5') is 2.477121 ; 

the difference is 4.685575. 

This is the number found on page 114, under the heading log . sin* 
A — log . A", opposite 5 min. ; and in a similar manner the other numbers 
in the same column are obtained. These numbers vary quite slowly 
for two degrees ; and hence, to find the logarithmic sine of an arc l^ss 
than two degrees, we have but to add the logarithm of the arc expressed 
in seconds to the appropriate number found in this table. 

Required the logarithmic sine of 0° 7' 22". 

Tabular number from page 114, 4.685575. / 

The logarithm of 442" is 2.645422/ 

Logarithmic sine of 0° 7' 22" is 7.3309^7 

/ 
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Explanation of the Tables. 


The logarithmic tangent of an arc less than two degrees is found in 
a similar manner. 

Required the logarithmic tangent of 0° 27' 36". 

Tabular number from page 114, 4.685584. 

The logarithm of 1 656" is 3.2 1 9060. 

Logarithmic tangent of 0° 27' 36" is 7.904644. 

The column headed log . cot . A+log. A" is found by adding the log- 
arithmic cotangent to the logarithm of the arc expressed in seconds. 
Hence, to find the logarithmic cotangent of an arc less than two degrees, 
we must subtract from the tabular number the logarithm of the arc in 
seconds. 

Required the logarithmic cotangent of 0° 27' 36". 

Tabular number from page 114, 15.314416. 

The logarithm of 1656" is 3.219060. 

Logarithmic cotangent of 0° 27' 36" is 12.095356. 

The same method will, of course, furnish cosines and cotangents ol 
arcs near 90°. 

The secants and cosecants are omitted in this table, since they are 
easily derived from the cosines and sines. 

The logarithmic secant is found by subtracting the logarithmic cosint 
from 20 ; and the logarithmic cosecant is found oy subtracting the loga- 
rithmic sine from 20. 

Thus we have found the logarithmic sine of 24° 27' 34" to be 9.617051. 
Hence the logarithmic cosecant of 24° 27' 34" is 10.382949. 

The logarithmic cosine of 54° 12' 40" is 9.767008. 

Hence the logarithmic secant of 54° 12' 40" is 10.232992. 

To find the Arc corresponding to a given Logarithmic Sine or Tangent 

If the given number is found exactly in the table the corresponding 
degrees and seconds will be found at the top of the page, and the min- 
utes on the left. But when the given number is not found exactly in 
the fable, look for the sine or tangent which is next less than the pro- 
posed one, and take out the corresponding degrees, minutes, and sec- 
onds. Find, also, the difference between this tabular number and the 
number proposed, and, corresponding to this difference, at the bottom of 
the page will be found a certain number of seconds, which is to be added- 
he arc before found. 

Reqt&ijed the arc corresponding to the logarithmic sine 9.750000. 

The iie^t less sine in the table is 9.749987. 

The arc corresponding to which is 34° 13' 0". 

The difference between its sine and the one proposed is 13, corre- 
sponding to whi^h, at the bottom of the page, we find 4" nearly. Hence 
thf* required arc is 34° 13' <i'\ 
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In the same manner we find tne arc corresponding to logarithmic tan 
gent 10.250000, to be 60° 38' 57". 

When the arc falls within the first two degrees of the quadrant, the 
odd seconds may be found by dividing the difference between the tab- 
ular number and the one proposed, by the proportional part for 1". We 
thus find the arc corresponding to logarithmic sine 8.400000, to be 1° 
26' 22" nearly. 

We may employ the same method for the last two degrees of the 
quadrant when a tangent is given ; but near the limits of the quadrant 
it is better to employ the auxiliary table on page 114. If we subtract 
the corresponding tabular number on page 114 from the given logarith 
mic sine, the remainder will be the logarithm of the arc expressed in 
seconds. 

Required the arc corresponding to logarithmic sine 7.000000. 

We see, from page 22, that the arc must be nearly 3' ; the correspond 
ing tabular number on page 114 is 4.685575. 

The difference is 2.314425; 
which is the logarithm of 206."265. 

Hence the required arc is 3' 26."265. 

In the same manner we find the arc corresponding to logarithmic 
tangent 8.184608, to be 0° 52' 35". 

Table for the Lengths of Circular Arcs, p. 135. 

This table contains the lengths of every single degree up to 60, and 
at intervals of ten degrees up to 180 ; also for every minute and second 
up to 20. The lengths are all expressed in decimal parts of radius. 

Required the length of an arc of 57° 17' 44."8. 

Take out from their respective columns the lengths answering to each 
of these numbers singly, and add them all together thus : 


57° 0.9948377 

17' 0049451 

40" 0001939 

4" 0000194 

0."8 0000039 

The sum is 1.0000000. 


That is, the length of an arc of 57° 17' 44."8 is equal to the radius of 
the circle. 


Traverse Table, pp. 136-141. 


This table shows the difference of latitude and the departure to four 
decimal places for distances from 1 to 10, and for bearings from 0° to 
90°, at intervals of 15'. If the bearing is less than 45°, the angle will 
be found on the left margin of one of the pages of the table* and the dis 
tance at the top or bottom of the page ; the difference of latitude wil 
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Explanation of the Tables 


be found in the column headed lat. at the top of the page, and the de * 
parture in the column headed dep. If the bearing is more than 45°, fne 
angle will be found on the right margin, and the difference of latitude 
will be found in the column marked lat . at the bottom of the page, and 
the departure in the other column. The latitudes and departures for 
different distances with the same bearing, are proportional to the dis- 
tances. Therefore the distances may be reckoned as tens, hundreds, or 
thousands, if the place of the decimal point in each departure and differ- 
ence of latitude be changed accordingly. 

Required the latitude and departure for the distance 32.25, and the 
bearing 10° 30'. 

On page 136, opposite to 10° 30', we find the following latitudes and 
departures, proper attention being paid to the position of the decimal 
joints. 


Distance . 

Diff. Lat. 

Dep. 

30 

29.498 

5.467 

2 

1.966 

.364 

.2 

.197 

.036 

.05 

.049 

.009 

32.25 

31.710 

5.876. 


Table of Meridional Parts, pp. 142-148. 

This table gives the length of the enlarged meridian on Mercator s 
Chart to every minute of latitude expressed in geographical miles and 
tenths of a mile. The degrees of latitude are arranged in order at the 
top of the page, and the minutes en both the right and left margins. 
Under the degrees and opposite to the minutes are placed the merid- 
ional parts corresponding to any latitude less than 80°. Thus 
the meridional parts for latitude 12° 23' are 748.9 ; 

“ “ “ 57° 42' are 4260.5. 

Table of Corrections to Middle Latitude, p. 149. 

This table is used in Navigation for correcting the middle latitude 
The given middle latitude is to be found either in the first or last verti- 
cal column, opposite to which, and under the given difference of latitude, 
is inserted the proper correction in minutes, to be added to the middle 
latitude to obtain the latitude in which the meridian distance is accu 
ratejy equal to the departure. Thus, if the middle latitude is 41°, and 
the difference of latitude 14°, the correction will be found to be 25', 
which, added to the middle latitude, gives the corrected middle latitude 
41 ° 25'. 
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0 1 

LOGARITHMS OE NUMBERS 

FROM 1 TO 10 , 000 . 


N. 

Log. 

IE9 

Log. 

■a 



Log. 


0.000000 

26 

I. 4 l 4973 

5 i 

1.707570 

76 

I . 88 o 8 l 4 


o. 3 oio 3 o 

27 

i. 43 i 364 

52 

1.716003 

77 

I .886491 


0.477121 

28 

1 . 447 i 58 

53 

1.724276 

78 

1.892096 


0.602060 

2 9 

1 .462398 

54 

1.732394 

79 

I.897627 

5 

0.698970 

3 o 

1.477121 

55 

1 . 74 o 363 

80 

1.903090 

6 

0.778151 

3 i 

1.491362 

56 

1.748188 

81 

1.908485 

7 

0.845098 

32 

1 . 5 o 5 i 5 o 

57 

1.755876 

82 

I . 9 l 38 l 4 

8 

0.903090 

33 

1 , 5 i 85 i 4 

58 

1.763428 

83 

I.9I9O78 

9 

0.954243 

34 

i. 53 i 479 

59 

1.770852 

84 

1.924279 

10 

1 . 000000 

35 

1 . 544 o 68 

60 

i. 778 i 5 i 

85 

1.929419 

ii 

1.041393 

36 

1 . 5563 o 3 

61 

i. 78533 o 

86 

1.934498 

12 

1 .079181 

El 

1.568202 

62 

1.792392 

87 

I .939519 

i 3 

1.113943 

38 

1.579784 

63 

1.799341 

88 

I .944483 

i 4 

1.146128 

3 9 

1.591065 

64 

i. 806180 

89 

1.949390 

i 5 

1.176091 

4 o 

1.602060 

65 

1.812913 

90 

1.954243 

16 

1 .204120 

4i 

1.612784 

66 

1.819544 

9i 

I.95904l 

17 

1 .23o449 

42 

1.623249 

67 

1.826075 

92 

I.963788 

18 

1.255273 

43 

1.633468 

68 

1 .832509 

9 3 

1.968483 

19 

1.278754 

44 

1.643453 

69 

1.838849 

94 

I .973128 

20 

1 . 3 oio 3 o 

45 

i. 6532 i 3 

70 

1.845098 

9 5 

1.977724 

21 

1.322219 

46 

1 .662758 

71 

i. 85 i 258 

9% 

I.98227I 

22 

1 . 342423 

47 


72 

1.857332 

97 

I.986772 

23 

1.361728 

48 

1.681241 

73 

1.863323 

98 

I .991226 

24 

1.380211 

49 

1.690196 

74 

1 .869232 

99 

I .995635 

25 

1.397940 

5 o 

1 .698970 

75 

1 .875061 

100 

2 . OOOOOO 


N.B. In the following table, the two leading figures in the first column 
of logarithms are to be prefixed to all the numbers of the same horizontal 
line in the next nine columns ; but when a point (.) occurs, its place is to 
be supplied by a cipher, and the two leading figures are to be taken firom 
the next lower line. 
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Logarithms of Numbers. 


N 

0 

T 

| 1 

100 

o>oooo 

0434 

101 

4321 

4751 

102 

8600 

9026 

io3 

012837 

325 9 

104 

7 o33 

745 I 

io5 

021189 

i6o3 

106 

53o6 

57 1 5 

107 

9 384 

9789 

108 

o33424 

3826 

109 

7426 

7825 

no 

o4i3 9 3 

1787 

in 

5323 

5 7 i4 

112 

9218 

9606 

1 1 3 

053078 

3463 

ii4 

6 9 o5 

7286 

1 1 5 

060698 

1075 

116 

4458 

4832 

n 7 

8186 

855 7 

118 

071882 

2250 

n 9 

5547 

5912 

120 

9181 

9543 

121 

082785 

3 1 44 

"NT 

0“ 

1 


4i4 

4l2 

4io 
4o8 
4o6 
4o4 « 

. 402 £ 

© 400 
g 398 -a 

I 9 !' 

p 3 94 g. 
392 2 
390 Ph 
388 
386 
384 
382 
38o 
3 7 8 
3 7 6 


43 87 i3o 174 

43 86 i3o 173 

43 86 129 172 

43 86 128 171 

43 85 128 170 

42 85 127 170 

4a 84 127 169 

42 84 126 168 

4a 84 125 167 

4a 83 125 166 

4i 83 124 166 

4i 82 124 i65 

4i 82 123 164 

4i 82 122 1 63 

4i 81 122 162 

4o 81 121 1O2 

4o 80 121 161 

4o 80 120 160 

4o 80 1 1 9 159 

4o 79 1 1 9 1 58 

39 79 1 1 8 1 58 

39 78 1 1 8 1 57 

39 78 1 1 7 i56 

39 78 116 1 5 5 

39 77 1 1 6 1 54 

38 77 1 1 5 1 54 

38 76 1 1 5 1 53 

38 76 u4 1 52 

38 76 1 1 3 1 5 1 

38 75 1 1 3 i5o 

37 75 1 1 2 i5o 

37 74 112 149 

37 74 hi i48 

37 74 no 147 

37 73 no 146 

36 73 109 146 

.36 72 109 i 45 

3 $ 72 108 1 44 


2166 2598 3029 346i 3891 

6466 6894 7321 7748 8174 

.724 ii 4 7 1570 1993 24i5 

4g4o 536o 5779 6197 6616 

9116 9532 9947 .36i .775 

3252 3664 4075 4486 4896 

735o 7757 8164 8571 8978 

i4o8 1812 2216 2619 3o2i 

543o 583o 623 o 6629 7028 

94 i 4 9811 .207 .602 .998 

3362 3755 4i48 454o 4932 

7275 7664 8o53 8442 883o 

1 1 53 1 538 1924 2309 2694 

4996 5378 5760 -6142 6524 

88o5 9185 9563 9942 .320 

2582 2958 3333 3709 4o83 

6326 6699 7071 7443 7815 

..38 .407 .776 ii 45 i 5 i 4 

3718 4o85 446i 4816 5 i82 

7368 7731 8094 8457 8819 

.987 1 347 1707 2067 2426 

4576 4934 6291 5647 6oo4 

^5 6 7 8 T* 

217 260 3o4 347 391 

216 259 3o2 346 389 

2i5 258 3oi 344 387 

214 257 3oo 342 385 

2 1 3 256 298 34i 383 

212 254 297 339 382 

211 253 295 338 38o 

210 252 294 336 378 

209 25 i 293 334 376 

208 25o 291 333 374 

207 248 290 33 1 373 

206 247 288 33o 371 

2o5 246 287 328 369 

204 245 286 326 367 

2o3 244 284 325 365 

202 242 283 323 364 

201 24l 28l 322 362 

200 240 280 320 36o 

199 239 279 3 1 8 358 

198 238 277 3 1 7 356 

197 236 276 3 1 5 355 

196 235 274 3 1 4 353 

195 234 273 3i2 35 i 

194 233 272 3io 349 

193 232 270 309 347 

192 23o 269 307 346 

191 229 267 3o6 344 

190 228 266 3o4 342 

189 227 265 3o2 34o 

188 226 263 3oi 338 

187 224 262 299 337 

186 223 260 298 335 

1 85 222 259 296 333 

1 84 221 258 294 33i 

1 83 220 256 293 329 

182 218 255 291 328 

181 217 253 290 826 

180 216 252 288 324 
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rm d. 


182 1 260071 

245 1 
4818 

7172 


3527 
5782 
8026 
0257 
2478 2699 
4687 4907 
6884 7104 

9071 9289 

1247 i464 
3412 3628 


203 7496 

204 9630 


33o4i4 

0617 

2438 

2640 

4454 

4655 

646o 

6660 

8456 

8656 

34o444 

0642 

2423 

2^20 



1 1 2 


2028 2225 I98 

3999 4196 I97 


5 I 6 I 7 I 8 I 9 | D. 


90 2l4 

89 212 

87 21 1 

86 209 
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264 I 421604 1768 
3a46 34io 
4882 5o45 
65 1 1 6674 
8i35 8297 
9752 9914 
1664 i 525 

2969 3i3o 
272 | 4569 4729 

6i63 6322 

77 5 i 79 09 
9333 9491 
76 { 440909 1066 

2480 2637 
4o45 4201 
56o4 5760 
7i58 7 §i 3 
8706 8861 
282 | 450249 o4o3 
1786 1940 

33i8 3471 
4845 4997 
6366 65i8 
7882 8o33 
9392 9543 
289 | 460898 1048 
2398 2548 
3893 4042 
5383 5532 
6868 7016 

8347 8495 
9822 9969 
296 | 471292 i438 
2756 2903 
4216 4362 
5671 58i6 
7121 7266 

301 8566 8711 

302 480007 oi 5 i 

303 i443 1 586 

2874 3oi6 

5 43oo 4442 

6 5721 5863 

7 7138 7280 

8 855i 8692 

9 9958 ..99 

1 362 l5o2 
2760 29 


N. 0 1 




2 3 4 

1933 2097 2261 

3574 3737 3901 
5208 5371 5534 
6836 6999 7161 
8459 8621 8783 
..75 .236 .398 
i685 1846 2007 
3290 345o 36io 
4888 5o48 5207 
6481 664o 6799 

8067 8226 8384 
9648 9806 9964 
1224 i 38 i i538 
2793 2950 3io6 
4357 45i3 4669 
5915 6071 6226 
7468 7623 7778 
9015 9170 9324 
o557 0711 o865 
2093 2247 2 4oo 

3624 3777 3930 
5i5o 53o2 5454 
6670 6821 6973 
8x84 8336 8487 
9694 9845 9995 
1198 x348 1499 
2697 2847 2 997 
4191 434o 4490 
568o 5829 5977 
7x64 73i2 7460 

8643 8790 8938 
.116 .263 .410 

i585 1732 1878 
3 o 49 3195 334i 
45o8 4653 4799 
5962 6107 6252 
7411 7555 7700 

8855 8999 9143 
0294 o438 o582 
1729 1872 2016 

3 1 59 3302 3445 
4585 4727 4869 
6oo5 6147 6289 
7421 7563 7704 
8833 8974 9114 
.239 .38o .520 
1642 1782 1922 
3o4o 3179 3319 


2 3 




5 

6 

mi 

8 

9 

81 

97 

zi3 

i3o 

i46 

80 

96 

X12 

128 

1 44 

79 

9 5 

XII 

126 

142 

78 

94 

109 

125 

1 4 o' 

77 

92 

108 

123 

1^9 

76 

9i 

106 

122 

^3 7 

75 

90 

io5 

120 , 

z 35 

74 

89 

io4 

!18 

i33 

73 

88 

102 


1 3 1 

7* 

86 

IOX 

"ii 5 

i3o 

7i 

85 

99' 

[ ”4 

128 

70 

84 

98 

1 112 

126 
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2 

3 

4 

5 

6 

mm 

24 

36 

48 

6o 

7 1 

83 

24 

35 

47 

5 9 

7 1 

83 

23 

35 

47 

5 9 

70 

82 

23 

35 

46 

58 

70 

81 

23 

35 

46 

58 

69 

81 

23 

34 

46 

5 7 

68 

80 

23 

34 

45 

57 

68 

79 

22 

34 

45 

56 

67 

78 

22 

33 

44 

56 

67 

78 

22 

33 

44 

55 

66 

77 

22 

33 

44 

55 

65 

76 

22 

32 

43 

54 

65 

76 

21 

32 

43 

54 

64 

75 


8 I 9 D. 
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Logarithms of Lumbers. 


1 


N. 

0 

m 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

458 

66 o 865 

0960 

io 55 

ii 5 o 

1245 

1339 

i 434 

1629 

1623 

1718 

9 5 

459 

i 8 i 3 

I 9°7 

2002 

2096 

2191 

2286 

238 o 

2475 

2569 

2663 

46o 

2758 

2862 

2947 

3 o 4 i 

3 i 35 

323 o 

3324 

34 i 8 

35 ia 

3607 

94 

46 1 

3701 

3795 

3889 

3 9 83 

4078 

4172 

4266 

436 o 

4454 

4548 

462 

4642 

4736 

483 o 

4924 

5 oi 8 

5 lI 2 

5206 

5299 

5393 

5487 


463 

558 i 

56 7 5 

5769 

5862 

5956 

6 o 5 o 

6 i 43 

6237 

633 i 

6424 


464 

65 i 8 

6612 

6705 

6799 

6892 

6986 

7079 

7173 

7266 

7360 


465 

7453 

7546 

7640 

7733 

7826 

7920 

8 oi 3 

8106 

8199 

8293 

*3 

466 

8386 

8479 

8572 

8665 

8759 

8852 

8945 

9038 

9 i 3 i 

9224 


467 

9 3, 7 

9410 

95 o 3 

9596 

9689 

9782 

9875 

9967 

. .60 

. 1 53 


468 

670246 

0339 

o 43 1 

o 524 

0617 

0710 

0802 

0895 

0988 

1080 


469 

1173 

1265 

i 358 

i 45 i 

i 543 

i 636 

1728 

1821 

1913 

2005 


470 

2O98 

2190 

2283 

2375 

2467 

256 o 

2652 

2744 

2836 

2929 

92 

471 

3021 

3 ii 3 

32 o 5 

3297 

3390 

3482 

3574 

3666 

3 7 58 

385 o 


472 

3942 

4 o 34 

4126 

4218 

43 io 

4402 

4494 

4586 . 

4677 

4769 


473 

4861 

4 q 53 

5 o 45 

5 i 37 

5228 

5320 

5412 

55 o 3 

55 9 5 

568 7 


474 

5778 

5870 

5962 

6 o 53 

6 i 45 

6236 

6328 

6419 

65 1 1 

6602 


475 

6694 

6785 

6876 

6968 

7 o 5 9 

71 5 1 

7242 

•> 333 

7424 

j5i6 

91 

476 

7607 

7698 

7789 

7881 

7972 

8 o 63 

8 i 54 

8245 

8336 

8427 


477 

85 i 8 

8609 

8700 

8791 

8882 

8973 

9064 

9 i 55 

9246 

9337 


478 

9428 

9 5 i 9 

9610 

9700 

979 1 

9882 

9973 

..63 

. i 54 

.245 


479 

68 o 336 

0426 

o 5 i 7 

0607 

0698 

0789 

0879 

0970 

1060 

ii 5 i 


48o 

1241 

i 332 

1422 

1 5 1 3 

i 6 o 3 

1693 

1784 

1874 

1964 

2 o 55 

90 

48i 

2 i 45 

2235 

2326 

2416 

25 o 6 

2596 

2686 

2777 

2867 

2957 


482 

3 o 47 

3 i 3 7 

3227 

3317 

3407 

3497 

3587 

3677 

3767 

385 7 


483 

3947 

4 o 37 

4127 

4217 

4307 

4396 

4486 

4576 

4666 

4756 


484 

4845 

4935 

5 o 25 

5 n 4 

52 o 4 

5294 

5383 

5473 

5563 

565 a 


485 

57 42 

583 i 

5921 

6010 

6100 

6189 

6279 

6368 

6458 

6547 

89 

486 

6636 

6726 

68 i 5 

6904 

6994 

7083 

7172 

7261 

j35i 

744o 


48 7 

7529 

7618 

7707 

7796 

7886 

7975 

8 o 64 

8 i 53 

8242 

833 i 


488 

0 

00 

8 509 

85 9 8 

8687 

8776 

8865 

8 9 53 

9042 

9 i 3 i 

9220 


48 9 

9309 

9398 

9 486 

9 5 7 5 

9664 

9753 

9841 

9930 

..19 

. 107 


490 

6qoiq6 

0285 

0373 

0462 

o 55 o 

0639 

0728 

0816 

0905 

0993 

88 

491 

1081 

1170 

1258 

1347 

i 435 

i 524 

1612 

1700 

1789 

1877 

492 

1965 

2 o 53 

2142 

2230 

23 i 8 

2406 

2494 

a 583 

2671 

2 7 5 9 


493 

2847 

2935 

3 o 23 

3 iii 

3 i 99 

3287 

3375 

3463 

355 i 

363 9 


494 

3 7 a 7 

38 i 5 

3903 

399 1 

4078 

4i66 

4254 

4342 

443 o 

45 i 7 


4 9 5 

46 o 5 

46 9 3 

4781 

4868 

4956 

5 o 44 

5 i 3 i 

5219 

5307 

5394 


496 

i)482 

5569 

5657 

5744 

5832 

5 9'9 

6007 

6094 

6182 

6269 

87 

497 

6356 

6444 

653 i 

6618 

6706 

6793 

6880 

6968 

7o55 

7142 


498 

7229 

7317 

74 o 4 

7491 

7578 

7665 

775 a 

7 83 9 

7926 

8014 


499 

8101 

8188 

8275 

8362 

8449 

8535 

8622 

87O9 

8796 

8883 


5 oo 

8970 

9057 

91.44 

9231 

9317 

9404 

9 4 9 i 

9578 

9664 

9751 


5 oi 

9 838 

9924 

. .11 

. .08 

.i 84 

.271 

.358 

• 444 

. 53 i 

.617 


502 

700704 

0790 

0877 

0963 

io 5 o 

n 36 

1222 

1309 

1395 

i48a 

!6 

5 o 3 

1 568 

i 654 

1741 

1827 

1913 

1999 

2086 

2172 

2258 

2344 


5 o 4 

243 1 

2517 

2603 

2689 

2775 

2861 

2947 

3 o 33 

3119 

32 o 5 


5 o 5 

3291 

3377 

3463 

3549 

3635 

3721 

3807 

38 9 3 

3979 

4 o 65 


5 o 6 

4 i 5 i 

4236 

4322 

44 o 8 

4494 

4579 

4665 

475 i 

483 7 

4922 


507 

5 oo 8 

5094 

5179 

5265 

535 o 

5436 

5522 

5607 

56 9 3 | 

5778 

~ 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 



9 5 

10 

*9 

2 9 

38 

K9 

57 

67 

76 

86 



94 2 

9 

19 

28 

38 

S s 

56 

66 

75 

85 



93 s 

9 

*9 

28 

37 

S' 9 

56 

65 

74 

84 


i 

92 P* 

9 

18 

28 

3 7 


55 

64 

74 

83 


0 

a 

© . 

91 

9 

18 

27 

36 

K2 

55 

64 

73 

82 


u 

£ 

9° 

9 

18 

27 

36 

45 

54 

63 

72 

81 



89 1 

9 

18 

27 

36 

45 

53 

62 

7 1 

80 


H 

88 & 

! 9 

18 

26 

35 

44 

53 

62 

70 

79 



87 £ 

9 

17 

26 

35 

44 

52 

61 

70 

78 



86 

l 9 

17 

26 

34 

43 

5 a 

60 

69 

77 















































Differences 


Logarithms op Numbers. 
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Differences 
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Logarithms of Numbers. 


5119 
5698 
6276 
6 79 5 | 6853 
7429 


3093 3i5o 


8116 8176 
8718 8778 


2310 2370 
2906 2966 


3382 
3917 I 3977 
45 1 1 | 4570 
5i63 

5 7 55 58i4 
6346 64o5 
6878 | 6937 6996 
7526 7585 
8u5 8174 
8703 8762 


2797 
3379 3437 
3960 4oi8 
454o 



7634 7694 

8236 8297 


i833 1893 
243o 2489 
3oa5 3o85 

3620 368o 

4214 4274 
48o8 4867 
54oo 5459 
5992 6o5i 
6583 6642 
7173 7232 
7762 7821 
835o 8409 
8938 8997 


7 | 8 


7755 7815 



9 Id n 


5 I 60 


3 7 3 9 

4333 | 4392 


535i 5409 
5929 5987 
65o 7 6564 
7083 7141 
7659 7717 
8234 8292 
8809 8866 
9383 9440 
9956 ..i3 
o528 o585 

1099 1 1 56 
1670 1727 
2240 2297 
2809 2866 
33 77 3434 
3 9 45 4002 
45i2 4569 
5 o 7 8 5i 35 
5644 5700 
6209 6265 

6773 6829 
7 336 7392 
7898 7955 
846o 85 1 6 


9642 | 9701 
.228 
o8x3 I 0872 
1398 I i456 
1981 
2564 

3x46 32 o 4 
3727 3 7 85 
43o8 4366 
4888 

5466 
6o45 
6622 

7199 | 7256 | 

7774 
834 9 I 8407 I 
8924 I 8981 | 
9497 

..■JO 

0642 I 0699 


3858 59 

4452 

5o45 

563 7 

6228 

6819 

7409 

7998 

8586 

9173 

9760 

.345 

o 9 3o 58 

i5i5 


8464 57 

9089 
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Logarithms oy Numbers. 


































































































Logarithms of Numbers. 


N. 0 


508 705864 

509 6718 

510 7570 

5xi 8421 
5x2 9270 

5i3 710x171 
5x4 0963 1 

5x5 1807 

516 265 o 

517 349X 

518 433o 

519 5x67 

520 6oo3 

521 6838 

522 7671 

523 85 o 2 

524 933 i 

525 720159 | 

526 0986 

527 i8ix 

528 2634 

529 3456 

530 4276 

531 5095 

532 59x2 

533 6727 

534 754 x 

535 8354 

536 9165 

53? 9974 

538 730782 

539 1589 

540 2394 

541 3197 

54a 3999 

543 48oo 

544 5599 

545 6397 

546 7193 

547 7987 

548 8781 

549 9572 

550 74 o 363 

551 ii52 

552 1939 

553 2725 

554 35io 

555 4293 

556 5075 

55 7 5855 

558 6634 


N. | 0 


5949 

68o3 

7655 | 7740 


0371 o456 


44i4 I 4497 
525i I 5335 
6087 


2144 

2229 

2986 

3070 

3826 

3910 

4665 

4749 


9327 9408 


o863 0944 
1669 1750 



9779 
0625 
1470 
23i3 
3i 54 

9863 

0710 

i554 

2 3 97 

3238 

9948 

0794 

1639 

2481 

3323 

3994 

4833 


4162 

5ooo 

5669 

65o4 

7338 

8169 

9000 

5 7 53 

6588 

7421 

8253 

9083 

5836 

6671 

75o4 

8336 

9x65 


4767 4849 493i 
5585 566 7 5 7 48 



2635 2715 
3438 35i8 
4240 4320 
5o4o 5 1 20 
5838 5918 
6635 67x5 
743 i 75 ii 
8225 83o5 

8939 | 9018 9097 
9810 9889 
0600 

i388 | 1467 

2175 

2961 I 3o39 
3745 | 3823 
4528 
5309 

6089 

6868 


34 
34 

1 34 

25 33 

25 33 


8 16 24 32 

8 16 24 32 

8 16 24 32 

8 x6 23 3i 


2796 

35 9 8 

44oo I 448o I 456o 
5200 5279 5359 
5 99 8 

6795 6874 6954 

7590 7670 7749 

8384 8463 8543 

9177 9256 9335 
9968 


3 n 8 | 3196 | 3275 
3902 


1347 1428 
2i5a 2233 
2956 3o37 



8 9 


77 
77 

7 c 

7 5 

66 74 

65 7 3 

64 72 

63 71 

62 70 


^Google 




































































14 Logarithms op Lumbers. 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

L£_ 

9 

D. 

612 

786751 

6822 

68 9 3 

6964 

7035 

7106 

7177 

7248 

7319 

7 3 9 o 

7 1 

6 i 3 

7460 

753 l 

7602 

7673 

7744 

7816 

7 885 

7956 

8027 

8098 


6 i 4 

8168 

8239 

83 io 

838 i 

845 1 

8522 

85 9 3 

8663 

8734 

8804 


6 i 5 

8875 

8 9 46 

9016 

9087 

9 i5 7 

9228 

9299 

9369 

9440 

9510 


616 

9581 

g 6 Si 

9722 

9792 

9 863 

9933 

. . .4 

'..74 

.144 

. 2 l 5 

70 

617 

790285 

o 356 

0426 

0496 

0567 

0637 

0707 

0778 

0848 

0918 


618 

0988 

1059 

1129 

“99 

1269 

i 34 o 

i4io 

i48o 

i 55 p 

1620 


619 

1691 

1761 

i83i 

1901 

1971 

2041 

2111 

2181 

22S2 

2322 


620 

2392 

2462 

2532 

2602 

2672 

2742 

0812 

2882 

2952 

3022 


C21 

3092 

3162 

323i 

33 oi 

33 7 i 

3441 

35 n 

358 i 

365 1 

3721 


622 

3790 

386 o 

3930 

4ooo 

4070 

4139 

4209 

4279 

4349 

44 l 8 


623 

4488 

4558 

4627 

4697 

4767 

4836 

4906 

4976. 

5 o 45 

5 n 5 


624 

5 i 85 

5254 

5324 

53 9 3 

5463 

5532 

56o2 

5672 

5741 

58 n 


625 

588 o 

5949 

6019. 

6088 

61 58 

6227 

6297 

6366 

6436 

65 o 5 

69 

626 

6574 

6644 

6713 

6782 

6852 

6921 

6990 

7060 

7 I2 9 

7198 


627 

7268 

7337 

7406 

7475 

7545 

7614 

7 683 

7752 

7821 

789O 


628 

7960 

8029 

8098 

8167 

8236 

83 o 5 

83 7 4 

8443 

85 i 3 

8582 


629 

865 i 

8720 

8789 

8858 

8927 

8996 

9065 

9134 

9203 

9272 


63 o 

9341 

9409 

9478 

9547 

9616 

9 685 

9754 

9823 

9892 

9961 


63 i 

800029 

0098 

0167 

0236 

o 3 o 5 

0373 

0442 

o 5 n 

o 58 o 

o 648 


632 

O7I7 

<0 

QO 

0 

o 854 

0923 

0992 

1061 

1129 

1198 

1266 

1 335 


633 

i 4 o 4 

1472 

i54i 

1609 

1678 

i 7 4 7 

i 8 i 5 

1884 

1952 

2021 


634 

2089 

2 i 58 

2226 

229S 

2363 

2432 

2500 

2568 

2637 

2705 

68 

635 

2774 

2842 

2910 

2979 

3 o 47 

3 n 6 

,3i84 

3252 

3321 

338 9 

636 

3457 

3525 

35 9 4 

3662 

3730 

3 7 ' 9 8 

386 7 

3935 

4 oo 3 

4071 


63 7 

4139 

4208 

4276 

4344 

44 i 2 

:448o‘ 

4548 

4616 

4685 

4 7 53 


638 

4821 

4889 

4957 

5 o 25 

5093 

5 1 6 1 

5229 

5297 

5365 

5433 


63 9 

55 oi 

5569 

5637 

5705 

5 77 3 

584 i 

5908 

5976 

6 o 44 

6 lI 2 


64 o 

6180 

6248 

63 i 6 

6384 

645 I 

6519 

658 7 

6655 

6723 

679O 


64 1 

6858 

6926 

6994 

7061 

7 i2 9 

7197 

7264 

7332 

7400 

7467 


' 642 

7 535 

7603 

7670 

77 38 

7806 

7873 

79 4i 

8008 

8076 

8 l 43 

67 

l 643 

8211 

8279 

8346 

84 i 4 

848 1 

8549 

8616 

8684 

8751 

88l8 

644 

8886 

8 9 53 

9021 

9088 

9 i 56 

92.23 

9290 

9 358 

9425 

949 2 


645 

9560 

9627 

9694 

9762 

9829 

9896 

9964 

. . 3 i 

. .98 

. i 65 


646 

810233 

o 3 oo 

0367 

0434 

o 5 oi 

0569 

o 636 

0703 

0770 

0837 


647 

0904 

0971 

1039 

II 06 

1173 

1240 

1 307 

1374 

i44i 

i 5 o 8 


648 

i5 7 5 

1642 

1709 

1776 

i 843 

1910 

*977 

2044 

2111 

2178 


649 

2245 

23 1 2 

2379 

2445 

25 1 2 

25 79 

2646 

2713 

2780 

2847 


65 o 

2913 

2980 

3o47 

3 n 4 

3i8i 

3247 

33 i 4 

338 i 

3448 

35 i 4 


65 i 

358 i 

3648 

3 7 i4 

3781 

3848 

3914 

3981 

4 o 48 

4 n 4 

4181 


652 

4248 

43 i 4 

438i 

4447 

45 i 4 

458 i 

4647 

47 i 4 

4780 

4847 


653 

49 i 3 

4980 

5 o 46 

5 n 3 

5179 

5246 

53 i 2 

53 7 8 

5445 

55 n 

66 

654 

55 7 8 

5644 

5711 

5777 

5843 

5910 

5976 

6042 

6109 

6175 


655 

6241 

63 o 8 

63 7 4 

644 o 

65 o 6 

65 7 3 

663 g 

6705 

6771 

6838 


656 

6904 

6970 

7o36 

7102 

7169 

7235 

7301 

7 36 7 , 

7433 

7499 


65 7 

7565 

7 63i 

7698 

7764 

7830 

7896 

7962 

8028, 

8094 

8160 


658 

8226 

8292 

8358 

8424 

8490 

8556 

8622 

8688 

8754 

8820 


i 65 9 

8885 

8951 

9017 

9083 

9149 

9215 

928l 

9346 

9412 

9478 


( 660 

9544 

9610 

9676 

9741 

9807 

9873 

9939 

...4 

..70 

. 1 36 


f 661 

820201 

0267 

o 333 

0399 

o 464 

o 53 o 

o 5 gS 

0661 

0727 

0792 


\ 662 

o 858 

0924 

0989 

io 55 

1 120 

1186 

I 25 l 

1317 

1 382 

i 448 

65 

5 663 

i5i4 

1579 

1645 

1710 

i 77 5 

i84i 

1906 

1972 

2037 

2103 

i 664 

2168 

2233 

2299 

2364 

2 43o 

2495 

256o 

2626 

2691 

2756 


N. 

0 

mi 

n 

3 


ra 


m 

8 

9 

D. 


7 1 * 


■Hi 

21 

28 

36 

43 

5 o 

57 

64 


si 

7° ? 

7 

i 4 

21 

28 

35 

42 

49 

56 

63 


0 

Q 

69 

7 

i 4 

21 

28 

35 

4 i 

48 

55 

62 


© . 
S-I ' 

68 ^ ■ 

7 

i 4 

20 

27 

34 

4 i 

48 

54 

61 


t© 

Sc 

67 g. 

7 

i 3 

20 

27 

34 

4 o 

47 

54 

60 


p 

66 2 

7 

i 3 

20 

26 

33 

4 o 

46 

53 

69 



65 A- 

7 

i 3 

20 

26 

33 

3 9 

46 

52 

5 9 
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Logarithms of Numbers. 


IS 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

665 

822822 

2887 

2952 

3 oi 8 


3 1 48 

32 i 3 

3279 

3344 

3409 

65 

666 

3474 

3539 

36 o 5 

3670 

3735 

38 oo 

3865 

3930 

3996 

4o6i 


667 

4126 

4191 

4256 

4321 

4386 

445 1 

45 i 6 

458 i 

4646 

4711 


668 

4776 

484 x 

4906 

4971 

5 o 36 

5ioi 

5 i 66 

523i 

5296 

536 i 


669 

5426 

5491 

5556 

5621 

5686 

5751 

58 i 5 

588 o 

5945 

6010 


670 

6075 

6i4o 

6204 

6269 

6334 

6399 

6464 

6528 

65 9 3 

6658 


671 

6723 

6787 

6852 

6917 

6981 

7046 

7111 

7 » 7 5 

7240 

73o5 


672 

7369 

7434 

7499 

7 563 

7628 

7692 

7757 

7821 

7886 

7951 

64 

6 7 3 

8 oi 5 

80*80 

8 l 44 

8209 

8273 

8338 

8402 

846 7 

853 1 

85 9 5 

6 7 4 

8660 

8724 

8789 

8853 

8918 

8982 

9046 

9III 

9175 

92S9 


675 

93 o 4 

9368 

9432 

9^97 

956i 

9625 

9690 

9754 

98l8 

9882 


676 

9947 

. .11 

.. 7 5 

. i3 9 

.204 

.268 

.332 

.396 

.460 

.525 


677 

83o589 

o 653 

O7I7 

0781 

o 845 

0909 

0973 

1037 

1102 

1166 


678 

ia 3 o 

1294 

i 358 

1422 

i486 

i 55 o 

1614 

I678 

1742 

1806 


t 679 

1870 

1934 

1998 

2062 

2126 

2189 

2253 

2317 

238i 

2445 


680 

2509 

2573 

2637 

2700 

2764 

2828 

2S92 

2956 

3020 

3 o 83 


681 

3i47 

3211 

3275 

3338 

3402 

3466 

353 o 

35 9 3 

3657 

3721 


682 

3 7 84 

3848 

3912 

3975 

4039 

4 io 3 

4i66 

4 '> 3 o 

4294 

4357 


683 

4421 

4484 

4548 

46ii 

4675 

4739 

4802 

4866 

4929 

499 3 


684 

5 o 56 

5 l 20 

5 i 83 

5247 

53 io 

53 7 3 

5437 

55 oo 

5564 

5627 

63 

685 

5691 

5754 

5817 

588 i 

5944 

6007 

6071 

6 r 34 

6197 

626l 


686 

6324 

638 7 

645 1 

65 i 4 

6577 

664 i 

6704 

6767 

683 o 

68 9 4 


687 

6957 

7020 

7083 

7146 

7210 

7273 

7 336 

7 3 99 

7462 

7525 


688 

7688 

7652 

7715 

7778 

7841 

79°4 

7967 

8 o 3 o 

8 o 9 3 

8 i 56 


689 

8219 

8282 

8345 

84o8 

8471 

8534 

8597 

8660 

8723 

8786 


69° 

8849 

8912 

8975 

9 o38 

9101 

9164 

9227 

9289 

9 352 

94i5 


691 

9478 

954i 

9 6 o 4 

0667 

9729 

9792 

9 855 

9918 


. .43 


692 

S4oio6 

0169 

0232 

0294 

0357 

0420 

0482 

o 545 

0608 

0671 


6 9 3 

0733 

0796 

o 85 9 

0921 

0984 

1046 

1109 

1172 

1234 

1297 


694 

1359 

1422 

i 485 

1 547 

l6l0 

1672 

1735 

1797 

i860 

1922 


6 9 5 

1985 

2047 

2110 

2172 

2235 

2297 

2 3 60 

2422 

2484 

2547 

6* 

696 

2609 

2672 

2734 

2796 

2859 

2921 

2 9 83 

3 o 46 

3 io 8 

3170 


697 

3233 

3295 

335 7 

3420 

3482 

3544 

36 o 6 

366 9 

3731 

3 79 3 


698 

3855 

3918 

3 9 8 o 

4042 

4 io 4 

4i66 

4229 

4291 

4353 

44 i 5 


699 

4477 

'4539 

46oi 

4664 

4726 

4788 

485 o 

4912 

4974 

. 5 o 36 


700 

5098 

5 i 6 o 

5222 

5284 

5346 

54 o 8 

5470 

5532 

55 9 4 

5656 


701 

5718 

6780 

5842 

5904 

5 9 66 

6028 

6090 

6i5i 

62 1 3 

6275 


702 

633 7 

6399 

646 1 

6523 

6585 

6646 

6708 

6770 

6832 

6894 


703 

6955 

7 OI 7 

7°79 

7141 

7202 

7264 

7326 

7 388 

7449 

75ii 


704 

► 7 5 7 3 

7634 

7696 

7758 

78.19 

7881 

7943 

8 oo 4 

8066 

8128 


7 o 5 

8189 

825i 

83 i 2 

83 7 4 

8435 

8497 

855 9 

8620 

8682 

8743 

61 

706 

88 o 5 

8866 

8928 

8989 

905 I 

91 12 

9*74 

9235 

9297 

9 358 

707 

9419 

948i 

9542 

9604 

9 665 

9726 

9788 

9849 

9911 

9972 


708 

85 oo 33 

0095 

oi 56 

0217 

0279 

o 34 o 

o4oi 

0462 

0024 

o 585 


7°9 

o 646 

0707 

0769 

o 83 o 

0891 

0952 

1014 

1075 

n 36 

1197 


710 ! 

• 1258 

1320 

1 38 1 

i442 

i 5 o 3 

1 564 

1625 

1686 

1747 

1809 


711 

1870 

1931 

X 99 2 

2o53 

2114 

2175 

2236 

2297 

2358 

2419 


712 

2480 

2541 

2602 

2663 

2724 

2785 

2846 

2907 

2968 

3029 


7 i 3 

3090 

3 i 5 o 

3211 

3272 

3333 

33 9 4 

3455 

35 i 6 

3577 

363 7 

• 

714 

36 9 8 

3 7 5 9 

3820 

388 i 

3941 

4002 

4 o 63 

4124 

4 i 85 

4245 


ji5 

43 o 6 

436 7 

4428 

4488 

4549 

46io 

4670 

473i 

4792 

4852 


716 

4913 

4974 

5 o 34 

5095 

5 1 56 

5216 

5277 

5337 

53 9 8 

5469 


717 

5519 

558 o 

564 o 

5701 

5761 

5822 

5882 

5 9 43 

6 oo 3 

6064 


718 

6124 

6 i 85 

6246 

63 o 6 

6366 

6427 

6487 

6548 

6608 

6668 

60 

i 719 

6729 

6789 

685 o 

6910 

6970 

7o3i 

7091 

7152 

7212 

7272 


! N. 


1 

n 


j 4 

5 

6 

7 

8 

9 

TT“ 

i 

64 <s 

6 

B1 


26 

32 

38 

45 j 

5 i 

58 



63 1 

6 

i 3 

19 

25 

32 

38 

44 

5 o 

57 


© 

to 4 

62 

6 

12 

X 9 

25 

3 i 

3 ? 

43 

5 o 

56 


5 

6i d 

6 

12 

18 

24 ! 

3 i 

37 

43 

49 

55 
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12 

18 

24 

3 o 

36 

4 a 

48 
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LOGARITHMS OF NUMBERS. 


1 T 2 T~ ^ I 4 


887 947924 

888 84 i 3 

889 8902 

890 9390 

891 9878 

892 95 o 365 

893 o85i 

894 i 338 

895 1823 

896 2 3 o 8 


7973 I 8022 
8462 85ii 

8951 8999 

9439 9488 

9926 9975 
04 1 4 0462 
0900 0949 
i386 i435 
1872 1920 
2356 24 o5 


897 2792 2841 

898 3276 33 2 5 

8 99 3 7 6o 38o8 

9°° 4243 4291 

9°i 4725 4 77 3 

902 5207 5255 

903 5688 5 7 36 

9°4 6168 6216 I 

9<>5 6649 8697 

9°8 7128 7176 

9°7 7807 7 655 

908 80 86 81 34 

9°9 8564 8612 

910 9041 9089 

9 11 95i8 9566 

9 12 999 5 ..42 

913 960471 o5i8 

9*4 0946 0994 

9 l5 1421 1469 

9 J 8 1895 1943 

917 236 9 2417 : 

918 2843 2890 5 

1 9*9 33i6 3363 2 

920 3 7 88 3835 3 

921 4260 4307 4 

922 473 i 4778 4 

923 5202 5249 5 

9 2 4 5672 5719 5 

925 6142 6189 6 

926 6611 6658 6 

927 7080 ! 7127 7] 

928 7 548 I 7 5 9 5 7 « 

929 8016 8062 81 

930 ! 8483 853o 85 

93 1 1 8g5o 8996 90 

9 3 2 I 9416 9 463 g5 

933 9882 9928 on 

934 970347 1 0393 04 

935 0812 08 58 I 09 

936 1 1276 1 322 i3 


8070 8119 
856o 8609 
9°48 9097 
9536 9 585 I 
-24 .. 7 3 
o5i 1 o56o 
°997 io46 
i483 i53 2 
1969 2017 
2453 2502 


U 2889 2938 2986 
^5 33 7 3 3421 3470 
>8 3856 3905 3953 
11 4339 4387 4435 , 
3 4821 4869 4918 

5 53o3 535i 5390 
8 5 7 84 5832 588o 

6 6265 63i3 636i 

7 8745 6793 684o 
5 722 4 7272 7320 

) 7703 7751 7799 
^ 8181 1 8229 8277 
! 86 5 9 8707 8 7 55 
1 9 i3 7 9185 9232 
9814 9661 9709 
••9° .i38 . i85 
o566 o6i3 0661 
io4i 1089 n36 
i5i 6 i563 1611 
199° 2o38 2085 
2464 25 i 1 2559 
2 9 3 7 2985 3o32 
34io I 3457 35o4 i 

j}55; ^29 3 977 , 

1 4354 44oi 4448 , 

4825 48 72 4919 z 
5296 5343 53go * 
5766 58i3 586o 5 

6236 ! 6283 6329 € 

6705 6752 6799 6 


9 3 7 j i74o 1786 

9 38 s*2o3 2249 

9 3 9 J 21666 2712 

940 3128 3i 7 4 

? 4 i 35 9 o 3636 

f? 51 4o 97 

?43 4512 I 4558 


7 J 7 3 7220 
7642 7688 
' 8109 8i56 
8576 8623 
9°43 9090 
9509 | 9556 
9975 j ..21 
o 44o < 0486 
0904 1 0951 
i 36 9 ; r4i5 


7267 i! 
7735 
8203 j; 
867 O j) 
9 1 36 j 
9602 i 
..68 If 
o533 | 

°997 ! 
i46i 


48 i r 
47 

At V 


i 83 2 1879 I r 9 2 5 

2298 2342 J 2388 J 
2758 2804 1 285 1 | 
3220 3266 ! 33i3 
3682 ! 372S j 3774 ■ 
4i43 4189 4235 |f 
46o4 [ 4 65o I 4696 lj 

T[ 3~TT 

10 I *4 19 F 

9 *4 19 I 

9 i4 I 18 I' 


- 5 6 
*9 8168 8217 

°9 8657 8706 

97 9146 9195 

35 9634 9683 

7 3 .121 .170 

5o 0608 0657 I 
£6 1095 1143 

*2 i58o 1629 
7 2066 2114 

•2 255o 2599 

6 3o34 3o83 ; 

o 35i8 3566 ; 
3 4ooi 4 o 4 g 1 
5 4484 4532 1 

3 4966 5oi4 5 

? 5447 5495 5 

> 5928 5976 6 

: 6409 6457 6 

» 6888 6936 6 

' I 7368 I 7416 I 7, 

7847 7894 7< 
8325 8373 8, 
88o3 885o 8* 
9280 9328 9: 
9757 9804 9* 
.233 .280 .3 
0709 0756 08 
1184 1 23 1 12 
i658 I 1706 I 17 

I 2i32 2180 22 

2606 2653 271 
3079 3i26 3 1 • 
3552 3599 36/ 
4024 4071 4u 
4495 4542 45c 
4966 5oi3 5o€ 
5437 5484 553 
5 9°7 5 9 54 60c 
6376 6423 64 7 
6845 6892 693 

73i4 736i 7 4o 
7782 7829 787 
8249 8296 834; 
8716 8 7 63 88n 
9183 9229 927( 
9649 9695 974; 
•Il4 .l6l . 20* 
0579 0626 067: 
1044 1090 1 13. 

l5 ° 8 i554 1601 


66 I 83i5 8364 
55 8804 8853 
44 9292 9341 
3i 9780 9829 
[ 9 *267 .3i6 
>6 0754 o8o3 
)2 1240 1289 
7 1726 1775 
'3 2211 2260 4 

7 2696 2744 

1 3i8o 3228 
5 3663 3711 

8 4i 46 4*94 
^ 4628 4677 

2 5no 5i58 
J 5592 564o 
f 6072 6120 
► 6553 6601 

i 7032 7080 
7612 7559 

799° 8 o 38 
8468 85i6 
8946 8994 
9423 9471 
9900 9 9 4 7 
• 3 7 6 .423 
o85i 0899 
i326 i3 7 4 47 

1801 1848 
2275 2322 


x 97 i 2018 
2434 2481 

’*97 2943 
f? 5 9 34 o 5 
^820 3365 

4281 43 

iZ4lU788 

5 r ^ 


3 2701 2748 2 79 5 

5 3 i 7 4 3 2 2i 3268 
) 3646 36 9 3 3 7 4i 
[ 4n8 4i65 4212 
; 45 9 o 463 7 4684 
; 5o6i 5io8 5i55 
553 1 5578 5625 
6001 6o48 6095 
64 7 o 65 1 7 6564 
6939 6986 7033 

74o8 7454 7 5 01 

& 5 ir 9 i 

83io 8856 8^3 
9276 9323 9 | 6 
9742 9789 9S3 |1 

.207 .254 . 3 00 I 

p ti a \ 46 

2064 2110 ^ r 

( 2527 I 25 7 3 i * 5 7 

& S 55 sal £ 

i ' 

1 4834 1 488o 1 *<66 - 

4926 | _ 

d. 

p4 3$ j Tj 

1 g » 1 £ 

J. 3 7 4, 


__ 





Logarithms of Numbers. 


6 ) 


9548 | 9594 
ooo3 
o458 
0912 
i366 
1819 
2271 
2723 
3175 
3626 

4077 
4527 
4977 
5426 
5875 
6324 
6772 
7219 I 7264 I 
7666 | 7711 I 
8ii3 


9730 
oi85 
o64o 
1093 

1 547 

2000 
2452 

2859 | 2904 
33io I 3356 
3807 

4257 
4707 

5067 | 5ii2 | 5i 57 


8693 8737 
9138 9183 


0916 
1359 

1802 | 1 846 
2244 


2642 2686 

3o83 3127 
3524 3568 
3965 4009 
44o5 4449 
4845 4889 
5284 5328 
5723 5767 
6161 6205 
6599 6643 
7037 7080 


7910 7954 


8 

9 

5340 

5799 

5386 

5845 

6258 

63 o 4 

6717 

6 7 63 

7175 

7220 

7632 

7678 

8089 

8 i 35 


9821 
0276 
o685 | 0730 


o4l2 45 
0867 


43o2 [ 4347 

4797 


439a 
4842 
5292 

5741 
6189 
6637 6682 
7085 7130 
7532 7577 
7979 8024 
8425 8470 

8871 8916 
9316 9361 
9761 9806 
.206 .250 
o65o 0694 
1093 1137 
i536 i58o 
I979 2023 
2421 2465 
2863 


4 


x8 

18 

18 


22 


26 


































TABLE 

OF 

LOGARITHMIC SINES AND TANGENTS 

FOR EVERY 

TEN SECONDS OF THE QUADRANT. 
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Logarithmic Tangent 3. 


2 


Mia. 

Tangent of 0 Degree. 


P. Put 
tel*. 

( Y ' 

10" 

20" 

30 " 

40 " 

50 " 

0 

Inf. Neg. 

5 . 6855 7 5 

5 . 9866 o 5 

6.162696 

6.287635 

6.384545 

5 9 


I 

6.463726 

6.530673 

6.588665 

639817 

6855 7 5 

726968 

58 


2 

764756 

799518 

83 i 7 o 3 

861666 

889695 

916024 

57 


3 

940847 

964329 

986605 

7.007794 

7.027998 

7 .o 473 o 3 

56 


4 

7.065786 

7 «o 835 i 5 

7. ioo 548 

116939 

132733 

147973 

55 


5 

162696 

176937 

190725 

204089 

217054 

229643 

54 


6 

241878 

253777 

265359 

276640 

287635 

298359 

53 


7 

308826 

319044 

329028 

338788 

348333 

357673 

52 


8 

3668 i 7 

375772 

384546 

393146 

401579 

409852 

5 i 


9 

4 i 797 ° 

425939 

433764 

44 i 45 i 

449004 

456428 

5 o 


10 

463727 

470906 

477968 

484917 

491756 

498490 

4 9 

689.4 

11 

5o5i2o 

5 ii 65 i 

5 i 8 o 85 

624426 

530675 

536835 

48 

629.4 

12 

542909 

548900 

5548 o 8 

56 o 638 

566390 

572068 

47 

579.1 

i 3 

577672 

583204 

588667 

594062 

599391 

6 o 4655 

46 

536.2 

i 4 

609857 

614996 

620076 

625097 

63 oo 6 o 

634968 

45 

499.2 

i 5 

639820 

644619 

649366 

654 o 6 i 

658706 

663302 

44 

467.0 

16 

6678^9 

672350 

676804 

681213 

6855 7 8 

689900 

43 

438.7 

17 

694179 

698416 

702612 

706768 

710885 

714963 

42 

4 i 3.6 

18 

719003 

723 oo 5 

726972 

730902 

734797 

7 38658 

4 i 

391.3 

*9 

742484 

746277 

750037 

753765 

757462 

761127 

4 o 

371.2 

20 

764761 

7 68365 

771940 

775485 

779002 

782490 

39 

353.1 

21 

785951 

789384 

792790 

796170 

799524 

802852 

38 

336.7 

22 

8 o 6 i 55 

809433 

812686 

815915 

819120 

822302 

37 

321.7 

23 

825460 

828596 

831710 

8348 oi 

837870 

840918 

36 

3 o 8 .o 

24 

843 9 44 

846950 

849935 

852900 

855844 

858769 

35 

295.4 

25 

861674 

86456 o 

867426 

870274 

873104 

875915 

34 

283.9 

26 

878708 

88 i 483 

884240 

886981 

889704 

892410 

33 

273*2 

27 

895099 

897772 

900428 

903068 

905692 

908301 

32 

263.2 

28 

910894 

913471 

916034 

918581 

921113 

92363 i 

3 i 

254.0 

2 9 

926134 

928623 

931098 

933559 

936006 

938439 

3 o 

245.4 

3 o 

94 o 858 

943265 

945658 

948037 

960404 

952758 

2 9 

237.3 

3 i 

955 ioo 

957428 

959745 

962049 

964341 

966621 

28 

229.8 

32 

968889 

971145 

973389 

975622 

977844 

980054 

27 

222.7 

33 

982253 

984441 

986618 

988785 

990940 

993 o 85 

26 

216.2 

34 

995219 

997343 

999457 

8 .ooi 56 o 

8 .oo 3653 

8.005736 

25 

209.8 

35 

8 007809 

8.009872 

8.011926 

013970 

016004 

018029 

24 

2 o 3 9 

36 

020044 

022 o 5 I 

024048 

026 o 35 

028014 

029984 

23 

198.3 

3 7 

o 3 i 945 

033897 

o 3584 o 

037775 

039701 

041618 

22 

193.0 

38 

043527 

045428 

047321 

049205 

o 5 io 8 i 

052949 

21 

188.0 

3 9 

054809 

056662 

o 585 o 6 

060342 

062171 

063992 

20 

i 83.3 

4 o 

o 658 o 6 

067612 

069410 

071201 

072985 

074761 

X 9 

178.7 

4 r 

076531 

078293 

080047 

081795 

083536 

085270 

18 

174.4 

4 » , 

086997 

088717 

090431 

092137 

093837 

095530 

x 7 

170.3 

43 j 

097217 

098897 

100571 

102239 

103900 

io 5554 

16 

166.4 

44 1 

107203 

io 8845 

110481 

112110 

113734 

ii 5352 

i 5 

162.7 

45 i 

116963 

118569 

120169 

121763 

i 2335 i 

124933 

i 4 

159. 1 

46 

i265io 

128081 

129646 

i 3 i 2 o 6 

132760 

1 343 o 8 

i 3 

i 55.7 

47 

i 3585 i 

137389 

138921 

i 4 o 447 

141969 

143485 

12 

162.4 

48 

144996 

i 465 oi 

i48ooi 

149497 

150987 

152472 

11 

149.3 

49 

153952 

i 55426 

156896 

i 5836 i 

159821 

161276 

10 

i 46.2 

5 ° 

162727 

164172 

1 656 i 3 

167049 

168480 

169906 

9 

i 43.4 

5 i 

171328 

172745 

I 74 i 58 

i 7 5566 

176969 

i 7 8368 

8 

i4o.6 

52 

179763 

i 8 ii 53 

i 82538 

183919 

185296 

186668 

7 

137 V 

53 ; 

1 i 88 o 36 

189400 

190760 

192115 

193466 

194813 

6 

135.3 

54 : 

. 196156 

197494 

198829 

200159 

2 oi 485 

202808 

5 

i 32.8 . 

55 

1 204126 

2 o 544 o 

206750 

208057 

209359 

2 io 658 

4 

i 3 o.if 

56 | 

211953 

2 1 3243 

2i453o 

2 i 58 i 4 

217093 

218369 

3 

ia8^ 

5 7 

219641 

220909 

222174 

223434 

224692 

225945 

2 

12 ? 

58 

227195 

228442 

229685 

230924 

232160 

233392 

1 

12 

59 

234621 

235846 

237068 

238286 

339502 

2407^ 


- 4 f 


ay' 

I 50" 

40" 

30" 

20 " 

10" 



, 


Co- tangent of 89 Degrees. 

-CqoqI 

e 




24 L 0 GALlTHMIcSlftjC 8 . 



Sine of 1 Degree. 


0" 

10" 

20" 

30 " 

40" 

SO" 

o 

8 . 24 i 855 

8 . 243o6o 

8.244261 

8.245459 

8 • 246654 

8.247845 

z 

249033 

25 o 2 l 8 

q 5 i 4 oo 

252578 

253753 

254925 

2 

256094 

257260 

258423 

259582 

260739 

261892 

3 

263 o 42 

264190 

265334 

266475 

267613 

268749 

4 

269881 

271010 

272137 

273260 

274381 

275499 

<6 

276614 

277726 

278835 

279941 

281045 

282145 

6 

283243 

384339 

a 8543 1 

286521 

287608 

288692 

7 

289773 

290852 

29X928 

293002 

294073 

295141 

8 

296207 

297270 

298330 

299388 

3 oo 443 

301496 

9 

302546 

303594 

3 o 4639 

3 o 568 i 

806721 

307759 

IO 

8.308794 

8.309827 

8 . 3 io 857 

8 . 3 n 885 

8.312910 

8.313933 

ii 

314954 

315972 

316987 

3 i 8 ooi 

319012 

320021 

12 

321027 

322031 

323 o 33 

324032 

325029 

326024 

i 3 

327016 

328007 

328995 

329980 

330964 

331945 

i 4 

332924 

333901 

334876 

335848 

336819 

337787 

i 5 

338 7 53 

339717 

340679 

34 i 638 

342596 

343551 

16 

344504 

345456 

3464 o 5 

347352 

348297 

349240 

l l 

35 pi 8 i 

351119 

352 o 56 

352991 

353924 

354855 

18 

355783 

356710 

35 7 635 

358558 

359479 

360398 

*9 

36 i 3 i 5 

36223o 

363 i 43 

364 o 55 

364964 

3658 7 i 

20 

8.366777 

8.367681 

8 . 36858 a 

8.369482 

8.370380 

8.371277 

21 

372171 

373063 

373954 

3 7 4843 

375730 

3 7 66 i 5 

22 

377499 

378380 

379260 

38 oi 38 

38 ioi 5 

381889 

23 

382762 

383633 

3845 o 2 

385370 

386236 

387100 

24 

387962 

388823 

389682 

390539 

391395 

392249 

25 

393101 

393951 

394800 

395647 

396493 

397337 

26 

398179 

399020 

3 qq 85 q 

400696 

4 oi 53 a 

402366 

27 

403199 

4 o 4 o 3 o 

4 o 4859 

405687 

4965 l 4 

407338 

28 

408161 

408983 

409803 

410621 

4 n 438 

412254 

29 

4 i 3 o 68 

4 x 388 o 

414691 

4 i 55 oo 

4 i 63 o 8 

4 i 7 XI 4 

3 o 

8.417919 

8.418722 

8.419624 

8 . 420325 

8*421123 

8.421921 

3 i 

422717 

4235 ii 

4243 o 4 

425096 | 

425886 

426675 

32 

427462 

428248 

429032 

429815 

430597 

43 i 377 

33 

432 i 56 

432934 

433710 

434484 1 

435257 

436029 

34 

4368 oo 

437569 

43833 7 

439103 

439868 

44 o 632 

35 

44 i 394 

4421 56 

442915 

4436 7 4 j 

44443 i 

445 i 86 

36 

44594 i 

446694 

447446 

448196 | 

448946 

449694 

37 

45 o 44 o 

45 ii 86 

451930 

452673 

4534 i 4 

454 i 54 

38 

454893 

45563 i 

456368 

457103 

457837 

458570 

3 9 

459301 

46oo32 

460761 

461489 

462215 

462941 

4 o 

8.463665 

8.464388 

8 . 465 iio 

8 . 46583 o 

8 . 46655 o 

8.467268 

4 i 

467985 

468701 

469416 

470129 

470841 

471553 

42 

472263 

472971 

473679 

474386 ; 

475091 

475795 

43 

476498 

477200 

4779 01 

478601 

479299 

479997 

44 

480693 

48 i 388 

482083 

482776 

48346 7 

484 i 58 

45 

484848 

485536 

486224 

486910 

487596 

488280 

46 

488 9 63 

489645 

490326 

491006 

491685 

492363 

47 

493 o 4 o 

493715 

494390 

495 o 64 

495736 

496408 

48 

497078 

497748 

498416 

499084 

49975 o 

5 oo 4 i 6 

49 

5 oio 8 o ! 

! 501743 

5 o 24 o 5 

5 o 3 o 67 

503727 

5 o 4386 

5 o 

8 . 5 o 5 o 45 

8. 505702 

8 . 5 o 6358 

8.507014 

8.507668 

8 . 5 o 832 i 

5 i 

508974 

509625 

510275 

510925 

5 1*1573 

5 1 222 1 

52 

512867 

5 i 35 i 3 

5 i 4 i ^7 

5 i 48 oi 

5 1 5444 

5 1 6086 

53 

516726 

517366 

5 i 8 oo 5 

5 i 8643 

519280 

519916 

54 

52 o 55 i 

521186 

521819 

52245 i 

523 o 83 

523713 

55 

524343 

524972 

525599 

526226 

526852 

527477 

56 

528102 

528725 

529347 

529969 

530590 

531209 

57 

531828 

532446 

533 o 63 

533679 

534295 

534909 

58 

535523 

536 i 36 

536747 

53 7 358 

537969 

5385 7 8 

5 9 

539186 

539794 

54 o 4 oi 

541007 

541612 

542216 


60" 1 

50" 

40" 

30 " 

| 90" 

10" 


Co-sine of 88 Degrees. 



P. Part 
to 1". 

5 9 

119.6 

58 

H 77 

57 

Il 5.8 

56 

ll4.o 

55 

II2.2 

54 

no . 5 

53 

108.8 

52 

107.2 

5 i 

105.7 

5 o 

104. 1 

4 9 

102.6 

48 

101 .2 

47 

99.8 

46 

98.5 

45 

97. 1 

44 

95.8 

43 

94.6 

42 

93.4 

4 i 

92.2 

4 o 

91.0 

3 9 

89.9 

38 

88.8 

37 

87.7 

36 

86.7 

35 

85.6 

34 

84.6 

33 

83.7 

32 

82.7 

3 i 

81.8 

3 o 

80.8 

2 9 

80.0 

28 

79 - 1 

27 

78.2 

26 

77-4 

25 

76.6 

24 

7 5.8 

23 

75.0 

22 

74.2 

21 

73.5 

20 

72.7 

*9 

72.0 

18 

71.3 

*7 

70.6 

16 

69.9 

i 5 

69.2 

i 4 

68.6 

i 3 

67.9 

12 

67.3 

11 

66.7 

10 

66.1 

9 

65.5 

8 

64-9 

7 

64.3 

6 

63.7 

5 

63.2 

4 

62.6 

3 

62.1 

2 

61.6 

1 

61 .1 

0 

6 o .5 

Min. 



Logarithmic Tangents. 


Tangent of 1 Degree. 


8.243126 

250287 

257331 

264263 

271086 

277804 

284419 

290935 

297355 

3o3682 

8.309917 

3i6o65 

322127 

328io5 

334oo2 

339821 

345562 

351229 

356823 

362345 

8.367799 

3 7 3 i 85 

378504 

383760 

388 9 53 

394085 

399156 

404170 

409126 

414026 

8.418872 

423664 

428404 

433093 

437732 

44 2322 

446864 

45 i 359 

4558 o 8 

460212 

8.464672 
468889 
473 i 63 
477396 
48 1 588 
485740 
489852 
493927 
497963 
501962 

8. 5o5925 
509852 
5 1 3744 

517602 
52i425 
5252i5 
528973 
532698 
536392 
54oo55 
1 i»" r 

Co- 


8.244328 

8.245526 

8.246721 

8.247913 

251469 

252648 

253823 

254996 

258494 

259654 

260811 

261965 

265408 

266549 

267688 

268824 

272213 

273337 

274458 

275576 

278913 

280020 

281124 

282225 

285512 

286602 

287689 

288774 

292012 

293086 

294157 

295226 

298416 

299474 

3oo53o 

3oi583 

304727 

306770 

3o68n 

307849 

8.310948 

8.311976 

8.3 i 3 oo 2 

8.3 i 4 o 25 

317081 

318095 

319106 

32011 5 

323129 

324129 

325i26 

326121 

329093 

33oo8o 

33xo64 

332o45 

334977 

336960 

336921 

337890 

340783 

341743 

342701 

34365 7 

3465i2 

347459 

3484o5 

349348 

352i66 

353 ioi 

354o35 

354966 

35 77 48 

3586 7 i 

359693 

36o5i2 

363259 

364171 

365 q 8 i 

. 365988 

8.368701 

8.369601 

8.370500 

8.371397 

374076 

374965 

3 7 5853 

3 7 6 7 38 

379385 

380263 

38n4o 

3820x5 

38463o 

385498 

386364 

387229 

389813 

390670 

391526 

392381 

394934 

395782 

396628 

397472 

399996 

4oo834 

401670 

4 o 25 o 5 

4o5ooo 

4o5828 

4o6655 

407480 

409946 

410765 

4u583 

412399 

4 i 483 7 

4 i 5647 

4i6456 

417263 

8.419674 

8.420475 

8.421274 

8.422072 

424458 

425250 

426041 

42683o 

429189 

429973 

430755 

43i536 

433870 

434645 

435419 

436191 

4385oo 

439267 

44oo33 

440797 

443o82 

44384i 

444599 

445355 

447616 

448368 

449117 

449866 

452io4 

452847 

453589 

45433o 

456545 

457281 

458oi6 

458749 

460942 

461670 

462398 

463i24 

8.465295 

8.466016 

8.466736 

8.467455 

469604 

470318 

471031 

471743 

473872 

474579 

475285 

475990 

478097 

478798 

479497 

480195 

482283 

482976 

483669 

48436o 

486428 

487115 

487801 

488486 

490534 

491215 

491894 

492573 

494602 

495276 

495949 

496622 

498632 

499300 

499967 

5oo633 

502625 

503287 

503948 

5o46o8 

8.5o6582 

8.507238 

8.507893 

8.5 o 8547 

5io5o3 

5 1 1 i 53 

5 ii 8 o 2 

5i245i 

5 i 4389 

5i5o34 

5 i 5677 

5 i 632 o 

5 i 824 i 

5i888o 

519518 

52 oi 54 

522059 

522692 | 

523324 

523956 

525844 

526472 

527098 

527724 

529596 

53o2i8 

53o84o 

53i46o 

5333i6 

533933 

534549 

535 1 64 

537005 

537617 

538227 

538837 

540662 

541269 

541875 

542480 


-tangent of 88 Degrees 




Min. 


Logarithm c Sines. 


Sine of 2 Degrees. 


5823 59 
9401 58 
2950 57 
6470 56 
9961 55 
3425 54 
6861 53 
.270 52 
3653 5i 
7009 5o 
. 34o 49 
3645 48 
6925 47 
.181 46 
34i2 45 



1 3 9055 9430 9804 . 178 .55 1 .92446 

14 8.751297 1670 2042 24 i 4 2786 3i57 45 

1 5 3528 3898 4269 4639 5oo8 5378 44 

16 57476116648468527220758743 

17 79558321868890549420978642 

18 8.760151 o5i6 0881 1245 1609 1973 4i 

19 23372700306334253787414940 

20 45 ii 4872 5234 5594 5955 63 i 5 39 

21 66757034739477528111846938 

22 8828918595439900.257.61337 

23 8.770970 1326 1681 2037 2392 2747 3£ 

24 3ioi 3456 38io 4i63 45i7 4870 35 

25 52235575592762796631698234 

26 7333 7684 8o35 8385 8735 9085 33 

27 94349783.132.480.829117732 

28 8.781524 1872 2219 2566 2912 3259 3i 

29 36o5 3961 4296 464* 4986 533i 3o 

30 5675 6019 6363 6707 7o5o 7393 29 

31 77368078842187629104944628 

32 9787.128.468.8081149148827 

33 8.791828 2167 25 o 6 2845 3i83 3521 26 

34 3859 4i97 4534 4872 52o8 5545 25 

35 58816218655368897224755924 

36 78948229856388979231956423 

37 9897.230.563.8961228156022 

38 8.801892 2223 2554 2885 3216 3546 21 

39 38764206453648665195552420 

40 5852 6181 6509 6837 7165 7492 19 

41 7819 8i46 8473 8799 9126 945i 18 

42 9777 .io3 .428 .753 1078 1402 17 

43 8.811726 2o5o 2374 2698 3021 3344 

44 36673989431246344956527715 

45 5599 5920 6241 656i 6882 7202 i4 

46 7522 7841 8161 8480 8799 9118 i3 

47 9436 9755 . .73 .390 .708 1025 12 

48 8.821343 1659 1976 2292 2609 2925 11 

49 324o 3556 3871 4i86 45 oi 4816 10 

50 5 i 3 o 5444 5758 6o72 6385 6698 9 

51 701173247637794982618573 8 

52 8884 9196 9507 9818 . 129 .439 7 

538.83074910601369167919882298 6 

54 260729153224353238404148 5 

55 4456 4763 5070 5377 5684 5991 4 

56 629766036909721575207825 3 

i *] 813084358740904493489652 2 

58 9956.260.563.86611691472 1 

598.84177420762378268029823283 o 











Logarithmic Tangent* 


Tangent of 2 Degrees. 



. 719396 9798 .201 .6o3 1004 i4o5 59 
.721806 2207 2607 3007 34o6 38o5 58 

4204 4602 5ooo 5397 5794 6191 67 
6588 6984 738o 7775 8170 8565 56 
8959 9353 9746 .i4o .533 .925 55 

.731317 1709 2101 2492 2883 3273 54 
3663 4o53 4442 483i 5220 56o8 53 
5996 6384 6771 7158 7545 7931 5a 
83 1 7 8703 9088 9473 9858 .242 5i 
.740626 1009 i3o3 1776 ai58 254 o 5o 
2922 33o4 3685 4o66 4447 4827 49 
5207 5586 5966 6344 6723 7101 48 
7479 7857 8a34 861 1 8988 9364 47 
9740 .116 .491 .866 1241 i 6 i 5 46 
.751989 2363 2736 3109 3482 3855 45 
4227 4599 4970 534i 5712 6o83 44 
6453 6823 7193 7562 7931 83oo 43 
8668903694049771 .139 ,5 o 5 42 
. 760872 1238 1604 1970 2335 2700 4i 
3o65 3429 3793 4 i^7 4520 4884 4o 
5a46 56oo 5971 6333 6695 7056 39 
7417 7778 8i3o 8499 8859 9218 38 
9578 9937 .296 .654 1012 1370 37 
. 771727 2085 2442 2798 3i55 35 1 1 36 
3866 4222 4577 4932 5287 564i 35 
5995 6349 6702 7056 7409 7761 34 
8n4 8466 8817 9169 9520 9871 33 
.780222 0572 0922 1272 1622 1971 32 
23ao 2669 3017 3365 3713 4061 3i 
44o8 4755 5 io2 5448 5794 6i4o 3o 
6486 683i 7177 7521 78 66 8210 29 
8554 8898 9242 9585 9928 .271 28 
.790613 0955 1297 1639 1980 2321 27 
2662 3oo3 3343 3683 4023 4362 26 
4701 5o4o 5379 6o56 6394 a5 

6731 7069 7406 7743 8079 84i6 24 
8752 9088 9423 9759 . .94 .429 23 
.800763 1098 i 432 1765 2099 2432 22 
2765 3098 343i 3763 4095 4427 21 
4758 5090 5421 5751 6082 64 1 2 20 
6742 7072 7402 7731 8060 8389 19 
8717 9046 9374 9701 . .29 .356 18 
.8io683 1010 i337 i663 1989 23 i 5 17 
2641 2966 3291 36i6 3941 4265 16 
4589 49i3 52§7 556o 5884 6207 i5 
6529 6852 7174 7496 7818 8i4o i4 
8461 8782 9103 9423 9744 . .64 i3 
.8203840703 1023 i342 1661 1980 12 
2298 2617 2935 3253 3570 3888 11 

4205 4522 4838 5 1 55 5471 6787 10 
610364186733704973637678 9 
799283078621893492489561 8 
9874 .187 .5oo .812 1124 i436 7 

.831748 2059 2371 2682 2992 33o3 6 
36i3 3924 4234 4543 4853 5i6a 5 
547157806089639767057013 4 
7321 7629 7936 8243 855o 8857 3 
9163 9470 9776 . .81 .387 .692 2 
.840998 i3o3 1607 1912 2216 2521 x 
2825 3i28 3432 3735 4o38 434i o 

















Logarithmic Sines. 


0 8.843585 3886 4186 

1 5387 5687 5987 

3 7183 7481 7780 

3 8971 9268 9565 

4 8. 85075 1 1047 1 343 

5 252528193114 

6 429145844878 

7 6049 6342 6634 

8 7801 8092 8383 

9 95469836.126 
108.861283 1572 1861 

11 3oi4 33o2 3589 

12 4738 5o24 53 ii 

1 3 645567407025 

14 816584498733 
x5 9868 . i 5 i .434 

16 8.87i565 18472129 

17 3255 3536 38i7 

18 493852185498 

19 66 1568947172 

20 8285 8563 884i 

21 9949 .226 .5o3 

22 8.881607 i883 2i58 

23 3258 3533 3807 

24 49o3 5i77 545o 

25 6542 68i4 7087 

26 817484468717 

27 9801 . .71 .34i 

28 8.891421 1690 i960 

29 3o35 33o4 3572 

30 464349115178 

31 624665126778 

32 784281078373 

33 9432 9697 9961 

34 8.901017 1280 1 544 

35 2596 2858 3i2i 

36 416944304692 

37 5736 5997 6257 

38 729775577817 

39 885391129371 

40 8.910404 0662 0919 

4 1 194922062462 

42 3488 3744 4ooo 

43 5o22 5277 5532 

44 655o 68o5 7059 

45 8073 8327 858o 

46 9591 9843.. 96 

478.921103 1 355 1606 

48 26102861 3ii2 

49 411243624612 

50 5609 5858 6107 

51 7100 7348 7596 

52 858788349081 

53 8.930068 o3i4 o56o 

54 154417892035 

55 3 oi 5 326 o 35 o 4 

56 448147254969 

57 5942 6 i 85 6428 

58 7398 7641 7883 

59 885090919332 


4487 4787 5087 59 
6286 6585 6884 58 
8078 8376 8673 57 
9862 .159 .455 56 
1639 1934 2229 55 
34o8 3703 3997 54 
5171 5464 57S7 53 
6926 7218 7510 52 
8674 8965 9255 5i 
• 4i5 .705 .994 5o 
2149 a 438 2726 49 
38774164 445 1 48 
5597 5883 6169 47 
73 io 7595 7880 46 
9017 9301 9585 45 
.717 1000 1282 44 
2410 2692 2973 43 
4097 4378 4658 42 
5777 6057 6336 4i 
745 i 7729 8007 4o 
9118 9395 9672 39 
.779 io55 i 33 i 38 
2433 2708 2983 37 
4o8i 4355 4629 36 
5723 5996 6269 35 
7359 7631 7903 34 
8988 9259 9530 33 
.612 .882 ii 5 i 32 
2229 2498 2767 3i 
384o 4io8 4376 3o 
5445 5712 5979 29 
7044 73io 7076 28 
8638 8903 9168 27 
.225 .489 .753 26 
1807 2070 2333 25 
3383 3645 3907 24 
4953 52i4 5475 23 
65i7 6778 7038 22 
8076 8335 8595 21 
9629 9888 . i46 20 
1177 x 434 1692 19 
2719 2976 32§2 18 

4256 45n 4767 17 
5787 6o4i 6296 16 
73 i3 j 566 7820 i5 
8833 9086 9338 i4 
.348 .600 .852 i3 
i858 2109 236 o 12 
3362 36i2 3862 11 
486i 5 iii 536o 10 
6355 66o4 6852 9 
7844 8092 8339 8 
9328 9575 9821 7 
0806 io 52 1298 6 
2280 2525 2770 5 
3749 3993 4237 4 
5212 5456 5699 3 
6671 6914 7i56 2 
8i25 8366 8608 1 
9573 9814 . .55 o 











Logarithmic Tangents 


Tangent of 4 Degrees. 


l(r m 1 30" 40" 50" 

o8.844644 4946 5248 555 1 5852 61 54 59 

1 6455 6757 7058 7358 765 q 7959 58 

2 82608560885991599458975857 

3 8.85oo57 o 355 o 654 0952 i25o i548 56 

4 1846 214 4 244 i 2738 3o35 3332 55 

5 3628 3925 4221 45i7 48i3 5io8 54 

6 54o3 5699 5993 6288 6583 6877 53 

7 7171 7465 7759 8o53 8346 8639 52 

8 8932 9225 9517 9810 . 102 . 394 5 1 

9 8.860686 0977 1269 i56o i85i 2142 5o 

10 2433 2723 3oi3 33o3 3593 3883 49 

11 4i73 4462 475i5o4o5329 56i7 48 

12 59066194648267697057734447 

13 76327919820684928779906546 

14 935i 9637 9923 .208 .494 .779 45 

15 8.871064 i 349 i633 1918 2202 2486 44 

16 27703054333736203904418743 

17 4469 4752 5o34 53i7 5599 588i42 

18 6162 6444 6725 7006 7287 7568 4i 

19 7849 8129 8409 8689 8969 9249 4o 

20 9529 9808 . .87 .366 .645 .924 39 

21 8.881202 i48o 1759 2037 23 i 4 2592 38 

22 2869 3i47 3424 3701 3977 4a54 37 

23 453o 4807 5o83 5358 5634 5910 36 

24 61856460673570107285755935 

25 7833 8108 8382 8655 8929 9202 34 

26 9476 9749 • .22 .295 .567 ,84o 33 

278 891112 i384 i656 1928 2199 2471 32 

28 2742 3 oi 3 3284 3555 3825 4o96 3 i 

29 4366 4636 4906 5176 5445 5715 3o 

30 5984 6253 6522 6791 7060 7328 29 

31 7596 7864 8 i 32 84oo 8668 8935 28 

32 9203 9470 9737 .4 .270 .537 27 

33 8.900803 1069 i335 1601 1867 2 1 32 26 

34 2398 2663 2928 3193 3458 3722 25 

35 3987 425 i 45 i 5 4779 5 o 43 53 o 6 24 

36 5570 5833 6096 6359 6622 6885 23 

37 71477410767279348196845722 

38 8719 8980 9242 95o3 9764 . .25 21 

39 8.910285 o546 0806 1066 1326 i586 20 

40 i846 2106 2365 2624 2883 3i42 19 

41 34oi 366o 3918 4177 4435 4693 18 

42 495i 5209 5466 5724 5981 6238 17 

43 6495 6752 7009 7265 7S22 7778 16 

44 80348290854688019057931215 

45 95689823 ..78 .332 .587 ,84i i4 

46 8.92,1096 i35o 1604 i858 2112 2365 i3 

47 2619 2872 3i25 3378 363i 3884 12 

48 4i36 4389 464i 4893 5i45 5397 11 

49 5649 ^9°° 6*62 64o3 6654 6905 10 

50 715674077657790881588408 9 

51 865889089158940796579906 8 

52 8 . 9301 55 o4o4 o653 0902 1 1 5o 1 399 7 

53 1647 1895 2i43 2391 2639 2887 6 

54 313433813629387641234369 5 

55 4616 4862 5109 5355 56oi 5847 4 

56 6,093 6339 6584 683o 7075 7320 3 

57 756578108055829985448788 2 

58 9032 9276 9520 9764 .. .7 . 25 i 1 

59 8.940494 0738 0981 1224 1467 1709 o 

** 60" 50" 40" 30" 20" 10" “ 



d Tangent of 5 Degrees. 

jj 0" 10" 20" 30" 40" 50" 

0 8.941952 2194 2437 2679 2 9 21 3 i 63 69 

1 34o4 3646 3888 4129 4370 46 1 1 58 

2 4852 5093 5334 5574 58i5 6o55 

3 6295 6535 6775 7015 7255 7494 56 

4 77347973821284518690892955 

5 9168 9406 9644 9883 .121 .359 54 

6 8.950597 o834 1072 1 309 1 547 1784 53 

7 20212258249527322968320552 

8 344i 3677 3913 4i49 4385 4621 5 j j 

9 485650925327556257976032.50 

10 6267 65o2 6736 6971 7205 7439(49 

1 1 7674 7908 8i4i 8375 8609 8842 48 J 

12 9075 9309 9542 9775 .. .8 .240 47 | 

1 3 8.960473 0705 0938 1170 1402 1 634 46 1 

14 1866 2098 2329 256 i 2792 3 o 23 45 j 

15 3255 3486 37i6 3947 4i78 44o8 44 

16 4639 4869 5099 5329 5559 5789 43 

17 60196248647867076936716542 

18 7394 7623 7852 8081 8309 8538 4 : 

19 87668994922294509678990540 

20 8.970133 o36o o588 o8i5 1042 1269 39 

21 1496 1723 1949 2176 2402 2628 38 

22 2855 3o8i 3307 3532 3758 3984 37 

23 4209 4435 466o 4885 5i 10 5335 36 

24 556o 5784 6009 6233 6458 6682 35 

25 69067130735475787801802534 

26 8248 8472 8695 8918 9141 9364 33 

27 9586 9809 . .32 .254 .476 .699 32 

28 8.980921 n43 i364 i586 1808 2029 3i 

29 22512472269329143135335630 

30 35773798401842384459467929 

31 4899 5i 19 5339 5559 5778 5998 28 

32 62176437665668757094731327 

33 75327750796981878406862426 

34 88429060927894969714993125 

35 8.990149 o366 o583 0801 1018 1235 24 

36 i 45 i 1668 i885 2101 23 i 8 2534 23 

37 2j5o 2966 3i82 3398 36i4 383o 22 

38 4o 454261447646924907512221 

39 5337 5552 5766 5981 6196 64io 20 

40 6624 6839 7053 7267 7481 7694 19 

41 79088122833585498762897518 

42 9188 9401 9614 9827 . .40 .2S2 17 

43 9.000465 0677 0889 1102 i 3 i 4 i526 16 

44 1738 1949 2161 2373 2584 2795 i5 

45 3007 3218 3429 364o 385i 4061 14 

46 . 42724483469349045114532413 

47 5534 5744 5954 6i64 6373 6583 i2 

48 6792 7002 72 1 1 7420 7629 7838 11 

49 80478256846586738882909010 

5 0 9298 9507 9715 9923 . i 3 i .338 9 

51 9.010546 0754 0961 1169 1376 i583 8 

52 1790 1997 2204 241 1 2618 2824 7 

53 3o3i 3237 3444 365o 3856 4062 6 

54 4268 4474 468o 4886 5091 5297 5 

55 550257075913611863236528 4 

56 6732 6937 7142 7346 755 i 7755 3 

57 795981648368857287768979 2 

58 91839387959097949997.200 1 

59 9.020403 0606 0809 1012 i2i5 i 4 i 8 o 

W ' SO" ~l0"~~30 ? 

Co-tangent of 84 Degrees. 2 

p p .( 1" 2" 3" 4" 5" 6" 7" 8" 9" 
r . ran < 22 44 6g g8 nQ 132 154 m J9g 


Digitized by 








Logarithmic Sines. 


09.019235 94359635 9835 ..35 .235 59 

1 9.020435 o635 o834 io34 1233 i433 58 

2 :632 i 83 i 2o3o 2229 2428 2627 57 

3 2825 3o24 3223 3421 3619 38i8 56 

4 4016 4214 44ia 4610 4807 5oo5 55 

5 52o3 54oo 5598 5795 5992 6189 54 

6 63866583678069777174737053 

7 75677763796081568352854852 

8 87448940913693329527972351 

9 9918 . n4 .309 .5o4 .699 .894 5o 

10 9.031089 1284 1479 *673 2062 ^9 

11 22572451264528393033322748 

12 34213615380940024196438947 

13 4582 4776 4969 5i62 5355 5548 46 

14 5741 5933 6126 6319 65 ii 6703 45 

15 68967088728074727664785644 

16 80488239843186238814900543 

17 91979388957997709961.15242 

18 9.040342 o533 0724 0914 no5 1295 4x 

19 i485 1675 i865 2o55 2245 2435 4o 

20 2625 28i5 3oo4 3i94 3383 3572 39 

21 37623951414043294618470738 

22 4895 5o84 5273 546i 565o 5838 37 

23 60266214640265906778696636 

24 71547342752977177904809135 

25 82798466865388409027921434 

26 9400958797749960.147.33333 
2 fj 9.o5o5i9 0706 0892 1078 1264 i45o 32 

28 i635 1821 2007 2192 2378 2563 3i 

29 27492934311933043489367430 

30 38594044422844134697478229 

31 4966 5i5o 5335 55i9 57o3 5887 28 

32 6071 6254 6438 6622 68o5 6989 27 

33 71727356753977227905808826 

34 82718454863788209002918525 

35 9367 955o 9732 9914 . .96 .278 24 

36 9.060460 0642 0824 1006 1188 1369 23 

37 i 55 i 1732 1914 2095 2276 2457 22 

38 2639 2820 3ooi 3 i 8 i 3362 3543 21 

39 3724 3904 4o85 4265 4445 4626 20 

40 4806 4986 5i66 5346 5526 5705 19 

41 5885 6o65 6244 6424 66o3 6783 18 

42 6962 7141 7330 7499 7678 7857 17 

43 80368215839385728751892916 

44 9 I0 7 9 2 86 9464 9642 9820 9998 1 5 

45 9.070176 o354 o532 0709 0887 iq 65 i 4 

46 1242 1420 1597 1774 1951 2128 i3 

47 23062482265928363013319012 

48 33663543371938964072424811 

49 4424 46oo 4777 49^2 5 128 53o4 10 

50 548o 5656 583i 6007 6182 6358 9 

51 6533 6708 6883 7068 7233 7408 8 

52 758377587933810782828457 7 

53 863188058980915493289502 6 

54 9676 9850 . .24 . 198 .372 .545 5 

55 9.080719 0892 1066 1239 i 4 i 3 i586 4 

56 1759 1932 2io5 2278 245 i 2624 3 

67 2797 2969 3i42 33 i 4 3487 3659 2 

58 383240044176434845204692 1 

59 4864 5o36 5208 538o 555i 5723 o 



Sine of 7 Degrees. 


40" , 

0 9 . 085894 6066 6237 6409 658o 675 1 59 

1 6922 7093 7264 7435 7606 7777 58 

2 79478118828884598629880057 

3 89709140931094809651982056 

4 9990.160.330.500.669.83955 

5 9.091008 1178 1347 i 5 i 6 i685 i855 54 

6 20242x93236225302699286853 

7 30373205337435423711387952 

8 4o47 4216 4384 4552 47204888 5 1 

9 5o56 5223 5391 5559 5726 5894 5o 

10 60626229639665646731689849 

1 1 7065 7232 7399 7566 7733 7900 48 

12 80668233839985668732889947 

1 3 90659231939895649730989646 

14 9* 100062 0227 0393 0559 0725 0890 45 

15 io56 1221 1387 i 552 1717 i883 44 

16 20482213237825432708287343 

17 3o37 3202 3367 353i 3696 386o4a 

18 4o25 4i89 4353 45i7 4682 4846 4i 

19 5oio 5174 5337 55oi 5665 5829 4o 

20 59926156631964836646681039 

21 69737136729974627625778838 

22 79518114827784398602876537 

23 89279090925294149577973936 

24 9901 ..63 .225 .387 .549 .711 35 

25 9.110873 io34 1196 i358 1519 1681 34 

26 18422003216523262487264833 

27 28092970313132923453361332 

28 37743935409542564416457731 

29 4737 4897 5o57 52i8 5378 5538 3o 

30 56985858601761776337649729 

31 66566816697571357294745328 

32 7613 7772 7931 8090 8249 84o8 27 

33 8567 8726 8884 9043 9202 9360 26 

34 9619 9677 9836 9994 . i 52 .3 ii 25 

35 9.120469 0627 0785 0943 1101 1259 24 

36 1417 i 574 1732 1890 2047 22o5 23 

37 2362 2520 2677 2835 2992 3 i 49 22 

38 33o6 3463 3620 3777 3934 4091 21 

39 4248 44o4 456i 47x8 4874 5 o 3 i 20 

40 5187 5344 55oo 5656 58i2 5969 19 

41 61256281643765936748690418 

42 70607216737175277682783817 

43 799381498304846986148770x6 

44 8925 9080 9235 9390 9544 9899 i5 

45 9854 • . .9 .x63 .3i8 .472 .627 i4 

46 9.130781 0936 1090 1244 1398 i 552 i3 

47 1706 i860 2014 2168 2322 2476 12 

48 263o 2783 2937 3091 3244 3398 11 

49 355i 3704 3858 4on 4i64 43i7 10 

50 4470 4623 4776 4929 5o82 5235 9 

51 5387 554o 5693 5845 5998 6i5o 8 

52 63o3 6455 6607 676016912 7064 7 

53 721673687520767278247976 6 

54 8i28 82 79 843i 8582 8 7 348886 5 

55 903791889340949196429793 4 

56 9944 • *96 .247 >398 .548 .699 3 

57 9.140850 1001 n5i i3o2 i 453 i6o3 2 

58 1754 19042055 22 o 5 2355 25 o 5 i 

59 2655 2806 2956 3io6 3256 34o5 o 


1 " 2 " 3 " 4 " 5 " 6 " 7 " 8 " 9 " 
16 32 48 64 80 96 112 128 144 








Logarithmic Tangents. 













Logarithmic Mnes. 


Sine of 8 Deg rees. | _ 

— — [~To» w ~ ^30" 40" | 5*7 ~1 

> 9T1 43555 37 o 5 3855Uoo5 4 i 54 | 4 3 °4 5g. oc 

■ 4453 46 o 3 4752 4902 5°5i 52°o58 1 

, 5349 5498 5648 5797 5946 6095 57 2 

5 6243 6392 654 i 6690 683 9 6987 56 3 

1 7 i 36 7284 7433 758 i 773 o 7878 55 4 

5 8026 8,74 8323 8471 8610 8767 54 5 

6 891590639211 9 358 95 o 6 9 654|53 6 

7 98029949 .• 97 l -244 -392 . 539,52 7 

8 9 . 1 5 o 686 o 834 098 1 ; 1 x 28 1 2 7 5 1 422 5 1 8 

o 1 569 1716 1863 2010 2 i 5 7 23 o 4 5 o 9 

o 245 i 2597 27442891 3 o 37 | 3 i 84 49 
j 333 o 3476 3623 3769 3915 U 061 j 48 11 

2 4208 4354 45 oo 4646 4792 | 49 38 47 12 

3 5 o 83 5229 5375 552 i 5666,5812 46 i 3 

4 59576103 6248 63 9 4 6539 j 6684 45 i 4 

,5 68306975 7 i 2 o '7265 7410 7555 44 i 5 

[6 , 70078457990.81358279842443 16 

[7 8569 8713 8858 9002 9147 9 2 9 ' 42 17 

\l 9435958097249868 ..I 2 .i 56 4 i 18 

I 9 ' 9 .i 6 o 3 oi o 445 o 58 9 ;o 732 |o 876 1020 4 o 19 
2 o| 116413081451,1590117381188239 2 C 

2 ° 2025 2169 2312 2456 2599 I 2742 38 21 

22 2885 3028 3 i 7 2 ' 33 i 5 3458 l 36 oo 37 2 ; 

23 3743 3886 4 o 29 ' 4 i 7 2 43 i 4 4457 36 2 . 

04 4600 4742 4885 5027 5 i 7 o| 53 i 2 35 21 

25 5454 5597 5 7 3 9 588 i 6 o 23 6 i 65 34 2 

26 6307 6449 6591,6733 6875 7017 33 21 

27 7.59 7 3 oo 7 442 ! 7 584 7725 7867 32 2 

28 4 00 8 8 i 5 o 8291:84328574 87 i 5 3 i 2 

29 4856 8997 9138,9279 942 o 950 i 3 o 2 

3 0 9702 9843 9984 ;-i 25 .265 . 406.9 3 

3 1 0. 170547 0687 0828,0968 1109 1249 2 

32 9 7 , 38 oi 53 o 1670 . 810. 950 2090 27 3 

33 t 2 3 o 23702510 26502790 293026 3 

3 / 5 o 7 o 32 io 3349'3489 3629 3768 25 3 

35 3908 4 o 47 4187 4326 4465 46 o 5 24 - 

36 / 7 44 4883 5 o 22 , 5 i 6 i 53 oo 5439 23 . 

o 5578 5717 5856’5995 613416273 22 . 

38 641 . 655066886827,69661710421 c 

3 o 724275817519765717796793420 , 

% 8072 8210 8348 , 848618624,8762 19 - 

4 , 89009038917693139451,9589 8 , 

42 97269864 ... 2 L 139 .276 . 4 i 4 17 - 

a 39 .i 8 o 55 i 068908260963 1100 1237 16 

44 i3 7 4 i 5 1 i i648,i 7 85 1922 2059 i5 

45 2196 2333 2469 2006 2743 2 S 7914 

46 3 o ?6 3 i 52 328 9 |3425 3562 36 9 8 i 3 

4 7 3834 3 97 i 4io7l4243 4379 45i5 2 

48 465 i 4787 4923 5o5g 5195 533i n 

4o 5466 5602 5 7 38 5874 60096145 10 

5o! 6 2 8 o 64 i 6 655 i 6686 6822 6 9 57 9 

5 , 009272287363749876337768 8 

5 2 ^3 8038 8 i 7 3 8308 8442 8577 7 

53 ^,1288478981 9 1 16 9 2 3 o 9385 6 

54 9 5. 9 9654 9788 99 23 •• 67 - l 9 l = 

55 9 . i 9 o 3 i 5 o 46 o o 5 9 4 0728 0862 0996 4 

56 7 n 3 o 1264 i 3 g 8 i 532 i 665 1799 3 

5 7 ig 33 2066 2200 2334 2467 2601 2 

58 27342868 3001 3134 3268 34 oi 1 

5 q 3534 366 7 | 38 oo 3 £ 334 o 66 41990 

60" 1 so" j o 

, Co-sine o f 81 Degrees. |-^ 

f ,« 4" 5" « ,r 8" r 

P. Part) 28 42 5 fi 70 85 59 l ' 3 l - 7 


I Sine of 9 Degrees. 

I & I 10 " I 20" I 30 " | 40 " | 50 " 

0I9. 19433^4465 4598 473 i 4864 4997 $9 

, 5129 5262 53 9 5 5527 566 o 5792 58 

„ 5q 2 5 6o57 6 i 89 6322 6454 6586 57 

3 671968516983711572477379=6 

/ 75117643777579078038817055 

5 8302 8434 8565 8697 8828 8960 54 

6 9091 9223 9354 9486 961 7 9748 53 

n 0879 . .11 -i 42 .273 . 4 o 4 .535 52 

89.20066607970928 1059 1189 1320 01 

a 1451 1582 1712 1843 1973210450 

10 22342365249526262756288649 

u 30173147327734073537366748 

12 3797 3927 4 o 57 4i87 43 i 7 4447 47 

1 3 4577 47 o 6 4836 4966 5 o 95 5225 46 

,/ 5354 5484 56x3 5 7 43 58 7 2 6002 45 

,5 6i3i 62606389 65i 9 6648 6777 44 

,6 6qo6 7 o 35 7 i 64 7293 7422 755 i 43 

17 76797808793780668194832342 

,8 84528580870988378966909441 

19 9222 9 35 x 9479 9 6 °7 9735 9864 40 

20 9992.120.248.376.504.63239 

2. 9.2107600888 ioi 5 n 43 1271 1399 38 

-> 2 ,52616541781 i 9 ° 9 2 ° 3 7 2164 37 

03 22912419254626742801292836 

li 3o55 3182 33xo 3437 3564 3691 35 

25 38183945407141984325445234 

*>6 4570 47®5 4832 49^9 5 o 85 5212 

o n 5338 5465 5591 5718 5844 5970 3 a 

28 60976223634964756601672831 

,0 68546980710672327358748330 

3 o 76097735786179878112823829 

3 , 83638489861587408866899128 

3 ^ 91169242936794929618974327 

33 9868 9993 1x8 = 43 . 368.493 26 

34 9.220618 0743 0868 o 99 3 iix8 1242 25 

35 7 1367 1492 1616 1741 1866 1990 24 

36 2 ii 5 2239 2364 2483 26 i 2 2737 23 

3, 2861 298? 3 io 9 3234 3358 3482 22 

38 36 ob' 373 o 3854 3978 4102 4226 21 

, 3 Q 43494473459747214845496820 

, 40 5092 52 x 5 5339 5462 5586 5709 19 

! x, 5833 5 9 56 6080 6203 6326 6449 18 

, 42 65736696681969427065718817 

5 43 73117434755776807803792516 

5 44 8048 8x71 8294 84 x 6 8539 866x .5 

i 45 8784890690299151 92749396 14 

3 46, 95.898419763988 ... 7 - x 3 o 3 


47 9 . 230252 0374 0496 0618 0740 0862 .2 

Aft ' 0984 no® 1228 i 349 1471 i 593 ii 

4o i 7 i 5 i 836 1958 2079 2201 2323 10 

5o 2444 2565 2687 2808 2930 3o5i 9 

5x 3,72 32 9 3 34 i 5 3536 365 7 3778 8 

52 3899 4020 4i4i 4262 4383 45o4 

53 4625 4746 4867 4987 5io8 5229 

54 534q 5470 5591 5711 5832 5g52 

55 607361936313 6434 6554 6674 

56 679569157035715572757395 

5 7 7 5i5 7 635 7755 7875^995 

58 8235 8355 8474 85 9 4 8714 8834 

5o 8 q53|9073 9192 9312 943 i^ 955 x__ 

| — — ^ 20"! 10 "_ 

I Co-sine of 80 Degrees. 

[ r j" 2" 3" 4" 5" 6" 7" 8" ~ V 

I P-Part^ 13 05 38 50 63 75 83 101 113 

Digitized by Gooyte 


Min. I o m to 



Logarithmic Tangents. 


33 


M 

Tangont of 8 

Degrees. 



1 

Tangent of 9 

Degrees. 



a 

O ' 

10* 

20" 

30 " 

40 " 

50 " 


a 

O ' 

10" 

20" 

30 " 

40 " 

50 " 


o 

9.147803 

7955 

8108 

8261 

84 i 3 

8566 

5 9 

0 

9.199713 

9849 

9985 

. 1 2 1 

.257 

. 3 9 3 

5 9 

i 

8718 

8871 

9023 

9175 

9328 

9 48o 

58 

1 

9.200529 

o 665 

0801 

° 9 3 7 

1073 

1209 

58 

2 

9632 

9784 

qq 36 

.88 

.240 

. 3 9 2 

57 

2 

1 345 

i 48 i 

1616 

1752 

1888 

2023 

57 

3 

9. i 5 o 544 

0696 

o848 

0999 

n 5 ij 

i 3 o 3 

56 

3 

2 l 5 9 

2294 

243 o 

2565 

2701 

2836 

56 

4 

i 454 

1606 

1757 

x 9°9 

2060 

221 1 

55 

4 

2971 

3107 

3242 

3377 

35 i 2 

3647 

55 

5 

2363 

25 i 4 

2665 

2816 

2967 

3 i 18 

54 

5 

3782 

3 qi 8 

4 o 53 

4i88 

4322 

4457 

54 

6 

3269 

3420 

3571 

3722 

38 7 3 

4023 

53 

6 

4592 

4727 

4862 

4996 

5 i 3 i 

5266 

53 

7 

4174 

4325 

4475 

4626 

4776 

4926 

52 

7 

5400 

5535 

566 9 

58 o 4 

5 9 38 

6073 

52 

8 

5077 

5227 

5377 

5528 

56 7 8 

5828 

5 i 

8 

6207 

6342 

6476 

6610 

6744 

6878 

5 i 

9 

5 97 8 

6128 

6278 

6428 

6578 

6728 

5 o 

9 

7013 

7147 

7281 

74 i 5 

7549 

7683 

5 o 

IO 

6877 

7027 

7177 

7326 

7478 

7625 

49 

10 

7817 

7 9 5 o 

8084 

8218 

8352 

8485 

49 

ii 

7775 

7924 

8074 

8223 

8372 

8521 

48 

11 

8619 

8 7 53 

8886 

9020 

9 i 53 

9287 

48 

12 

8671 

8820 

8969 

9118 

9267 

9416 

47 

12 

9420 

9554 

9687 

9820 

99 54 

..87 

47 

i 3 

9 565 

9713 

9862 

. .11 

.160 

. 3 o 8 

46 

i 3 

9.210220 

o 353 

o486 

0619 

0752 

o 885 

46 

:4 

9.160457 

o 6 o 5 

0754 

0902 

io 5 i 

“99 

45 

i 4 

1018 

1 1 5 1 

1284 

1417 

i 55 o 

1 683 

45 

i 5 

i 347 

1496 

i 644 

1792 

i 9 4o 

2088 

44 

i 5 

1 8 1 5 

1948 

2081 

22 1 3 

2346 

2478 

44 

16 

2236 

2384 

2532 

2680 

2828 

2975 

43 

16 

2611 

2743 

2876 

3 oo 8 

3 i 4 i 

3273 

43 

17 

3 i 23 

3271 

3418 

3566 

3 7 i 3 

386 i 

42 

*7 

34 o 5 

3537 

3670 

3802 

3 9 34 

4o66 

42 

18 

4oo8 

4 i 56 

43 o 3 

445 o 

4598 

4745 

4 i 

18 

4 i 9 8 

433 o 

4462 

45 9 4 

4726 

4858 

4 i 1 

19 

4892 

5 o 39 

5 1 86 

5333 

5480 

5627 

4 o 

1 9 

4989 

5 l 2 I 

5253 

5385 

55 i 6 

5648 

4 o 

20 

5 77 4 

5 9 2 o 

6067 

6214 

636 i 

6507 

3 9 

20 

5780 

5 9 ii 

6043 

6174 

63 o 5 

643 7 

3 9 

21 

6654 

6800 

6947 

7093 

7240 

7 386 

38 

21 

6568 

6700 

683 i 

6962 

7093 

17225 

38 

22 

7532 

7678 

7825 

7971 

8117 

8263 

37 

23 

7 356 

7487 

7618 

7749 

7880 

80II 

37 

23 

8409 

8555 

8701 

8847 

8992 

9138 

36 

23 

8142 

8273 

84 o 3 

8534 

8665 

87Q6 

36 

24 

9284 

943 o 

9 5 7 5 

9721 

9866 

..12 

35 

24 

8926 

9 ° 5 7 

9188 

9 3 i 8 

9449 

9 5 79 

35 

25 

9.170157 

o 3 o 3 

0448 

o 5 9 3 

0739 

0884 

34 

25 

9710 

9840 

997 1 

. IOI 

. 23 l 

. 36 i 

34 

26 

1029 

1174 

1319 

i 464 

1609 

1754 

33 

26 

9.220492 

0622 

0752 

0882 

1012 

n 42 

33 

27 

1899 

2044 

2188 

2333 

2478 

2623 

32 

27 

1272 

1 402 

i 532 

1662 

1792 

1922 

32 

28 

2767 

2912 

3 o 56 

3201 

3345 

3489 

3 i 

28 

20 S 2 

2182 

23 ll 

244 i 

2571 

2700 

3 i 

29 

3634 

3778 

3922 

4067 

4211 

4355 

3 o 

2 9 

283o 

2 q 5 q 

3 o 8 9 

3218 

3348 

3477 

3 o 

3 o 

4499 

4643 

4787 

4 9 3 i 

5075 

52 l 8 

2 9 

3 o 

3607 

3 7 36 

3865 

3994 

4124 

4 a 53 

2 9 

3 i 

5362 

55 o 6 

565 o 

5 79 3 

5937 

6080 

28 

3 i 

4382 

45 n 

464 o 

4769 

4898 

5027 

28 

32 

6224 

636 7 

65 i 1 

6654 

6797 

6941 

27 

32 

5 i 56 

5285 

54 i 4 

5543 

5671 

58 oo 

2 7 

33 

7084 

7227 

7 3 7 o 

75 i 3 

7 656 

7§00 

26 

33 

5929 

6 o 58 

6186 

63 i 5 

6443 

65j2 

26 

34 

7942 

8 o 85 

8228 

83 7 i 

85 i 4 

865 7 

25 

34 

6700 

6829 

6 9 5 7 

7086 

7214 

7342 

25 

35 

8799 

8942 

9085 

9227 

937° 

9 5 l 2 

24 

35 

7471 

7599 

7727 

7 855 

7 9 83 

8111 

24 

36 

9655 

9797 

9939 

..82 

.224 

.366 

23 

36 

8239 

8368 

8496 

8623 

875 l 

8879 

23 

37 

9. i 8 o 5 o 8 

o 65 o 

0792 

0934 

1076 

1218 

22 

37 

9007 

9 l 35 

9263 

9390 

9 5 i 8 

9646 

22 

1 38 

i 36 o 

1502 

i 644 

1786 

1927 

2069 

21 

38 

9773 

99 QI 

..29 

. i 56 

.284 

• 4 ii 

21 

3 9 

2211 

2352 

2494 

2635 

2777 

2918 

20 

3 9 

9 . 23 o 53 9 

0666 

0793 

0921 

io48 

1175 

20 

4 o 

3 o 59 

3201 

3342 

3483 

3625 

3 7 66 

>9 

4 o 

1302 

i 43 o 

1557 

1 684 

1811 

i 9 38 

*9 

4 i 

3 9 °7 

4 o 48 

4189 

433 o 

4471 

4612 

l8 

4 i 

2 o 65 

2192 

2319 

2446 

2573 

2699 

18 

4 a 

4752 

48 9 3 

5 o 34 

5175 

53 1 5 

5456 

17 

42 

2826 

29S3 

3 o 8 o 

3206 

3333 

346 o 

17 

43 

55 97 

5737 

58 7 8 

6018 

6 i 58 

6299 

l6 

43 

3586 

3713 

3839 

3 9 66 

4092 

4219 

l6 

44 

6439 

65 79 

6720 

6860 

7000 

7140 

i 5 

44 

4345 

4471 

4598 

4724 

485 o 

4976 

i 5 

45 

7280 

7420 

756 o 

7700 

7840 

7980 

i 4 

45 

5 io 3 

5229 

5355 

548 i 

5607 

5 7 33 

i 4 

46 

* 8120 

8259 

83 99 

853 9 

8678 

8818 

i 3 

46 

585 9 

5 9 85 

6111 

6237 

6362 

6488 

i 3 

47 | 

8 9 58 

9°97 

9236 

9376 

95 1 5 

9 655 

12 

47 

66 i 4 

6740 

6865 

6991 

7“7 

7242 

12 

48 

9794 

9933 

..72 

.212 

. 35 1 

.490 

II 

48 

7 368 

7493 

7619 

7744 

7870 

7995 

11 

49 

9.190629 

0768 

0907 

1046 

n 84 

i 323 

IO 

49 

8120 

8246 

83 7 i 

8496 

8621 

8747 

10 

5 o 

1462 

1601 

i 7 3 9 

1878 

2017 

2 i 55 

9 

5 o 

8872 

8997 

9122 

9247 

9372 

9497 

9 

5l 

2294 

2432 

2571 

2709 

2848 

2986 

8 

5 i 

9622 

9747 

9872 

9996 

.121 

.246 

8 

52 

3 i 24 

3262 

34 oi 

353 9 

3677 

38 i 5 

7 

52 

9.240371 

o 4 9 5 

0620 

o 745 

0869 

0994 

7 

53 

3 9 53 

4091 

4229 

436 7 

45 o 5 

4642 

6 

53 

1118 

1243 

i 36 7 

1492 

1616 

1741 

6 

54 

4780 

4918 

5 o 56 

5 193 

533 r 

5468 

5 

54 

1 865 

x 9 8 9 

2 1 1 4 

2238 

2362 

2486 

5 

55 ) 

56 o 6 

5 7 43 

588 i 

6018 

6 i 56 

6293 

4 

55 

26/0 

2734 

2858 

2982 

3 io 6 

323 o 

4 

56 

643 o 

6567 

6705 

6842 

6979 

7116 

3 

56 

3354 

3478 

3602 

3726 

385 o 

3974 

3 

*7 

7253 

7390 

7527 

7664 

7801 

79 38 

2 

57 

4097 

4221 

4345 

4468 

4592 

47 i 5 

a 

58 , 

8074 

8211 

8348 

8484 

8621 

8 7 58 

* 

58 

483 9 

4962 

5 o 86 

5209 

5333 

5456 

1 

5 9 | 

8894 

9 o 3 i 

9 ,6 7 

9 3 o 4 

944 o 

9 5 7 6 

0 

j $9 

5579 

5703 

5826 

5 9 4 9 

6072 

6196 

0 


| 60 " 

50 " J 

40 " 

30 " 

j 20" 

10" 

d 


CO" 

50 " 

40 " 

30 " 

20" 

~ iv r 

d I 

1 

Co-tangent of 81 Degrees 


.3 

a 


Co-tangent of 80 Degrees 

>• 

■ 

P. 

Fart* x " 2 " 3 " 
lan * 14 29 43 

4// 5// 6 // 

58 72 86 

7 " 

101 

8" 9 " 
115 130 

p.: 

1 " 2 " 3 " 
ran $ 13 26 39 

4 * 

52 

5 " 6" 
65 76 

7 " 

91 

8" 9 " 

103 116 j 


r» 


ligitized by 




34 


Logarithmic Sires. 


£ 

Sine of 10 ] 

Degrees. 



jj 

Sine of 1 1 Degrees. 

1 

s 

0" 

10" 

20" 

30 " 

40 " 

50 / 


** 

0" 

10" 

20" 

30 " 

40 " 

50 " 

1 

o 

9.239670 

9790 

99°9 

. .28 

.i 48 

.267 

5 9 

0 

9.280599 

0707 

o 8 i 5 

0924 

1032 

n 4 o 

5 9 

i 

9 . 24 o 386 

o 5 o 5 

0624 

0744 

o 863 

0982 

58 

1 

1248 

1 356 

i 465 

1573 

1681 

i 7 8 9 

58 

2 

hoi 

1220 

1339 

i 458 

1576 

1695 

57 

2 

1897 

2005 

2113 

2220 

2328 

2436 

67 

3 

1814 

1933 

2052 

2170 

2289 

24o8 

56 

3 

a 544 

2652 

2760 

2867 

2975 

3 o 83 

56 

4 

2526 

2645 

2763 

2882 

3 ooi 

3 iiq 

55 

4 

3 l 90 

3298 

3406 

35 i 3 

3621 

3728 

55 

5 

3237 

3356 

3474 

3592 

3711 

382 Q 

54 

5 

3836 

3943 

4 o 5 i 

4 i 58 

4266 

43 7 3 

54 

6 

3947 

4 o 65 

4 i 84 

43o2 

4420 

4558 

53 

6 

448 o 

4588 

46 9 5 

4802 

4909 

5017 

53 

7 

4656 

4774 

4892 

5 oio 

5 i 28 

5245 

52 

7 

5 i 24 

5 a 3 i 

5338 

5445 

5552 

565 9 

52 

8 

5363 

548 i 

55 qq 

5 7»7 

5834 

5952 

5 i 

8 

5 7 66 

5873 

5980 

6087 

6194 

63 oi 

5 i 

9 

6069 

6187 

63 o 5 

6422 

654 o 

6657 

5 o 

9 

64o8 

65 i 4 

6621 

6728 

6835 

6941 

5 o 

IO 

6775 

6892 

7OO9 

7127 

7244 

7 36 i 

49 

10 

7048 

7 i 55 

7261 

7368 

7474 

758 i 

49 

ii 

7478 

7 5 9 6 

7713 

7830 

7947 

8 o 64 

48 

11 

7688 

7794 

7900 

8007 

8 n 3 

8220 

48 

12 

8181 

8298 

84 i 5 

8532 

8649 

8766 

47 

12 

8326 

8432 

853 9 

8645 

8751 

885 7 

47 

i 3 

8883 

8 999 

9II6 

9233 

935 o 

94 66 

46 

i 3 

8964 

9070 

9176 

9282 

9388 

9494 

46 

i 4 

9 583 

9700 

98l6 

9933 

..49 

.166 

45 

i 4 

9600 

9706 

9812 

99 l8 

..24 

. i 3 o 

45 

i 5 

9.250282 

0399 

o 5 i 5 

o 63 i 

0748 

0864 

44 

i 5 

9.290236 

0342 

o 447 

o 553 

0659 

0765 

44 

16 

0980 

1097 

I 2 l 3 

1329 

1445 

i 56 i 

43 

16 

0870 

0976 

1082 

1187 

1293 

1398 

43 

17 

1677 

1793 

x 9°9 

2025 

2 l 4 l 

225 ^ 

42 

l l 

i 5 o 4 

1610 

1715 

1820 

1926 

2031 

42 

18 

2373 

2489 

26 o 5 

2720 

2836 

2952 

4 i 

18 

2137 

2242 

2347 

2453 

2558 

2663 

4 i 

x 9 

3067 

3 i 83 

3 z 99 

34 i 4 

353 o 

3645 

4 o 

*9 

2768 

2874 

2 979 

3 o 84 

3189 

3294 

4 o 

20 

3761 

38 7 6 

3 99 2 

4107 

4223 

4338 

3 9 

20 

3399 

35 o 4 

3609 

3 7 i 4 

3819 

3924 

3 9 

21 

4453 

4568 

4684 

4799 

4914 

5029 

38 

21 

4029 

4 i 34 

4239 

4344 

4448 

4553 

38 

22 

5 i 44 

5259 

53 7 4 

5490 

56 o 4 

5 7 i 9 

3 7 

22 

4658 

4763 

4867 

4972 

5 o 77 

5 i 8 i 

3 7 

23 

5834 

5949 

6064 

6179 

6294 

6409 

36 

23 

5286 

5391 

5495 

56 oo 

5704 

5809 

36 

24 

6523 

6638 

6 7 53 

6867 

6982 

7096 

35 

24 

5913 

6017 

6122 

6226 

633 o 

6435 

35 

25 

7211 

7326 

7440 

7554 

7669 

77 83 

34 

25 

6539 

6643 

6747 

6852 

6 9 56 

7060 

34 

26 

7898 

8012 

8126 

824 l 

8355 

846 9 

33 

26 

7164 

7268 

7 3 7 2 

7476 

758 o 

7684 

33 

27 

8583 

8697 

88ll 

8926 

9040 

9154 

32 

27 

7788 

7892 

7996 

8100 

8204 

83 o 8 

3 a 

28 

9268 

9382 

9495 

q6oq 

9723 

9 83 7 

3 i 

28 

8412 

85 1 5 

86I9 

8723 

8827 

8930 

3 i 

2 9 

99 5 i 

..65 

. I78 

.292 

,4o6 

.519 

3 o 

2 9 

9034 

9 i 38 

9241 

9345 

9448 

9552 

3 o 

3 o 

9.260633 

0747 

0860 

0974 

1087 

1201 

2 9 

3 o 

9 655 

97 5 9 

9862 

9966 

• .69 

.172 

29 

3 i 

i 3 i 4 

1428 

i 54 i 

i 654 

1768 

l88l 

28 

3 i 

9.300276 

03 79 

0482 

o 586 

0689 

0792 

28 

32 

! 99 4 

2107 

2220 

2334 

2447 

256 o 

27 

32 

0895 

°999 

1102 

1205 

i 3 o 8 

i 4 n 

27 

33 

2673 

2786 

2899 

3012 

3 i 25 

3238 

26 

33 

i 5 i 4 

1617 

1720 

1823 

1926 

2029 

26 

34 

335 i 

3464 

357613689 

3802 

39 l 5 

25 

34 

2 1 32 

2235 

2337 

244 o 

2543 

2646 

25 

35 

4027 

4 i 4 o 

42534365 

4476 

4590 

24 

35 

2748 

2 85 i 

2954 

3 o 57 

3 i 59 

3262 

24 

36 

47°3 

48 i 5 

4928 

5 o 4 o 

5 1 53 

5265 

23 

36 

3364 

3467 

3569 

3672 

3774 

38 77 

23 

3 7 

5377 

5490 

56 o 2 

5714 

5827 

5939 

22 

37 

3 979 

4082 

4 i 84 

4287 

4389 

44 9 i 

22 

38 

6 o 5 i 

6 i 63 

6275 

638 7 

6499 

6611 

21 

38 

4593 

4696 

4798 

4900 

5002 

5 io 4 

21 

3 9 

6723 

6835 

6947 

7 ° 5 9 

7171 

7283 

20 

3 9 

5207 

5309 

5411 

55 i 3 

56 i 5 

5717 

20 

4 o 

7 3 9 5 

7506 

7618 

7?3o 

784 i 

7953 

*9 

4 o 

5819 

5921 

6023 

6 i 25 

6227 

6328 

*9 

4 i 

8 o 65 

8176 

8288 

8399 

85 u 

8622 

18 

4 i 

643 o 

6532 

6634 

6 736 

683 7 

6939 

18 

42 

8734 

8845 

8 9 5 7 

9068 

9179 

9 2 9 I 

l l 

42 

7041 

7142 

7244 

7346 

7447 

7549 

r 7 i 

43 

9402 

95 i 3 

9624 

97 36 

9847 

9958 

16 

43 

765 o 

7752 

7 853 

7 9 55 

8 o 56 

8 i 58 

16 

44 

9.27OO69 

0180 

0291 

0402 

o 5 i 3 

0624 

i 5 

44 

8259 

836 o 

8462 

8563 

866 4 

87 66 

i 5 

45 

0735 

o846 

0957 

1067 

1178 

1289 

i 4 

45 

8867 

8 9 68 

9069 

9 * 7 ° 

9272 

9 3 7 3 

i 4 

46 

i4oo 

i 5 io 

1621 

1732 

1842 

1953 

i 3 

46 

9474 

9575 

9676 

9777 

0878 

9979 

1 3 

47 

2064 

2174 

2285 

2395 

25 o 5 

2616’ 

12 

47 

9.310080 

Ol8l 

0282 

o 382 

o 483 

o 584 

12 

48 

2726 

2837 

2947 

3 o 57 

3 i 68 

3278 

IX 

48 

o 685 

O786 

0886 

0987 

1088 

1189 

11 

49 

3388 

3498 

36 o 8 

3 7 i 8 

3829 

3939 

IO 

49 

1289 

1890 

1490 

1591 

1692 

* 79 2 

10 

5 o 

4 o 49 

4 i 59 

4269 

4379 

4489 

4598 

9 

5 o 

1893 

199 3 

2094 

2194 

2294 

2395 

9 

5 i 

4708 

4818 

4928 

5 o 38 

5 i 48 

52§7 

8 

5 i 

2495 

2595 

2696 

2796 

2896 

2997 

8 

52 

5367 

5477 

5586 

56 9 6 

58 o 5 

5915 

7 

52 

3 o 97 

3i 97 

32 97 

33 97 

3497 

3597 

7 

53 

6025 

61 34 

6243 

6353 

6462 

6572 

6 

53 

36 9 8 

3 79 8 

38 9 8 

3 99 8 

4098 

4198 

6 

54 

6 ) 58 1 

6790 

6900 

7009 

7118 

7227 

5 

54 

4297 

4397 

4497 

4597 

4697 

4797 

5 

55 

7337 

7446 

7 555 

7664 

7773 

7882 

4 

55 

4897 

4996 

5096 

5 l 96 

5295 

5395 

4 

56 

799 1 

8100 

8209 

83 i 8 

8427 

8536 

3 

56 

5495 

55 9 4 

5694 

579 3 

58 9 3 

5993 

3 

57 

8645 

8753 

8862 

8971 

9080 

9188 

2 

57 

6092 

6192 

6291 

6390 

6490 

658 9 

a 

58 

9297 

9406 

95 i 4 

9623 

9731 

9840 

1 

58 

6689' 

6788 

6887 

6986 

7086 

7 i 85 

1 

5 9 

9948 

..57 

. i 65 

.274 

.382 

ESu 

0 

5 9 

7284 

7383 

7482 

7582 

7681 

7780 

0 


60 " 

50 " 

40 " 

30 " 

20" 

mvm 

a 


60 " 

50 " 

40 " | 

30 " | 

20" i 

10" 

. 


Co-sine of 79 

Degrees. 


§ 


Co-sine of 78 

Degrees. 


a 


p .5 l" 2 " 3 ,# 

4 " 

5 7 6' 

7 // 

8" 9 " I 

T> 

Part 5 

2" 3 " 4 " 

5" 6 " 7 " 

8" 

r ’ 

1. 

Part i IX 23 34 

45 

57 68 80 


Jr. 

Part i 10 

21 31 41 

92 62 72 

83 

93 






Logarithmic Tangents. 3 b 


4 

Tangent 

of 10 

Degrees. 



4 

Tangent 

of 11 

Degrees. 



a 

0 " 

21 



40" 

50" 


a 

0 " 

10 " 

20 " 

30 " 

40" 

50 " 


0 


6442 

6565 

6688 

68 ll 

6934 

59 

0 

9.288652 

8765 

8872, 

898Q 

9IO2 

9214 

5g 

I 


7180 

73 o 3 

7426 

7548 

7671 

58 

1 

9326 

9438 

956 l 

9663 

9775 

9887 

58 

3 

7794 


8039 

STOP! 

8285 

8407 

57 

2 

9999 

.111 

.223 

.335 

• 447 

.559 

67 

3 



8775 

8897 

9020 

9142 

56 

3 

9.290671 

0783 

0895 

1007 

1119 

I 23 i 

56 

4 


9387 

9509 

9631 

9753 

Q876 

55 

4 

1 342 

1454 

i 566 

1678 

1789 

1901 

55 

5 

9998 

.120 

.242 

.364 

.486 

.608 

54 

5 

2013 

2124 

2236 

2347 

2459 

2S70 

54 

6 

9.250730 

o 852 

0974 

1096 

1218 

1339 

53 

6 

• 268a 

2793 

2905 

3 oi 6 

3127 

3239 

53 

7 

i 46 i 

i 583 

1705 

1836 

1948 

2070 

52 

7 

335 o 

346 i 

3572 

3684 

3 79 5 

3906 

52 

8 

2191 

23 i 3 

2434 

2556 

2677 

2799 

5 i 

8 

4017 

4128 

4239 

435 i 

4462 

4573 

5 i 

9 

2920 

3 o 4 i 

3 i 63 

3284 

34 o 5 

3527 

5 o 

9 

4684 

4795 

4905 

5 oi 6 

5127 

5238 

5 o 

IO 

3648 

3769 

3890 

4on 

4 i 32 

4253 

49 

10 

5349 

5460 

5571 

568 1 

5792 

5903 

4 9 

ii 

4374 

4496 

4616 

4737 

4858 

4979 

48 

11 

6 oi 3 

6124 

6235 

6345 

6456 

6566 

48 

12 

5 ioo 

5221 

534 i 


5583 

5703 

47 

12 

6677 

6787 

6898 

7008 

7**9 

7229 

47 

i 3 

58 a 4 

5945 

6 o 65 

6186 

63 o 6 

6427 

46 

i 3 

7339 

745 o 

7560 

7670 

7781 

7891 

46 

i 4 


6668 

6788 

6908 

7029 

7*49 

45 

i 4 

8001 

8111 

8221 

8332 

8442 

8552 

45 

i 5 

7269 

7389 

75 io 

7630 

7 7 5 o 

787O 

44 

i 5 

8662 

8772 

8882 

8992 

9102 

9212 

44 

16 

799 ° 

8110 

823 o 

835 o 

8470 

8590 

43 

16 

9322 

943 1 

9541 

965 1 

9761 

987 1 

43 

*7 

8710 

883 o 

8950 

9069 

9189 

q 3 oq 

42 

17 

9980 

. .90 

.200 

.309 

.419 

.529 

42 

18 

9429 

9 548 

9 668 

9787 

9907 

..27 

4 i 

18 

9 » 3 oo 638 

0748 

0857 

0967 

1076 

1186 

4 i 

19 

9.260146 

0266 

o 385 

o 5 o 4 

0624 

0743 

4 o 

l 9 

1295 

i 4 o 5 

i 5 i 4 

1624 

1733 

1842 

4 o 

20 


0982 

IIOI 

1220 

i 34 o 

i 459 

3 9 i 

20 

1951 

2061 

2170 

2279 

2388 

2497 

3 9 

21 

i 5 7 8 

1697 

1816 

1935 

2 o 54 

2173 

38 

21 

2607 

2716 

2825 

2934 

3 o 43 

3 i 52 

38 

22 

2292 

24 n 

253 o 

2649 

2768 

2887 

37 

22 

3261 

3370 

3479 

3588 

3697 

38 o 5 

37 

23 

3 oo 5 

3 1 24 

3 a 43 

336 i 

348 o 

3599 

36 

23 

3914 

4023 

4 i 32 

424 i 

4349 

4458 

36 

24 

3717 

3836 

3 9 54 

4073 

419* 

43 io 

35 

24 

4567 

4675 

47 84 

48 9 3 

5 ooi 

5 no 

35 

25 

4428 

4547 

4665 

4783 

EEEH 

5020 

34 

25 

5218 

5327 

5435 

5544 

5652 

5761 

34 

26 

5 i 38 

5256 

5375 

5493 

56 n 

5729 

33 

26 

586 9 

5977 

6086 

6194 

63 o 2 

64io 

33 

27 

5847 

5965 

6 o 83 

6201 

6319 

643 7 

32 

2 7 

6519 

6627 

6 7 35 

6843 

6951 

7 ° 5 9 

32 

28 

6555 

6673 

679O 

HE] 


7 i 44 

3 i 

28 

7168 

7276 

7384 

7492 

7600 

7708 

3 i 

29 

7261 

7379 

7497 

7614 

773 a 

7849 

3 o 

2 9 

7816 

7923 

8 o 3 i 

8139 

8247 

8355 

3 o 

3 o 

7967 

8084 

8202 

8319 

843 ? 

8554 

2 9 

3 o 

8463 

8570 

8678 

8786 

88 9 3 

9001 

2 9 

3 i 

8671 

8789 

8906 

902S 

9140 

9258 

28 

3 i 

9109 

9216 

9324 

9432 

9539 

9647 

28 

32 

9 3 7 5 

9492 

9609 

9726 

9843 

9960 

27 

32 

9754 

9862 

9969 

..76 

.184 

.291 

27 

33 

9.270077 

0194 

o 3 n 

0428 

o 545 

0662 

26 

33 

9.310399 

o 5 o 6 

o 6 i 3 

0720 

0828 

0935 

26 

34 

O779 

0896 

1012 

1129 

1246 

i 362 

25 

34 

1042 

1149 

1256 

1 364 

1471 

1 S78 

25 

35 

1479 

1595 

1712 

1829 

1945 

2062 

24 

35 

i 685 

1792 

1899 

2006 

2113 

2220 

24 

36 

2178 

2294 

S3 

2527 

2644 

2760 

I 23 

36 

2327 

2433 

254 o 

2647 

2754 

2861 

23 

371 

2876 

2992 

3109 

3225 

Egq 

3457 

22 

37 

2968 

3074 

3 i 8 i 

3288 

3394 

35 oi 

22 

38 

35 7 3 

368 9 

38 o 5 

3921 

4 o 37 

4 i 53 

21 

38 

36 o 8 

3714 

3821 

3927 

4 o 34 

4 i 4 o 

21 

3 9 

4269 

4385 

45 oi 

4617 

4733 

4849 

20 

3 9 

4247 

4353 

446 o 

4566 

4672 

4779 

20 

4 o 

4964 

5 o 8 o 

STB 

53 i 2 

5427 

5543 

*9 

4 o 

4885 

4991 

5 o 9 8 

5204 

53 io 

54 i 6 

*9 

4 i 

5658 

5774 

5890 

6 oo 5 

6121 

6236 

18 

4 i 

5523 

5629 

5 7 35 

584 i 

5947 

6 o 53 

l8 

42 


6467 

6582 

6698 

68 i 3 

6928 

17 

42 

6159 

6265 

63 7 i 

6477 

6583 

6689 

*7 

43 

7043 

7 i 5 9 

7274 

7389 

75 o 4 

7619 

16 

43 

6 79 5 

6901 

7007 

7113 

72l8 

7324 

16 

44 

7734 

7849 

7964 

8079 

8194 

8309 

i 5 

44 

743 o 

7536 

7641 

17747 

7853 

79 58 

i 5 

45 

8424 

853 9 

8654 

8769 

8884 

8998 

i 4 . 

45 

8 o 64 

8170 

8275 

838 i 

8486 

8092 

i 4 

46 

9113 


9342 

9457 

9572 

9686 

i 3 

46 

8697 

88 o 3 

8908 

9013 

9**9 

9224 

i 3 

47 

9801 


. . 3 o 

.1 44 

.259 

. 3 7 3 

12 

47 

9 3 3 o 

9435 

9.540 

9645 

975 1 

9 856 

12 

im 

9.280488 

0602 

0717 

o 83 i 

094^ 

1059 

11 

48 

9961 

..66 

• 17 * 

.277 

.382 

.487 

11 

HI 

1174 

1288 

1 402 

i 5 i 6 

i 63 o 

1744 

10 

49 

9.320592 

0697 

0802 

O9O7 

1012 

1117 

10 

5 o 

i 858 

1973 

2087 



2428 

9 

5 o 

1222 

1326 

i 43 i 

i 536 

1641 

1746 

9 

5 i 

2542 

2656 

2770 

2884 

2998 

3 i 1 1 

8 

5 i| 

i 85 i 

1955 

2060 

2 i 65 

2269 

2374 

8 

52 

3225 

3339 


3566 

368 o 

3793 

7 

52 

2479 

2583 

2688 

2793 

2897 

3002 

7 

53 

3907 

4021 

4 i 34 

4248 

436 i 

4474 

6 

53 

3 io 6 

3211 

33 i 5 

3420 

3524 

3628 

6 

54 

4588 

4701 

48 i 5 

4928 

5 o 4 i 

5 i 54 

5 

54 

3733 

383 7 

3941 

4 o 46 

4 i 5 o 

4254 

5 

55 

5268 

538 i 

5494 

5607 

5730 

5833 

4 

55 

4358 

4463 

4567 

4671 

4775 

4879 

4 

56 

5 9 47 

6060 

6173 

6286 

6399 

65 i 2 

3 

56 

4983 

5087 

5191 

5295 

5399 

55 o 3 

3 

IBB 


E3S2 

685 o 


7076 

7189 

2 

67 

5607 

5711 

58 i 5 

5 9 i 9 

6023 

6127 

2 

58 

7301 

74 i 4 

7527 

7639 

77 5 a 

7865 

1 

58 

623 i 

6334 

6438 

654 a 

6646 

6749 

1 

m 

7977 

8090 

8202 

83 i 5 


854 o 

0 

5 9 

6853 

6957 

7060 

7*64 

7267 

7 3 7 * 

0 

S 

HES3HI 

'W77M 

\WM 



10" 

P| 


60 " 

50 " 

40" 

30 " 

20" 

10 // 

d 

\m 

. Co-tangent of 79 Degrees. 

|| 


Co-tangent of 78 Degrees. 

1 

p 

MKIBK 

3E 

KM 


EH 


TJ 

Part 5 

2" 3 " 4 " 

5 " 

5 " 7 " 8" 

9 " 





r. 

Part i 11 

22 32 43 

54 65 75 

86 

97 

J 








Logarithmic Sines. 


Sine of 12 Degrees. 


7879 7978 8077 
8473 8572 8671 
9066 9165 9263 
9658 9757 9855 
0249 °348 o446 
o84o 0938 1037 
i43o z528 1626 
2019 2117 22 1 5 
2607 2705 2802 
3194 3292 3389 
3780 3878 3975 
4366 4463 456i 
4950 5o48 5 145 
5534 5632 5729 
6117 62i5 63i2 
6700 6797 6894 
7281 7378 7475 
7862 7958 8o55 
8442 8538 8635 
9021 9117 9213 
9599 9695 9791 
0176 0272 o368 
0753 0849 °945 
1329 1424 1520 
1903 1999 2095 
2478 2573 2669 
3o5i 3i47 ^ 2 42 
3624 3719 38i4 
4195 4291 4386 
4767 4862 4957 
5337 5432 5527 
5906 6001 6096 
6475 6570 6664 
7043 7137 7232 
7610 7704 7799 
8176 8271 8365 
8742 8836 8930 
9307 9401 9495 
9871 9964 • .58 
o434 0S2S 0621 
0996 1090 1184 
i558 i6§2 1745 
2119 2212 23o6 
2679 2 77 2 2 866 
3239 3332 3425 
3797 3890 3983 
4355 4448 454i 
4912 5oo5 5098 
5469 556 1 5654 
6024 6117 6210 
6579 6672 676 4 
7134 7226 7318 
7687 7779 7871 
8240 8332 8424 
8792 8884 8976 
9343 9435 9526 
9893 9985 . .77 
o443 o535 0626 
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Sine of 13 Degrees. 
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Logaei'i hmic Tangents. 


^ Tangent of 12 Degrees. 

9 w 10" 20" I 30" 40" 50" 

0 9.327475 7578 7682 7785 7888 7992 59 

1 80958199830284058509861258' 

2 8715 8819 8922 9025 9128 923l 57 

3 9334 9438 9541 9644 9747 985 o 56 

4 9953 . .56 .159 .262 .365 .468 55 

5 9.330570 0673 0776 0879 °9® 2 1084 54 

6 1187 1290 1393 1495 1598 1701 53 

7 i 8 o 3 1906 2008 21 1 1 22i3 23 i 6 52 

8 24182521262327262828293051 

9 3 o 33 3 1 35 3237 334 o 3442 3544 5 o 

10 9.333646 3748 385 1 3953 4 o 55 4 i 57 49 

1 1 4259 436 1 4463 4565 4667 4769 48 

12 48714973507551775279538047 

1 3 5482 5584 5686 5 7 88 588 9 5 99 i 46 

14 60936194629663986499660145 

1 5 67026804690570077108721044 

16 7311 74 1 3 75 1 4 76i5 7717 7818 43 

17 79198021812282238324842642 

18 85278628872988308931903241 

19 91339234933594369537963840 

20 9.339739 9840 9941 • *42 . i 43 .243 39 
3i 9 . 34 o 344 o 445 o 546 o 646 0747 0848 38 

22 0948 1049 n 5 o I 25 o i 35 i i 45 i 37 

23 i 552 i 652 1753 i 853 1954 2 o 54 36 

34 2 i 55 2255 2355 2456 2556 2656 35 

25 27572857295730573158325834 

26 3358 3458 3558 3658 3 7 58 3858 33 

27 3 9 58 4 o 58 4 1 58 4258 4358 4458 3 2 

28 4558 4658 4758 4858 4957 5 o 5 7 3 i 

29 5 1 57 5257 5357 5456 5556 5656 3 o 


^ Tangent of 13 Degrees. 

° 0" 10" 20" 30" 40" 50"~ 

ok ). 363364 346 o 3556 3652 3748 3844 5 9 

1 3940 4 o 36 4 i 32 4228 4324 4420 58 

2 45 i 5 461 1 4707 48 o 3 4899 4994 57 

3 5 o 9 o 5 i 86 5282 5377 5473 5568 56 

4 5664 5760 5855 5951 6 o 46 6142 55 

5 62376333642865246619671554 

6 6810 6905 7001 7096 7191 7287 53 

7 7382 7477 7572 7668 7763 7858 52 

8 79538048814382398334842951 

9 85248619871488098904899950 

10 9.369094 9189 9284 9378 9473 9568 49 

1 1 9663 9758 9853 9947 . .42 . 137 48 

12 9.370232 0326 0421 o 5 i 6 0610 0705 47 

1 3 0799 0894 0989 io 83 1 178 1272 46 

1 4 1367 1461 i 556 i 65 o 1744 1839 45 

1 5 1933 2028 2122 2216 23 i 1 24o5 44 

16 24992593268827822876297043 

17 3 o 64 3i59 3253 3347 344 i 3535 42 

18 3629 3723 3817 391 1 4 oo 5 4099 4 i 
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26 81228216830984028495858833 
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3 o 9.345755 5855 5954 6 o 54 6 1 54 6253 29 3 o 9. 38 o 354 o 446 0539 o 632 0725 0817 29 

O . coco C/C. CCC- C.O.C. - c.c. CQC. O.l 1 ol * qq! ,0,0 


31 6353 6452 6552 665i 6751 685o 28 

32 6949 7049 7148 7248 7347 7446 27 

33 7545 7645 7744 7843 7942 8042 26 

34 8 i 4 i 8240 833 9 8438 853 7 8636 25 
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37 9922 . .21 . 120 .218 .317 .416 22 

38 9«35 o 5 i 4 o 6 i 3 0712 0810 0909 1007 21 

39 1106 1204 i 3 o 3 i 4 oi i 5 oo 1598 20 

40 9.351697 1795 1894 1992 2090 2189 19 

41 2287 2385 2483 2582 2680 2778 18 
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45 464 o 4738 4836 4934 5 o 3 i 5129 i 4 
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47 58 1 3 5910 6008 6 io 5 6203 63 oo 12 

48 6898 6495:6593 6690 6787 6885 1 1 

49 69827079717772747371746910 


31 0910 ioo3 1095 1188 1280 1373 28 

32 i486 1 558 1 65 1 1743 i836 1928 27 

33 20202113220522982390248226 

34 25 y 5 2667 2 7^9 2852 2944 3o36 25 

35 3i29 322i33i3 34o5 3497 3589 24 

36 3682 3774 3866 3958 4o5o 4i4s 23 

37 4234 4326 44 j 8 45 io 4602 4694 22 
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39 53375429552156125704579620 

40 9 385888 5979 6071 6i63 6254 6346 19 
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43 7S36 7627 7718 7810 7901 7992 16 
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5 i 8 i 49 8246 8343 844 o 853 7 8634 8 

5 a 8731 8828 8925 9022 91 19 9216 7 

53 931394099506960397009797 6 

54 9893 9990 . .87 . 184 .280 .377 5 

55 9.360474 ob'jo 0667 0763 0860 0957 

56 io 53 n 5 o 1246 i 343 1439 1 535 

57 i 632 1728 1825 1921 2017 21 14 

58 221023062403249925952691 

69 278728842980307631723268 


Co-tangent of 77 Degrees. 
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2989 3 o 8 o 3170 3260 335 1 344 i 6 
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4 o 73 4 i 63 4253 4343 4433 4523 4 

46 i 4 47 o 4 4794 4884 4974 5 o 64 3 
5 i 54 5244 5334 5424 55 i 4 56 o 4 2 
5694 5783 5873 5963 6 o 53 6 i 43 1 
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60" 50" 40" 30" 20" 10" ~~ 

Co-tangent of 76 Degrees. a 
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rt > 9 19 28 37 46 56 65 74 83 
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5659 

5 7 3 7 

54 

6 

6704 
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6 
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5971 
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6127 
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53 

7 

7207 
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7374 

7458 

7541 
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52 

7 

6283 
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6439 

6517 

659S 

6673 

5 a 

8 
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7876 

79 5 9 

8 o 43 

8127 
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8 

6751 

6828 

6906 

6984 

7062 
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9 
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8294 

8377 

846 1 

8544 

8627 
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9 

7217 
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7 3 7 3 

? 45 1 

7528 

7606 
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IO 

9.388711 

8794 
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8961 

9044 
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49 

10 
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7839 

7917 
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8072 

49 

ii 
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9294 

9 3 7 8 

9461 

9544 

9627 

48 

11 

8 i 5 o 

8227 

83 o 5 

8382 

846o 

853 7 

48 

12 

97 11 

9794 

9877 

9960 

..43 

. 126 

47 

12 

86 i 5 

8692 

8770 

8847 

8925 

9002 

47 

j 3 

9.390210 

0293 

0376 

0459 

0542 

0625 

46 

i 3 

9°79 

9^7 

9234 

9312 

9 38 9 

9 466 

46 

i 4 

0708 

0791 

0874 

0957 

io4o 

1123 

45 

i 4 

9544 

9621 

9698 

9776 

9853 

9930 

45 

i 5 

1206 

1289 
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1537 

1620 

44 
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9.420007 

oo 85 

0162 

0239 

o 3 i 6 

0393 

44 

16 

1703 

1786 

1868 
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2034 

2117 

43 

16 

0470 
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0625 

0702 

0779 

o 856 

43 

l l 

2199 

2282 

2365 

2447 

253 o 

26 i 3 

42 

17 

0933 

1010 

1087 

1164 

1241 

i 3 i 8 

42 

18 

2695 

2778 

2860 

2943 
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3 io 8 
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18 

1395 

1472 

1549 

1626 

1703 
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l 9 

3191 

3273 

3356 

3438 
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19 
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2164 

2241 
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3768 
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3932 
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3774 
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3927 

4 oo 3 

4o8o 
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24 
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5740 

5822 

5904 
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35 
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4233 

4309 
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4462 
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25 
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Logarithmic Tangents. 
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Logarithmic Tangents. 
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Logarithmic Tangents. 


Tangent of 42 Degrees. 
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j Tangent of 46 Degrees. 

S 0" | 10" | 20" | 30" | 40" 50" 

0 io.oi 5 i 63 52 o 5 5247 $289 533 1 5373 5 g 

1 54i6 5458 55oo 5542 5584 5626 58 

2 5668 571 1 5753 5795 5837 5879 ^7 

3 59215963600660486090613256 

4 6174 6216 6258 63oi 6343 6385 55 

5 64276469651165536596663854 

6 6680 6722 6764 6806 6848 6891 53 

7 6933 6975 7017 7059 7101 7143 52 

8 71867228727073127354739651 

9 7438 7481 7523 7565 7607 7649 5o 

10 10.017691 7733 7776 7818 7860 7902 49 

11 7944 7986 8028 8071 81 13 8i55 48 

12 81978239828183238366840847 

13 84508492853485768618866146 

14 87038745878788298871891445 

15 89568998904090829124916644 

16 92099251929393359377941943 

17 94629504954695889630967242 

18 *97149757979998419883992541 

19 9967 . .10 . .52 . .94 . i36 . 178 4o 

20 10.020220 0262 o3o5 0347 0389 o43i 39 

21 0473 o5 1 5 o558 0600 0642 0684 38 

22 07260768081008530895093737 

23 0979 1021 io63 1106 1148 1190 36 

24 1232 1274 i 3 i 6 1359 i 4 oi i443 35 

25 i485 1527 1569 1612 i654 1696 34 

26 1738 1780 1822 i865 1907 1949 33 

27 1991 2o33 2075 2118 2160 2202 32 

28 22442286232823702413245531 

29 2497 2539 <58i 2623 2666 2708 3o 

30 10.022750 2792 2834 287/2919 2961 29 

31 3oo3 3o45 3087 3i3o 3172 32i4 28 

32 3256 3298 334o 3383 3425 3467 27 
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36 4268 43 io 4353 4395 4437 4479 23 
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43 6o4o 6082 6124 6166 6209 625 i 16 
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45 6546 6588 663o 66 7 3 6 7 i 5 6 7 5 7 i4 
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Logarithmic Tangents. 




Tangent of 48 Degrees. 


10 " 20 " 


Tangent of 49 Degrees. 


20" 30" I 40" I 50" 
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.045563 56o5 5647 5690 5732 5774 59 
5817 5859 ^901 5944 5986 6028 58 
6071 61 13 61 55 6198 6240 6282 57 
6325 6367 6409 6452 6494 6537 56 
6579 6621 6664 6706 6748 6791 55 
6833 6875 6918 6960 7002 7045 54 
7087 7i3o 7172 7214 7257 7299 53 
7341 7384 7426 7468 7511 7553 52 
7595 7638 7680 7723 7765 7807 5i 
78S0 7892 7934 7977 8019 8062 5o 
.048104 8i46 8189 8231 8273 83i6 49 
8358 84co 8443 8485 8528 8570 48 
8612 8655 8697 8739 8782 8824 47 
8867 8909 8951 8994 9036 9079 46 
9121 9163 9206 9248 9290 9333 45 
9375 9418 9460 9502 9545 9587 44 
9629 9672 9714 9757 9799 9841 43 
9884 9926 9969 ..11 . . 53 . . 96 42 
.o5oi38 0181 0223 0265 o3o8 o35o 4i 
0392 o435 0477 o52o o562 0604 4o 
.o5o647 0689 0732 0774 0816 0859 39 
0901 0944 0986 1028 1071 1 n3 38 
n56 1198 1240 1283 i325 i368 37 
i4io i452 1495 1 537 i58o 1622 36 
i665 1707 1749 1792 i834 1877 35 
1919 1961 2004 2046 2089 2l3l 34 
2173 2216 2258 23oi 2343 2386 33 
2A28 2470 25i3 2555 2598 2640 32 
2682 2725 2767 2810 2852 2895 3i 
2937 2979 3022 3o64 3107 3149 3o 
j53i92 3234 3276 3319 336i 34o4 29 
3446 3489 353i 35 7 3 36i6 3658 28 
3701 3743 3786 3828 3870 3913 27 
3955 3998 4o4o 4o83 4i25 4168 26 
4210 4252 4295 4337 438o 4422 25 
4465 4507 4549 4592 4634 4677 24 
4719 4762 4804 4847 4889 4931 23 
4974 5oi6 5069 5ioi 5i44 5i86 22 
5229 5271 53i4 5356 5398 544i 21 
5483 5526 5568 56n 5653 56 9 6 20 
.055738 5781 5823 5865 5908 5950 19 
5993 6o35 6078 6120 6i63 6205 18 
6248 6290 6333 6375 6417 646o 17 
65o2 6545 6587 663o 6672 6715 16 
6757 6800 6842 6885 6927 6970 i5 
7012 7055 7097 7139 7182 7224 i4 
7267 7309 7352 7394 7437 7479 1 3 
7522 7564 7607 7649 7692 7734 12 
7777 7819 7862 7904 7947 7989 11 
8o32 8074 8117 8159 8202 8244 10 
.05828783298372841484568499 9 
854i 8584 8626 8669 871 1 8754 8 
8796 8839 8881 8924 8966 9009 7 
905 1 9094 9136 9179 9221 9264 6 
930693499391943494769519 5 
956196049646968997329774 4 

9817 9859 9902 9944 9987 . .29 3 

.06007201140157019902420284 2 
032703690412045404970539 1 
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i858 1900 1943 1985 202S 2070 55 
21 13 2i55 2198 2241 2283 2326 54 
2368 2411 2453 2496 2538 258i 53 
2623 2666 2709 2751 2794 2836 52 
2879 2921 2964 3oo6 3o49 3°9 2 5i 
3i34 3177 3219 3262 33o4 3347 5o 
.063389 3432 3475 35i7 356o 36o2 49 
3645 3687 3730 3773 38i5 3858 48 
3900 3943 3985 4028 4070 4 h 3 47 
4i56 4198 4241 4283 4326 4368 46 
44i 1 4454 4496 4539 458 1 4624 45 
4667 4709 4752 4794 4837 4879 44 
4922 4965 5007 5o5o 5092 5 1 35 43 
5178 5220 5263 53o5 5348 5390 42 
5433 5476 55i8 556i 56o3 5646 4i 
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6200 6242 6285 6328 6370 64i3 38 
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Logarithmic Sines. 
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Logarithmic Sines. 
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Sine of 64 Degrees. 
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Tangent of 64 Degrees. 
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Tangent of 65 Degrees. 
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arithmic Sines. 
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Tangent of 74 Degrees. 
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0277 

6966 

3372 

9493 


li2 

4479 

2811 

0874 

8666 

6 i 85 

3427 

0391 

7075 

3476 

9593 

1 


29 ° 

28 ° 

27 ° 

26 ° 

25 ° 

24 ° 

23 ° 

22° 

21° 

20° 
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Natural Co-sines. | 

1 

tol «> 3 9 

i 

2 . 3 l 

2.24 

2.16 

2.09 

2.01 

1 .93 

1.86 

' I.78 

1.70 
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Natural Tangents. 


lyv 


1 

0 

0 

61 ° 

62 ° 

63 ° 

64 ° 

65 ° 

66° 

67 ° 

68° 

69 ° 


o 

1.73205 

i. 8 o 4 o 5 

1.88073 

1.96261 

2 .o 5 o 3 o 

2 .i 445 i 

2.24604 

2.35585 

2.47509 

2.60509 

60 

1 

3321 

0529 

8205 

6402 

5 i 82 

46 i 4 

4780 

5 77 6 

7716 

0736 

5 9 

2 

3438 

o 653 

833 7 

6544 

5333 

4777 

4956 

5967 

7924 

0963 

58 

3 

3555 

0777 

8469 

6685 

5485 

4940 

5 i 32 

6 i 58 

8 i 32 

1190 

57 

4 

3671 

0901 

8602 

6827 

563 7 

5 io 4 

5309 

634 q 

8 34 o 

1418 

56 

5 

3788 

1025 

8734 

6q6q 

5790 

5268 

5486 

654 i 

8549 

1 646 

55 

6 

3 9 °5 

n 5 o 

8867 

7111 

5942 

5432 

5663 

6 7 33 

8 7 58 

1874 

54 

7 

4022 

1274 

9000 

7253 

6094 

5596 

584 o 

6925 

8967 

2103 

53 

8 

4 i 4 o 

i3 99 

9 i 33 

7395 

6247 

5760 

6018 

7118 

9*77 

2332 

52 

9 

4257 

t 524 

9266 

7538 

64oo 

5925 

6196 

73 ii 

9 386 

256 i 

5 1 

10 

1.74375 

1.81649 

1.89400 

1.97681 

2 .o 6553 

2.16090 

2.26374 

2.37504 

2.49597 

2.62791 

5 o 

ii 

4492 

1774 

9 533 

7823 

6706 

6255 

6552 

7697 

9807 

3021 

49 

12 

46 lO 

1899 

9667 

7066 

6860 

6420 

6730 

789 1 

2 . 5 ooi 8 

3252 

48 

i 3 

4728 

2025 

9801 

8110 

7014 

6585 

6909 

8 o 84 

0229 

3483 

47 

i 4 

4846 

2i5o 

9935 

8253 

7167 

6751 

7088 

8279 

o 44 o 

3 7 i 4 

46 

i 5 

4964 

2276 

1.90069 

83 9 6 

7321 

6917 

7267 

8473 

o 652 

3945 

45 

16 

5082 

2402 

0203 

854 o 

7476 

7083 

7447 

8668 

0864 

4177 

44 

17 

5200 

2528 

0337 

8684 

763 o 

7249 

7626 

8863 

1076 

44 io 

43 

18 

5319 

2654 

0472 

8828 

77 85 

7416 

7806 

9 o 58 

1289 

4642 

4 a 

*9 

5437 

2780 

0607 

8972 

7939 

7582 

7987 

9253 

l5o2 

48 7 5 

4 i 

20 

1.75556 

1.82906 

1.90741 

1.99116 

2.08094 

2.17749 

2.28167 

2.39449 

2.51715 

2 . 65 io 9 

4 o 

21 

56 j 5 

3 o 33 

0876 

9261 

825 o 

79 l6 

8348 

9645 

* 9 2 9 

5342 

3 9 

22 

5794 

3 1 59 

1012 

9406 

84 o 5 

8084 

8528 

9841 

2142 

55 7 6 

38 

23 

5913 

3286 

Il 47 

955 o 

856 o 

825 i 

8710 

2 . 4 oo 38 

235 7 

58 ii 

3 7 

24 

6 o 32 

34 i 3 

1282 

9695 

8716 

8419 

8891 

. 0235 

2571 

6046 

36 

25 

6 i 5 i 

354 o 

i4i8 

9841 

8872 

858 7 

9073 

o 43 he 

2786 

6281 

35 

26 

6271 

366 7 

1 554 

9986 

9028 

8 7 55 

9254 

0629 

3 ooi 

65 i 6 

34 

27 

C390 

3794 

1690 

2 -OOl 3 l 

9184 

8923 

9437 

0827 

3217 

6752 

33 

28 

65 io 

3922 

1826 

0277 

9341 

9092 

9619 

1025 

3432 

6989 

32 

2 9 

663 o 

4049 

1962 

0423 

9498 

9261 

98 01 

1223 

3648 

7225 

3 i 

3 o 

1.76749 

1.84177 

1.92098 

2.00669 

2.09654 

2.19430 

2.29984 

2.41421 

2.53865 

2.67462 

3 o 

3 i 

6869 

43 o 5 

2235 

0715 

9811 

9599 

2.30167 

1620 

4082 

7700 

2 9 

32 

6990 

4433 

2371 

0862 

9969 

9769 

o 35 i 

1819 

4299 

79 3 7 

28 

33 

7110 

456 1 

25 o 8 

1008 

2.10126 

99 38 

o 534 

2019 

45 i 6 

8 i 7 5 

2 7 

34 

7230 

4689 

2645 

n 55 

0284 

2.20108 

0718 

2218 

4734 

84 i 4 

26 

35 

j 35 i 

4818 

2782 

1302 

0442 

027S 

0902 

2418 

4952 

8653 

25 

36 

7471 

4946 

2920 

i 449 

0600 

0449 

1086 

2618 

5170 

8892 

24 

37 

7 5 9 a 

5oj5 

3o5y 

1596 

0758 

0619 

1271 

2819 

538 9 

9 i 3 i 

23 

38 

7713 

5204 

3ig5 

1743 

0916 

0790 

i 456 

3019 

56 o 8 

9 3 7 * 

22 

3 9 

7834 

5333 

3332 

1891 

io 7 5 

0961 

i 64 i 

3220 

5827 

9612 

21 

4 o 

1.77955 

1.85462 

1.93470 

2.02039 

2.11233 

3.21132 

2.31826 

2.43422 

2.56o46 

2.69853 

20 

4 i 

8077 

5591 

36 o 8 

2187 

1392 

i 3 o 4 

2012 

3623 

6266 

2.70094 

*9 

42 

8198 

6720 

3 7 46 

2335 

i 552 

1473 

2197 

3825 

6487 

o 335 

18 

43 

8319 

585 o 

3885 

2483 

1711 

1647 

2383 

4027 

6707 

0577 

17 

44 

844 1 

5979 

4 o 23 

263 i 

1871 

1819 

2570 

423 o 

6928 

08l9 

16 

45 

8563 

6109 

4162 

2780 

2030 

1992 

2756 

4433 

7i5o 

1062 

i 5 

46 

8685 

6239 

43 oi 

2929 

2190 

2164 

2943 

4636 

7371 

i 3 o 5 

i 4 

47 

8807 

636 9 

444 o 

3078 

235 o 

2337 

3 i 3 o 

483 9 

7593 

1 548 

i 3 

48 

8929 

6499 

4579 

3227 

25 ii 

25 lO 

33 i 7 

5 o 43 

7815 

1792 

12 

49 

9 o 5 i 

663 o 

4718 

3376 

2671 

2683 

35 o 5 

5246 

8 o 38 

2 o 36 

11 

5 o 

1.79174 

1.86760 

1-94858 

2 .o 3526 

2.12832 

2.22857 

2.33693 

2 . 4545 i 

2.58261 

2.72281 

10 

5 i 

9296 

6891 

4997 

36 7 5 

2993 

3 o 3 o 

388 1 

5655 

8484 

2526 

9 

52 

9419 

7021 

5 i 37 

3825 

3 i 54 

3204 

4069 

586 o 

8708 

277 1 

8 

53 

9542 

J1S2 

5277 

3975 

33 i 6 

3376 

4258 

6 o 65 

8932 

3017 

7 

54 

! 9 665 

7283 

5417 

4 i 25 

3477 

3553 

4447 

6270 

9 i 56 

3263 

6 

55 

9788 

74 i 5 

5557 

4276 

363 9 

3727 

4636 

6476 

9381 

3509 

5 

56 

99 ” 

7546 

5698 

4426 

38 oi 

3902 

4825 

6682 

9606 

3 7 56 

4 

57 

i. 8 oo 34 

7677 

5838 

4577 

3 9 63 

4077 

5 oi 5 

6888 

9831 

4 oo 4 

3 

58 

oi 58 

7809 

5979 

4728 

4 i 25 

4252 

52 o 5 

7095 

2.60057 

425 i 

2 

i 2 

0281 

79 4 i 

6120 

4879 

4288 

4428 

53 9 5 

7302 

0283 

4499 
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29° 

28° 

27° 

26 ° 

25 ° 

24 ° 

23 ° 

22° 

21° 

20° 
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2.82 

3 .o 5 

3.3i 
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Natukal Sinks. 
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Natural Sines. 





































Natural Tangents. 
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Natural Secants. 


0 X .OOOOOO 

1 000 x 5a 

a 000609 

3 00137a 

4 003442 

5 oo38ao 

6 oo55o8 

7 007510 

8 009838 

9 of a465 

10 1.0x5427 

xx 0x8717 

1 a oaa34i 

1 3 oa63o4 

x4 o3o6i4 

x5 035276 

16 040299 

17 045692 

18 ©5i46a 

19 057621 


1.000004 

000207 

0007x5 

001529 

ooa65o 

004080 

©4> 58ao 
007874 
oxoa45 
0x2936 
x .015952 
019297 
022977 
026998 
o3x366 



020487 

024280 

0284x5 

032900 

037742 

042949 

048029 

054492 

060849 

x. 067609 
074786 
082392 

090441 

098948 
107929 
1x7400 
127382. 
137893 
148956 
1 .160592 
172828 
185689 
199205 
2 1 34o6 
228327 
244 oo 3 
260472 
277779 
295967 

i. 3 i 5 o 87 
335192 
356342 
* 378598 

402032 

426718 

452740 

480187 

509160 

539769 

1.572134 

6o6388 
642680 
681173 
722061 
765517 
811801 I 
861159 I 
913881 
970204 


x . 000068 
000423 
00x084 

ooao5i 
oo33a6 
004911 
006808 
- 009020 
oxx55o 
01 44o 3 
X .017583 
021095 
024945 

029x38 | 

o3368a ; 

038584 

043853 

049496 

o555a4 

061947 

1.068776 

076024 

083703 

091827 

ioo4n 

109473 

119028 

129096 

139698 

i5o854 
1.162589 
174927 
187895 
201523 
21 5842 
a3o886 
246691 
263298 
280748 
299088 
i.3i8368 
338643 
359972 
382420 
406057 
430960 
457213 
484907 
5 i 4 x 45 
545o38 
1.577708 
6x2291 
648 9 38 
687815 

729110 

773029 

819806 

869704 

923017 


1 .000106 

0005x2 

001224 
002242 
003569 85 
oo5ao5 84 
007x54 83 
009419 82 
0X2003 81 
0x49x0 80 
i. oi8i45 79 
0217x3 78 
oa56ao 77 
029871 76 

034474 75 
039437 74 
044767 73 
7» 


69 
68 
67 
66 
65 
64 
63 
62 
61 

152769 60 

i.i646o3 59 

177044 58 

190120 57 

ao386i 56 
218298 55 

233466 54 
249402 53 
266146 5a 
283741 
302234 
1.321677 
342123 


x.583335 


Natural Co-secants. 

































Natural Secants. 
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2.971349 

3.124396 | 3 .i 5 i 545 


2.000000 | a.oioi 36 | 2.020393 | 2.030772 
062665 
i3co54 
202689 
281172 
366202 
458593 
5593 o 5 
669467 
790428 
.923804 
.071553 
236068 
42 o 3 o 4 
627955 
863703 
4.133565 
4454i 1 
809734 
. 240843 

.758770 
. §92453 
. 185297 
.205509 
.566772 

1.47371 | 11.86837 


3.020569 | 3.o45835 


5 . 4 o 2633 


8.613790 
10. 12752 


4.33559 
9 . 10732 I 20.23028 
8.65371 I 31.25758 
68.75736 


4.039380 

3362i5 


i6.38o4i 


40' | 30' 1 20 ; 

Natural Co-secants. 


5.163592 


IH 

1 

3 

3 

0.2 

7.0 

77 

39 


I 

8.0 

i 5 

6 

4 

9.3 
> II. 
! x 3 . 

1 


7 < 

5 

1 


18.10262 

26 . 45 o 5 i 

49.1x406 

343.7752 


10' I 1 * 5 * I 


3 .0523599 


11 

12 

. 1919862 
.2094395 

i 3 

.2268928 

i 4 

.2443461 

i 5 

.2617994 

16 

.2792527 


22 I .3839724 
s3 I .4014^57 
a 4 

25 | .4363323 


LENGTHS OF CIRCULAR ARCS. 


Degrees 



.4537856 
.4712389 
•4886922 
. 5 o 6 x 455 
.5235988 
.54io52i 
.5585o54 
.5759587 
.5934119 
.6108652 
. 6283 i 85 
.6457718 
.6632251 
.6806784 
.6981317 
•7i5585o 
• 733 o 383 
. 75 o 4 oi 6 

.7679449 

45 .7853982 

46 . 8 o 285 i 5 

47 .8203047 

48 .8377580 

49 .S552ii3 

50 .8726646 


85 1 

90 1 

XOO I 
IIO X 
120 2 
l 3 o 2 
l4o 2 
l 5 o 2 
l6o 2 
I70 2 

180 3 


.89OII79 

.9075712 

.9250245 

.942477 8 

.9599311 

•9773844 

•9948377 
.OI229IO 
.0297443 
.0471976 
. 1 344640 
.2217305 
.3089969 
.3962634 
.4835299 
.5707963 
.7453293 
.9198622 
.094395X 
.2689280 
.4434610 
.6179939 
.7925268 
.9670597 
. 14 x 5927 


.OOO2909 

.ooo58i8 

.0008727 

.ooxi636 

.00x4544 

.0017453 

.0020362 

.*0023271 

.0026180 

.0029089 

.0031998 

.0034907 

.0037815 

.0040724 

.oo43633 

.0046542 

.0049461 

.oo5236o 

.0055269 

.0058178 

.0072722 

.0087266 

.0X16355 

.oi45444 

, 4 >i 74533 


n 


.0000048 

.0000097 

.0000145 


5 .0000242 

6 .0000291 

7 .0000339 

8 .oooo388 

9 .oooo436 
.oooo485 
.oooo533 
.oooo582 
.oooo63o 


.0000727 
.0000776 
. 0000824 
.0000873 
.0000921 
.0000970 
.00012x2 
.000x454 


0002424 
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Traverse Table. 




Dist. 2. 

Dist. 3 . 

| Dist. 4 . 


■ 

■n 

■2231 

Lat 


MEM 

Dep. 

Lat 

Dep. 

wszm 

IbaSiSI 

H 

m 

— 

1.0000 

aoo 44 

9 OOOO 

0.0087 

3.0000 

o.oi 3 i 

4*o6oo 

O.OI75 

[5.0000 

0 

0.0218 

0 

s. 

/ 

45 


3 o 

oooo 

0087 

1 * 9999 

0175 

2.9999 

0262 

3.9998 

0349 

4.9998 

o 436 


3 o 


45 

0.9999 

oi 3 i 

9998 

0262 

9997 

0393 

9997 

o 524 

9996 

06 54 


i 5 

i 

o 

999 ® 

0175 

9997 

o 349 

9995 

o 524 

9994 

0698 

9992 

0873 

89 

0 


i 5 

9998 

0218 

9995 

o 436 

9993 

o 654 

9990 

0873 

9988 

1091 


45 


3 o 

9997 

0262 

9993 

o 524 

9990 

0785 

9986 

1047 

9983 

1 309 


3 o 


45 

9995 

o 3 o 5 

999 1 

0611 

9986 

0916 

9981 

1222 

9977 

1527 


i 5 

2 

0 

9994 

o 349 

9988 

‘0698 

0082 

1047 

9976 

1396 

9970 

1745 

88 

0 


i 5 

999 2 

0393 

9985 

0785 

9977 

1178 

9969 

1570 

99®* 

1963 


45 


3 o 

9990 

o 436 

9981 

0872 

9971 

1 309 

9962 

1745 

9952 

2181 


3 o 


45 

0.9988 

0.0480 

J -9977 

0.0960 

2. 0965 

0.1439 

3.9954 

O.IQIQ 

4.9942 

0.2399 


i 5 

3 

0 

9986 

o 523 

9973 

1047 

9959 

1570 

9945 

2093 

993 1 

2617 

87 

0 


i 5 

9984 

0567 

9968 

1 1 34 

99 5 2 

1701 

9936 

2268 

9920 

2835 


45 


3 o 

9981 

0610 

9963 

1221 

9944 

1 83 1 

9925 

2442 

99°7 

3 o 52 


3 o 


45 

9979 

o 654 

9957 

i 3 o 8 

9936 

1962 

99 i 4 

26l6 

9893 

3270 


i 5 

4 

0 

9976 

0698 

995 1 

i 3 9 5 

9927 

2093 

9903 

279O 

9878 

3488 

86 

0 


i 5 

9973 

0741 

9945 

1482 

9918 

2223 

9890 

2964 

9863 

3705 


45 


3 o 

9969 

0785 

9938 

1569 

9908 

2354 

9877 

3 i 38 

9846 

3923 


3 o 


45 

9966 

0828 

99 Sl 

i 656 

9897 

2484 

9863 

33 i 2 

9828 

4 i 4 o 


i 5 

5 

o 

9962 

0872 

9924 

1743 

9886 

2615 

9848 

3486 

9810 

4358 

85 

0 


i 5 

0.9958 

0.0915 

I.99l6 

o.i 83 o 

2.9874 

0.2745 

3.9832 

o. 366 o 

4.9790 

0.4575 


45 


3 o 

9954 

0958 

9908 

1917 

9862 

2875 

9816 

3834 

9770 

4792 


3 o 


45 

9950 

1002 

9899 

2004 

9849 

3 oo 6 

9799 

4oo8 

9748 

5009 


i 5 

6 

O 

9945 

io 45 

989O 

2091 

9 836 

3 i 36 

9781 

4i8i 

9726 

5226 

84 

0 


i 5 

9941 

1089 

988I 

2177 

9822 

3266 

9762 

4355 

9703 

5443 


45 


3 o 

9936 

1132 

9871 

2264 

0807 

33 9 6 

9743 

4528 

9679 

566 o 


3 o 


45 

99 3 * 

1175 

986I 

235 i 

9792 

3526 

9723 

4701 

9 653 

5877 


i 5 

7 

o 

9925 

1219 

985 l 

2437 

9776 

3656 

9702 

48 7 5 

9627 

6093 

83 

0 


i 5 

9920 

1262 

9840 

2524 

9760 

3786 

9680 

5 o 48 

9600 

63 io 


45 


3 o 

9914 

i 3 o 5 

9829 

2611 

9743 

3916 

9 658 

5221 

9 5 7 2 

6526 


3 o 


45 

O.QQOQ 

o.i 349 

I.9817 

0.2607 

2.9726 

o. 4 o 46 

3.9635 

0.5394 

4.9543 

0.6743 


i 5 

8 

o 

9903 

1392 

9805 

2783 

9708 

4175 

9611 

5567 

95 1 3 

6959 

82 

0 


i 5 

9897 

i 435 

9793 

2870 

9690 

43 o 5 

9586 

5740 

9 483 

7 i 7 5 


45 


3 o 

9890 

1478 

9780 

2956 

9670 

4434 

9561 

5912 

945 1 

7 3 9 ° 


3 o 


45 

9884 

i 52 I 

9767 

3 o 42 

965 i 

4564 

9534 

6 o 85 

9418 

7606 


i 5 

9 

o 

9877 

i 564 

9754 

3129 

9631 

46 9 3 

9508 

6257 

9-84 

7822 

81 

0 


i 5 

9870 

1607 

9740 

32 i 5 

9610 

4822 

9480 

643 o 

935 o 

8037 


45 


3 o 

9 863 

i 65 o 

9726 

33 oi 

9589 

495 i 

945 1 

6602 

9314 

8252 


3 o 


45 

9 856 

1693 

9711 

338 7 

9567 

5 o 8 o 

9422 

6774 

9278 

846 7 


i 5 

xo 

o 

9848 

i 7 36 

9696 

3473 

9544 

5209 

9392 

6 9 46 

9240 

8682 

80 

0 


i 5 

0.9840 

0.1779 

I.9681 

0.3559 

2.9521 

0.5338 

3.9362 

0.7118 

4.9202 

O.8897 


45 


3 o 
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LATITUDE. 


13 ° 14 ° 15 ° 16 ° 17 ° ! 18 ° 


21 ° 22 ° 23 ° 24 ° || 


i 484 *i o 



1396.9 1462.2 1 D28.040 

98.0 63.3 29.1 4i 

99.1 64*4 3o.2 42 

1400.2 65.5 3i.3 43 

01.3 66.6 32.444 

02.4 67.7 33.5 45 

03.4 68.8 34.6 46 

04.5 69.8 35.7 47 

05.6 70.9 36.8 48 

06.7 72.0 37.9 49 

1407.8 1473.1 1539.0 5o 

08.8 74.2 4o.i 5 1 

09.9 75.3 41.2 52 

n.o 76.4 42.3 53 

12.1 77.5 43.4 54 

13.2 78.6 44*5 55 

i4*3 79.7 45.6 56 

1 5.4 80.8 46.7 57 

81.9 47.8 58 

48.9 59 
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Meridional Parts, 
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27.4 

27.4 

29.8 

34.8 

42.4 

53 .o 

38 

3 9 

6 o .3 

5 o .2 

1 4 i .9 

35.6 

3 i .3 

29.0 

29.I 

3 1 .5 

36.5 

44.2 

54.9 

39 

4 o 

3261.7 

3351.7 

3443.5 

3537.1 

3632.8 

3730.7 

383 o .8 

3933.2 

4 o 38.3 

4 i 46 .i 

4256.7 

4 o 

4 i 

63.2 

53.2 

I 45.0 

38. 7 

344 

32.3 

32.4 

35 .o 

4o.i 

47.9 

58.6 

4 i 

42 

64.7 

54.7 

! 46.6 

4 o .3 

36 .i 

34 .o 

34 .i 

36. 7 

4i.8 

49-7 

6 o .5 

42 

43 

66.2 

56.2 

48 .i 

41.9 

37.7 

35.6 

35.8 

38.4 

43.6 

5 i .5 

62.3 

43 

44 

67.7 

5 7 .8 

49-7 

43.5 

3 9 .3 

3 7 .3 

3 7 .5 

4o.2 

45.4 

53.4 

64.2 

44 

45 

69.2 

5 9 .3 

5i.2 

45.0 

40.9 

38.9 

39.2 

41.9 

47.2 

55.2 

66.1 

45 

46 

70.7 

60.8 

52.8 

46.6 

42.5 

4o.6 

40.9 

43.6 

49.0 

57.0 

68.0 

46 

47 

72.1 

62.3 

54.3 

48.2 

44.1 

42.2 

42.6 

45.4 

50.7 

58.8 

69.8 

47 

48 

7 3.6 

63.8 

55.8 

49.8 

45.8 

43.9 

44.3 

47 -i 

52.5 

60.7 

7 X *7 

48 

49 

7 5.i 

65.4 

57.4 

5 i .4 

47-4 

45.5 

46.o 

48.8 

54.3 

62.5 

73.6 

49 

5 o 

3276.6 

3366-9 

3458.9 

3553.0 

3649.0 

3747.2 

3847*7 

3950.6 

4 o 56 .i 

4 i 64.3 

4275.5 

5 o 

5 i 

78.1 

68.4 

6 o .5 

54.6 

5 o .6 

48.8 

49.4 

52.3 

5 7 .8 

66.1 

77*4 

5 i 

52 

79.6 

69.9 

62.0 

56 .i 

52.2 

5 o .5 

5i.i 

54 .o 

59.6 

68.0 

79.2 

52 

53 

81. 1 

71.4 

63.6 

57.7 

53.8 

52.1 

52.8 

55.8 

61.4 

69.8 

81. 1 

53 

54 

82.6 

73.0 

65.2 

5 9 .3 

55.5 

53.8 

544 

57.5 

63.2 

71.6 

83 .o 

54 

55 

84 .i 

74.5 

66.7 

60.9 

5 7 .i 

55.5 

56 .i 

5 9 .3 

65 .o 

7 3.5 

84-9 

55 

56 

85.6 

76.0 

68.3 

62.5 

58. 7 

57.1 

57.8 

61.0 

66.8 

75.3 

86.8 

56 

57 

87.1 

77.5 

69.8 

64.0 

6 o .3 

58.8 

5 9 .5 

62.7 

68.5 

77 1 

57 1 

58 

88.5 

79.0 

71.4 

65.6 

61.9 

60.4 

61.2 

04.5 

70.3 

79.01 

90.5 

54 1 

5 9 

90.0 

80.6 

73.0 

67.2 

63.6 

62.1 

62.9 

65.2 

1 1 \ 

80.S 

j 02 . /i JQ | 




Merilional Parts. 
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Meridional Parts. 








































50 Logarithms for computing Compound Interest. 


In computing compound inter* st for long periods of time, it is necessary to have 
the following logarithms to more than six places. 


Number. 

Logarithm. 

Number. 

Logarithm. 

1 .0025 

.00108 438i3 

1 .0425 

.01807 6o636 

i .oo5o 

.00216 60618 

1 .o45o 

.01911 62904 

I .0075 

.oo324 5o548 

i.o475 

. 0201 5 4o3i6 

I .0100 

.oo432 13738 

1 .o5oo 

.02118 92991 

1.0125 

.00539 5o3i9 

1 .o525 

.02222 21045 

i .oi5o 

.00646 60422 

1 .o55o 

.02325 24596 

I .0175 

.00753 44179 

1 .0575 

.02428 03760 

I .0200 

.00860 01718 

1 .0600 

.o253o 58653 

I .0225 

.00966 33167 

1 .0625 

.02632 89387 

I .0250 

.01072 38654 

1 .o65o 

.02734 96078 

I .0275 

.01178 i83o5 

1 .0675 

.02836 78837 

i .o3oo 

.01283 72*47 

1 .0700 

.02938 37777 

i.o325 

.01389 oo6o3 

1 .0725 

.o3o39 73009 

1 .o35o 

.01494 03498 

1.0750 

.o3i4o 84643 

1.0375 

.01598 8io54 

1.0775 

.o324i 72788 

i .o 4 oo 

.01703 33393 

1 .0800 

.o3342 37555 


NUMBERS OFTEN USED IN CALCULATIONS. 


Circumference of a circle to diameter i ) 

Surface of a sphere to diameter i > 

Area of a circle to radius i ) 

Area of a circle to diameter i 

Capacity of a sphere to diameter i 

Capacity of a sphere to radius i 

1-7-3.1415926 

Arc equal to radius expressed in degrees 
Arc equal to radius expressed in seconds 

Length of 1 degree in parts of radius 

Length of 1 minute in parts of radius . . . 

Sine of 1 second 

Sine of 2 seconds 

Sine of 3 seconds 

Sine of 4 seconds 

Sine of 5 seconds 

Sine of 6 seconds 

Sine of 7 seconds 

Sine of 8 seconds 

Sine of 9 seconds 

I Base of Napier’s sjtetem of logarithms. . 

I Modulus of the common logarithms 

36o degrees expressed in seconds 

24 hours expressed in seconds 

Numbei of feet in one mile 


Logarithms. 


= 3.l4l5926 


0.497l5o 


.7853982 
.5235988 
4.1887902 
0.3183099 
57° .2957795 
206264". 8 
.0174533 
. 0002909 
.ooooo4B5 
. 00000970 
.ooooi454 
.00001939 
. 00002424 

.00002909 

.00003394 

.00003879 

.oooo4363 

2.7182818 

.4342945 

1296000 


9.895090 

9-7 i8 999 

0.622089 

9.502860 

1.758123 

5.3i4425 

8.241877 

6.463726 
4.6855 7 5 
4.986605 
5.162696 
5.287635 
5.384545 

5.463726 
5.530673 
5.588665 
5.639817 
0.434294 
9.6377 84 
6.112605 


8G4o o. 4 . 9 365i4 

6280 3.722634 


THE END. 
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